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ABSTRACT. A homogeneous random process on the circle {X(P): P e S} is

a process whose mean is constant and whose covariance function depends
only on the angular distance 6 between the two points; i.e., E[X(P)] = u
and cov(X(P), X(Q0)) = R(?). Given T independent realizations of a
Gaussian homogeneous process X(P), we first propose estimates of the mean
and of the spectral parameters. The exact distribution of these

estimates is derived. Further, an estimate R(T)(Q) of the covariance
function R(0) is proposed. Fxact expressions for its first and second-
order moments are derived and it is shown that the sequence of processes
{T%[R(T)(O) - R(e)]};=1 converges weakly in C(0,7) to a given Gaussian

process.

1. Introduction.

Let {X(P): P ¢ S} be a real-valued process on the unit circle
S of the two-dimensional space Rz, which has finite second-prder moment
and which is continuous in quadratic mean (q.m.). Under these conditions,

the process X(P) can be expanded in a Fourier series which is convergent

in q.m.:
1.1 =
(1.1) X(P) Coy + E {Cnl cos(nP) + an sin(nP)} ,
n=1
where ( 2m
c. = [ x@) ar
01~ 27 ’
0
2m
(1.2) {cy = i / X(P) cos(nP) dP ,
0
2%
1
an =7 / X(P) sin(nP) dP, n 2 1 .

\ 0
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The integrals in (1.2) are defined in the q.m. sense and the se-

ries (1.1) converges in q.m.

The process X(P) is said to be homogeneous if its first and se-
cond-order moments are invariant under the group of rotations of the
circle. This is equivalent to say that the mean E[X(P)! = u, a constant,
and that the covariance function cov(X(P), X(Q)) depends only on the

angular distance O_. between the points P and Q. Obviously, E[X(P)] = u

PQ

implies that

(1.3) E{cnij =

0 ifn>0,i=1, 2.

Also, from Yaglom [9], theorem 5 (see Roy [6] for a more elemen-

tary proof), the homogeneity property implies that the coefficients Cni

are uncorrelated; i.e.,

(1.4) cov(Cni, ij) = 6ij dnm a >0,
for all possible values of i, j, n, m, 6§ being the Kronecker delta.
From (1.1) and (1.4), it is easily deduced that

©

(1.5)  cov(X(P), X(0) = R(0p) =Z'an 08 (10,) s Opeel0,77

n=0

where the spectral parameters a are defined by (l.4) and satisfy

(1.6) Zan <o,

An analysis of data from a process on the circle is presented in

Benton and Kahn [1]. See also Hannan [4] for application in hydrology.

The purpose of the paper is to develop a spectral analysis when
independent realizations of the process on the circle are available. In
practice, the process is sampled at a finite number of points for each

realization. However, if the observations are fairly evenly distributed
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over the circle, one will be able to evaluate numerically the Fourier

coefficients and the results presented here will be applicable.

The case of realizations stationary in time has been studied by
Roy [6]; however, all the results obtained there are asymptotic in
nature. By taking advantage of the independence of the realizatioms,
one will be able to deduce some exact results. In section 2, estimates
of the mean and of the spectral parameters are proposed and some of
thelr exact properties are deduced in the case of a Gaussian process.
In section 3, a covariance function estimate is presented and some

of its statistical properties are derived.

2. Spectral estimates.

In the following, we will say that the process X(P) is Gaussian
if, for any finite collection of points Pl’ PZ""’ Pk e S, X(Pl),...,X(Pk)
have a joint normal distribution. For a Gaussian process, the co-
efficients Cni have a joint normal distribution since they are defined
as q.m. integrals and since the q.m. limit of a sequence of finite
linear combinations of jointly normal variables is normal. Using (1.3)

and (1.4), we deduce that the coefficients Cn are mutually independent

i
with Co1 being N(u, ao) and C_, being N(O,an) for i =1, 2, n =1, 2,... .

Given T(T > 1) independent realizations of the process on the
circle: {X(P,t): Pe S}, t =1, ..., T,we can compute the coefficients

Cni(t) corresponding to the tth

realization, t = 1, ..., T. By the
previous remarks, we see that the random variables COl(t), t=1, ..., T
are independent and identically distributed N(u, ao). So, the usual

estimates of u and a, are given respectively by

T T
2
(Ty _ 1 (T)
ZCOl(t)’ 3 7T 2(001“) - ) '

t=1 t=1

(2.1) u(T) =

=

When n > 0, we have Elcii(t)] =a for {1 = 1, 2 and a simple

unbiased estimate of a is given by
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T
2.2) ar(‘T) - %E{cﬁl(t) + ciz(t)}, n>0.
t=1

The properties of the proposed estimates are summarized in the following

theorem.

EOREM 2.1. Let X(P) be a Gaussian homogeneous process whose mean is W

and let u(T), aéT) ,n >0, be the estimates defined by (2.1) and (2.2).

Then, the estimates u(T), aéT), n > 0, are mutually independent with
(T, . %0 m, . 2% 2 ) 42 .
— — £ = =
U being N (u, T and a being o1 Xpop ifm 0% 37 Xop if
n>0 (xi denotes a chi-square variable with n deagrees
of freedom).
From the previous theorem, we see that
2
2a0 (T-1) ifn=20,
(2.3) var (a(T)) =
n
2
an/T ifn>0,
which means that aiT) is consistent for a,

If only one realization {X(P): P ¢ S} is available, then the

spectral estimates for n 2 1 are given by

(1)_;{2 2}

a4 T2 Cnl + CnZ :

Replacing Cni by its definition (1.2) and using the fact that
cos n(P -0) =cosn 9 _,

PQ

one can write
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- L cos (n 0, ) X(P) X(0) P d0 , n>1.
n 2n2 PQ )
S¥YSs

By an argument analogous to the one used in Jones [5], one can

1)
n

show that a is the unbiased estimate of minimum variance in the class

of quadratic estimates of the form

f/wn(P,Q) X(P) X(Q) dP do
S

S

where Wn(P,Q) is real-valued, symmetric and square integrable.

3. Estimation of the covariance function.

Given T realizations of the process on the circle, as an

estimate of the covariance function R(0), we consider

NT
(3.1) R(T)(O) = Z a‘(;r) cos no, 0<o<m,
n=0

where for each T, NT is a positive integer. An analogous estimate for
the covariance function of a process on the sphere has been studied by

Roy [7]. From Schoenberg [8] R(T)(O) represents a positive definite

function on the circle since aéT) 2 0 for all n > 0 . We have
NT

(3.2) E[R(T)(O)] = E a_ cos no ,
n=0

which means that R(T)(O) is asymptotically unbiased for R(O) if_

NT + o gg T > », Furthermore, for a Gaussilan process, using the

(1),
n

independence of the a s and equation (2.3), we obtain

2a 2

N
T
2
(3.3)  cov (R(T)(Ol)’ R(T)(OZ)) % +%Z a_ cos(no;) cos (n0)) .
n=1

T-1

So,
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«Q

lim T cov (R(T)(Ol), R(T)(Oz)) = 2ag +-}E:a§ cos(nOl) cos(n@z) R

T

=1
which is well defined since E ai < «» by (1.6)
n=1
The bias of our estimate is given by
(3.4) R(O) - E[R(T)(O)] =Z a_ cos no ,

n>NT

which implies that

Iree) - elrP (0)1] SZ a_

>
n NT

and by a suitable choice of the N_'s, the bias can be uniformly reduced

T
to the order of magnitude we want.

A useful technique to choose N_ would be to compare

T
NT
(T)(O) = }E: aéT) for different values of NT with the usual estimate of
n=0
T n
the variance s2 = n_'i‘ ZZ(X(Pj,t) - u(T)) 2 for a given choice of

t=1 j=1
Pl""’ Pn e S and take the value of N for which we have nearly
equality. This would allow us to conclude that the bias of R(T)(O) is

negligible.

From (3.3) and (3.4), we see that the mean square error of

R(T)(O) is given by
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=

2a
(T) 0y _ )2 _ % 1 2 2 Z 2
(3.5) E [( R ©) R(O)‘ =TI + T a cos (nO) + a, cos(n0)\".
n=1 n)NT
For example, if the NT's are such that
(3.6) T E a >0 as T » = ,

>
nNT

then

o

lim T E [( R () - r(0) )2] = 233 +Zar21 cos?(n0) .

T n=1

For the following, let us define the processes

1,0 = TL‘{R(T)(@) - E[R(T)(e)l}, o<o<m.

If the NT‘s satisfy the condition (3.6), the results obtained for

the processes Y _(0) will be valid also for the processes

1 1
T'ﬁ{R(T) (©) - R(®) } since sup T”‘g{R(O) - E{R(T) (O)]} >0as T > o ,
0<0sT
THEOREM 3.1. Under the assumption of Theorem 2.1 and if NT > o a8 T > o,
then for any 0, ..., 0.l0,77, (¥ (0), .., YT(Ok)) is asymptotically
normal with mean zero and covariance matrix
o 1k

2

2a, + E a cos(nei) cos (an) 1,4=1 °

n=1

onN

Proof. 1f cum (X ooy Xh) denotes the joint cumulant of order h of

1
Xl, ooy Xh, we have only to show that cum {YT(Oil), cuay YT(Oih)}_} 0

for 1,, ..., i e{l, ..., k} and h > 2. By elementary properties of

cumulants (see for example Brillinger [3],section 1), for h > 2 ,

287



cum {YT(oil), ooy YT(OiJ}

Np

- Th/2 2 cos (nei]_) . cos(n@ih) cum (an(T) ) s

n=0

where cumh(X) denotes the cumulant of order h of the random variable X.

h-1

Furthermore, cum (xi) = (h-1)! 2 "n for h 2 1 and from theorem 2.1,

we have that

ag(h-l)! 2/ -1yt if n

]
[«

cumy (2,")

a:(h-l)! il ifn>0.

Then, we obtain

con{1g(0g Jo +oes 250 )} | 5 0202 S

n=0

where the constant M 1is independent of T and the proof is complete

o

since E a: < » by (1.6) .

n=0

From the previous theorem, we have the convergence of the finite
dimensional distributions of {YT(O): 0 <0 <7}, Under a stronger

assumption on the process on the circle; i.e.,

2 2
(3.7) n”a < ®

n=0

we can establish the weak convergence of the processes YT(O). Condition
(3.7) is a regularity condition and means that the spectral parameters
a, decrease faster to zero than under the existence of the second

moment of X(P).
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THEOREM 3.2. Under the assumptions of Theorem 3.1 and if (3.7) 18
satisfied, the processes {YT(O): 0 < 0 < 7} converge weakly in CLO,m]
to a Gaussian process {Y(9): 0 < 0 < n} with mean 0 and
2 2
cov(Y(Ol), Y(Oz)) = Zao + a
n=1

cos(n@l)cos(nez).

Proof. {YT(O)} is a sequence of random elements of C[0,7]. Since we
already have the convergence of the finite dimensional distributions,
by Theorems 8.1, 12.3 and 12.4 of Billingsley [2], it is sufficient

to show that

E[lYT(Oz) - YT(OI)IY] < ‘F(ez) - 7 (oy)

for Gl < 02 and T 2 1, where y 20, o > 1 and F is a non-decreasing,

a

’

continuous function on [0,7].

Using the independence of the aiT)'s and equation (2.3), we
obtain
NT
2 2 2
E “YT(OZ) - YT (G)l)l ] = E an (cos nOz - cos nOl) .
n=1

By the inequality

cos a — cos 8] < |a - 8],

we can write

EUYT(OZ) - YT(01)|2] : |02 - 91|2 ZT noay

A
=
(0]

I
(o]
N
-

where M = E n2 ai < » by (3.7) and is independent of T. Thus, the
n=0
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proof 1s complete.

If (3.6) is satisfied, the previous theorem is also valid for
1
the sequence of processes Tﬁ{R(T)(O) - R(O)} . This allows us to

assert the convergence in distribution of functionals such as

™ s RP) - R ,

0<o<w

w

Tf 2™ ) - r(ey|? a0 ,
0

to corresponding functionals based on the Gaussian process Y(0) of the

Theorem.
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