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1. Covariance matrices

Consider now k random variables X1, X>, ..., Xj such that
EX)=u,, i=1,...,k, (1.1)
C(Xi,Xj):Gij, i,jzl,...,k. (1.2)
We often wish to compute the mean and variance of a linear combination of Xi, ..., X; :
k
Y aiXi=aiXi+axXo+ -+ aXs . (1.3)

i=1

It is easy to verify that
k

Za,‘Xi

i=1

- F { [gai (Xi — ui)] []Z:aj (X; - “j)] }

k
= Zaiajcij. (15)
i=1

k

E =Y ai; (1.4)
i=1

and

A%

ZaiX,-

i=1

Since such formulae may often become cumbersome, it will be convenient to use vector and matrix
notation
We define a random vector X and its mean value E(X) by:

Xi E(X1) 1y
X = : , E(X) = : = : =Uy . (1.6)
Xk E (X) Iy
Similarly, we define a random matrix M and its mean value E(M) by:
X1 X ... X [E(Xll) [E(Xlg) [E(Xln)
X1 X ... X2 E(X21) E(X2n) ... EX:
M= | e = | O o) (1.7)
Xm X2 - Xom EXni1) EXm2) ... E(Xum)

where the X;; are random variables. To a random vector X, we can associate a covariance matrix
V(X):

2(X):=V(X) =E{[X - E(X)][X —E(X)]'} = E{[X — uy] [X —ux]'}



Xi—p) (X —py) X—p) Xe—Hy) o (X — 1) (X — fy)

= : : :
X —py) X =) Ke— ) X2 — ) oo (Xe— Hy) (X — 1)
011 O12 ... Ok
= | == (-9
Ok1 Ok2 ... Okk

Similarly, we define the uncentered covariance matrix of X:

2 (X):=EXX). (1.9)
Ifa=(a ...,a), we see that:
k
YaXi=a'X . (1.10)

i=1
Basic properties of £(X) and V(X) are summarized by the following proposition.
1.1 Proposition Let X = (X;,...,X;) a k x 1 random vector, o a scalar, a and b fixed k x 1

vectors, and A a fixed g X k matrix. Then, provided the moments considered are finite, we have the
following properties:

(a) E(X+a)=E(X)+a;

(b) E(aX)=0aE(X) ;

(c) E(@X)=a'E(X), E(AX)=AE(X) ;

(d) V(X +a)=V(X) ;

(e) V(aX)=a*V(X);

(f) V(@X)=a'V(X)a, V(AX)=AV(X)A;

() C(@X,pX)=aV(X)b=b'V(X)a.

1.2 Definition Let X = (Xi,...,X;)" a k x 1 random vector with finite second moments.

det[V (X)] is called the generalized variance of X .

1.3 Theorem Let X = (Xi, ..., X;)' be a random vector with covariance matrix V(X ) = X. Then
the following properties hold:

(a) X=X,
(b) X is a positive semidefinite matrix;

(c) X is positive definite < X is nonsingular;



(d) 0<det(X) <o0%0} - 07 whereo? =V (X;), i=1,...,k;

(e) |X| =0 <« there is at least one linear relation between the random variables X, ... , X, i.e.,
we can find constants ay, ..., ag, b not all equal to zero such that a1X; + --- + a; Xy = b with
probability 1;

(f) rank (X) =r < k< X can be expressed in the form
X =BY +c¢ (1.11)

where Y is a random vector of dimension r whose covariance matrix is I, B is a k X r matrix
of rank r, and ¢ is a k X 1 constant vector.

1.4 Definition Let X and X, two random vectors of dimensions k; X 1 and ky x 1 respectively
with finite second moments. The covariance matrix between X| and X is defined by:

C(X1, Xo) = E{[X) —E(X))] [ X2 —E(X2)]'} . (1.12)

Ifky = ky, det[C (X1, X7)] is called the generalized covariance between X and X,.

The following proposition summarizes some basic properties of C (X, X>).

1.5 Proposition Let X and X, two random vectors of dimensions k| x 1 and k, X 1 respectively.
Then, provided the moments considered are finite we have the following properties:

a) C(X, Xo) =E[X, X)) -E(X))E(XL) ;

C(Xi+a, Xo+b)=C(X), X3) ; (1.13)
(e) if a and B are two scalar constants,then

ClaX,BX,) =0BC(X, X2) ; (1.14)
(f) ifa andb are fixed k; x 1 and k, x 1 vectors, then

C(a’Xl,b,Xz):a,C(Xth)b; (1.15)

(g) if A and B are fixed matrices matrices with dimensions g; x k; and g, X ky respectively, then

C(AXl,BXz):AC(Xl,X2>B/; (116)



(h) ifk; =k and X3 is a k x 1 random vector, then

C(X1+ X, X3)=C(X, X3)+C(X2,X3) ; (1.17)
(i) ifk; = kp, then
V(Xl —I—X2) = V(Xl)—f—\/(Xz)—i-C(Xl, Xz) —I-C(Xz, Xl) R (1.18)
V(X —X7)=V(X))+V(Xy)—C(X, X,)—C(Xy, X)) . (1.19)
1.6 Proposition Let
x - (% (1.20)
={x, .

be a k x 1 random vector with finite second moments, where X and X, two random vectors of
dimensions k; x 1 and k, x 1 respectively, with

Y:=V(X)= ( ;; ;Z > (1.21)
Xn=V(Xy), Xn:=V(X), Xnp=CX;,X)). (1.22)
Then, the following conditions are equivalent:
(a) X is nonsingular;
(b) X1 and X, — 221211 X1, are nonsingular;
(c) det(X'1) > 0 and det( X, — 221211 X)) >0;
(d) det(X) = det(X;)det( X — X2 X' Z12) > 0.
Farther, if 37, is nonsingular, then
det(X) = det( X)) det( X — X0 X' Zha). (1.23)

2. Multinormal distribution

Consider two random vectors X | and X, with dimensions k; x 1 and &, X 1 respectively. If X and
X, are independent, then

C(X, X2) = E[(X; 1) (X2~ pty,)] = 0 @.1)

The reverse implication is not true in general, except in special cases. One such case is the one
! ! . . . .
where the random vector X = (X, X,)’ follows a multinormal distribution.



2.1 Definition We say that the k x 1 random vector X follows a multinormal distribution with mean
U and covariance matrix X, denoted X ~ Ny [u, X], if the characteristic function of  has the form:

E[e"X] =explin't—t' Xt/2], teRF, i=+v—1. (2.2)
When | X| # 0, the vector X has a density function of the form:

1 1 / _
WGXP[—(X—#)E "(x—u)] (2.3)

2

If k=1, then ¥ = ¢ and

1 1 1 1 1 (x—p)’
P = e[ o) gy -] = e[ E L e

Some important properties of the multinormal distribution are summarized in the following theorem.

2.2 Theorem If X ~ Ny [u, X, then
a) X +c~Ngu+e, X, forany fixed k x 1 vector c;

Cc

(a)

(b) @’ X ~Nj[a'u,a'Xa] , for any fixed k x 1 vector a;

(¢) AX ~Ng[Au, AXA'] | forany fixed g x k matrix A ;
(d)

d) if

X .Ul) ( X X )]
X = ~N , , 2.5
<X2> ¢ K,uz 3 Xn 2:5)
where X| and X, are vectors of dimensions ki x 1 and k» X 1,
py=E(X1), u, =E(Xy), X1 =C(X1, X)), Xn=C(X,, X), (2.6)
Sn=C(X), X2) =3, 2.7)
then

(1) X1~ Ny, [y, Zn], Xo~ Ny, 1y, X 5
(if) X and X, are independent < X, =0 ;

(iii) the conditional distribution of X, given X is normal with mean and et variance

E[Xa| X1] =y + I X (X1 —uy) (2.8)
VX, | X)) =055 ' 20, (2.9)

1.e.
X5 | X1 ~ Ny [+ 20 50 (X — ), T — In 5 D) (2.10)



2.3 Theorem If X ~ N [u, X with | X| # 0, then
(X —p)' Z (X =)~ 22 (k) . 2.11)

PROOF Since X is a positive definite matrix (| X'| # 0), there exists a nonsingular matrix P such
that

PXP =1, (2.12)
hence
=P '(P)'=(PP)", 2.13)
>'l=pp. (2.14)
Consequently,
(X-p)'Z " (X-p) = (X-p)PP(X-p)
= [P(X—w)]'[P(X—p)]
k
= vv= Y7 (2.15)
i=1
where
v=P[X—u]l=(vi,va,...,w) . (2.16)

Since X ~ N{[u, X], we have X — u ~ N0, X], hence

P[X —u]~NJ0,PEP] , (2.17)
and
v=P[X —u]~NJ[0,1] . (2.18)
Thus vy, ..., v are i.i.d. N[0, 1] and
k
(X —p) Z (X —p)=Yvi~ 22 (k). (2.19)
i=1
O

3. Multiple linear regression

3.1. Existence and unicity

Consider the problem of finding a k X 1 vector b such that

S(b) :=E[(Y — X'b)?] (3.1



is minimal.
Let B be any k x 1 vector such that

E[X (Y — X'B)] = 0.
Then, for any b € R¥,
S(b) = E{[(¥ —X'B)+(X'B—X'b)’}
E[(Y — X'B)* ]+ E[(X'B — X'b)*] +2E[(X'B — X"b) (Y — X'B))]
E[(Y — X'B)*| + E[(X'B — X'b)*] +2E[(B —b)' X (Y — X'B))]
E[(Y — X'B)*| + E[(X'B — X'b)*] + (B —b)E[X (Y — X'P))]
= S(B)+E[(X'B—X'b)’] >S(B)

so that B minimizes S(b). If B and B are two such solutions, i.e.

S(B)=S(B").
we must have
S(B") =S(B)+E[(X'B—X"B")*
hence
E[(X'B—X'B")*| =S(B")—S(B) =0

and
X'B=X'B" as.

(3.2)

(3.3)

34

(3.5)

(3.6)

3.7

Even if 8 is not unique, S(f) and X' are unique. Consequently, there is a unique approximation

(or “fitted value™)
PY;X):=X'p

and a unique residual
UY;X)=Y-PY;X)=Y-X'B

where f3 is any vector such that
E[X(Y—-X'B)]=0.

This yields the following unique decomposition:
Y=PY; X)+U(Y; X)=X'B+U(Y; X)

where
EXU(Y; X)]=0.

This entails:

E[P(Y; X)U(Y; X)] = E[BXU(Y;X)]

(3.8)

(3.9

(3.10)

3.11)

(3.12)



= BEIXU({Y;X)] =0, (3.13)

E(Y?) =E[P(Y; X)*|+E[U(Y; X)%. (3.14)
We call the ratio 2 o
ElP(Y; X
Ry(Y; X):= : 3.15
0( > ) [E(YQ) ( )
the uncentered R-square of Y on X. Clearly,
E[U(Y; X)) )
—— - =1-R;(YV; X). 3.16
B is any solution of the equation
E(XX')B =E(XY) (3.17)
where _
E(XX')=[6;]:=¥(X), EXY):=C(X,Y), (3.18)
6, = EXiX}] = p;;6:6;, Gi=[E(X}))"* =67 =5(X), (3.19)
E[X:X; Cij
Pij == XX _ Oy (3.20)
’ G(Xl')G(Xj) 0,;0;
fori, j=1,...,k Gjis called the uncentered covariance between X; and X, and p; i uncentered

correlation between X; and X;. Equation (3.17) is called the uncentered normal equation for the
linear regression of Y on X. For any f3 that satisfies (3.17),

E[(X'B)*) = B'E(X X")B = B'E(XY), (3.21)
EU(v: X)? = EUY:X)(Y-X'B)=EUY: X)(Y - X'B)
= E[U(y; X)Y] =E[(Y - X'B)Y] = E[Y*] - E[(X'B)Y]
= E[r?-B'E(XY)
= EV’-pEXX")B
E[Y?] - E[(X'B)’]. (322)

Due to the unicity of X’B and U(Y; X), E[(X’B)?] and E[U(Y; X)?] are also uniquely defined
irrespective of the solution 8 of the normal equation.
If the matrix E(X X”) is invertible, then f is unique with

B =[E(XX")] '"E(XY). (3.23)

In this case,
E[(X'B)Y] = E(XY)[E(XX")] 'E(XY), (3.24)



EU(Y; X)?] = E[Y?] —E(XY) [E(XX")]'E(XY). (3.25)

3.1 Theorem Let X\, ..., Xy, Y be random variables with finite second moments, let X be defined
as in (1.6), and set
argminS(b) := {B € R*: S(B) = minS(b) } . (3.26)
beRK

Then, there exists a vector B € R¥ such that

S(B) = mins(b). (3.27)

Further,
{B € argminS(h)} & {E[X(Y - X'B)] =0}, (3.28)
{B,B* € argminS(h)} = {X'B=X'B"}. (3.29)

3.2 Proposition IDENTIFICATION OF LINEAR REGRESSION BY MOMENT EQUATIONS. Let
Xi,..., Xy, Y be random variables with finite second moments, let X be defined as in (1.6),
Z:=(X"Y),anda = (aj,az,...,ar+1) bea(k+1) x 1 fixed vector. If

E[X(ad'Z)|=o0andE[(a’Z)Y] =1, (3.30)

then a1 # 0, and for

1
B:——(al,az,...,ak)’, (331)
ag+1
we have:

E[X(Y-X'B)] =0, (3.32)
E[(Y — X'B)*] = E[Y?] - B'E(XX")B >0, (3.33)
! (3.34)

RENTES g
IfE(X X) is invertible, then
(a1, as, ..., ar) = —ar [E(X X)) 'E(XY), (3.35)

1
Qg1 = E[Y2] - E(XY)[E(XX')]'E(XY)"

(3.36)

It follows from Proposition 3.2, that 1/ay; is the residual variance from the linear regression
of Y on X, while each coefficient

[ J— (3.37)
Af+1
is the coefficient of X; in this regression (1 < i < k), in the sense that § = (B, ..., B;)’ provides

a solution of the normal equation (3.17). This holds irrespective of the rank of E(X X"). When
E(X X') is singular, the normal equation has other solutions. a1 is unique in all cases. There



exists a vector a such that (3.30) holds as soon as

rank[E(X X")] > 1. (3.38)

3.2. Partial covariances and correlations

3.3 Definition Let Z a random vector of dimension k, and Y, X two random variables, all with
finite second moments. The parameter

Cx,7;2):=CUX:2),U(Y; Z)| =E[UXX; Z)U(Y; Z)] (3.39)
is called the uncentered partial covariance between X and Y with respect to Z, and the correlation

EUX; Z)U(Y; Z))

0(X,Y;Z):=plUX;Z),U(Y; Z)]=— — 3.40
PIX.Y: Z) = pIUK: 2). U(Y: Z)] = grpe s (3.40)
is called the uncentered partial correlation between X and Y with respect to Z.
Let I be a vector of n elements from the subset of {1,2, ..., k}, i.e.
Ii=(i1,...,0,), ;€{{1,2,....k}, j=1,...,n 3.41)
and define
X[ = (X,'I,Xiz.’, ,X,'n)/, (342)
Xypi=Xp= (X, Xjpr -, X5, (3.43)
where I = {ji: ji¢ 1, j1 < jo» <+ < ju_x}. Note that (i1, i, ...,i,) may be a permutation of
(1,2, ..., k). To simplify notation, we also define: for 1 <i < j <k,
X‘,ﬁ: X|{T}:(X17~-7Xi—17Xi+17~~;Xk)la (3.44)
Xij=Xmm= Xty ooy Xim 1, Xiets oo, X1, X1, - Xi) (3.45)
We also denote
X X
X:[ ka], Xp=| : |, (3.46)
Xi—1
_ | BE(XRY)

E(XY)= [ E(XY) (3.47)
where X, and E(X ;) are (k—1) x 1 vectors. Let us partition E(X X') and [E(XX")] 'as
follows: _ _

X X
n_| Zlk k(k)
E(XX') = [ 2]:(|k) S ] (3.48)

10



where 3, is the (k— 1) x (k— 1) matrix and o the (k— 1) x 1 vector defined by

Bo=EXp X, B = EX Xy, Zuoc=EX]), (3.49)
" S 157
- -
EXXN " = e © et ® .
[E( )] [Zil]k(\k) P (3.50)

where [37 1] is a (k—1) x (k— 1) matrix, [~ ;5 a k—1) x 1 vector, and [~ is a scalar.
We can write:

Y = X'B+U(Y;X)
k
= Y XiB,+U(Y; X), (3.51)
i=1

Xk = P(Xk; X|k) +U(Xk; X‘k)

= P(Xu; Xp) + Uk (3.52)
where
Up :=U(Xi; Xpp) ==X — P(Xi; Xpi),  E[X U =0. (3.53)
Thus,
E[U(Y; X)Ui] =0, (3.54)
E[P(X; X)Ui] =0, (3.55)
[E[X,'Uk] == 0, for i 75 k, (356)
ERXGU] = E[P(Xi; X o) Ur] + E[U (Xi; X o) Us] = E(UR), (3.57)
k
EYU) = Y EXU)B+EUY; X)Uy
i=1
= EXU)B, =E(U?) B, - (3.58)
If E[{UZ] > 0, it follows that
B, — E(ULY)
‘ E(UZ)

(3.59)

11



so that B, is unique in this case. This holds even if the matrix E(X X”) is singular. The condition
E[UZ] > 0 is also necessary for unicity of the value of B,. If E[U?] =0, X; is a linear transformation
of the elements of X;: there is linear dependence between of X; on Xy.

Consider the decomposition:

Y:P(Y;X‘k)—i-U(Y;X‘k). (3.60)
Then
ElU(Y: Xj)P(Y; X)) =0, (3.61)
ElU(Y; Xp)Y] = EUY; Xp)P(Y; X)) +E[UY; Xp)U(Y; X))
= E[UY; X )U(Y; X))
= EUX X )UY; X )], (3.62)

and, if E[U?] > 0,

E[U (Xi; X )Y ]

P = EUXa X
 HUXe Xp)U (Y5 X )]
B E[U(Xi: X )?]
 HUXe XU (Y5 X))
a G (Xis X)?
_ EUXe Xy )U(Y; X)) 6(Y; Xy
6(Xi: X ()6 (Y: X)) 6(Xis X i)
o 6(Y; Xy)
= PO X5 (3.63)
where
& (Xe; Xy) = [E[U X Xo)?)'2, 6(¥; Xpe) = [E[U(Y; X))/, (3.64)
X X
p(Xi,Y | X)y) = [Eﬁ’(;f" X;;)GU(S Xk’;) ] (3.65)
Note also that
BIUY; Xp): U(Xis X k)] [E[U(E;]ﬁf);g;fck)]
_ E[U(Xe: XU (Y X )] E[U (X Xe)?]
E[U(Xi; X 1)?] E[U(Y; X)?]
_ B E[U(X: Xi)?] (3.66)

CEU(Y: X))

12



may be interpreted as the “effect” of U(Y; X ) on U(X; Xi) [or Y on X; after removing X ].

4. Sources and additional references

Good overviews of various notions associated with covariances, correlations and regression may be
found in Hannan (1970, Chapter 1), Theil (1971, Chapter 4), Kendall and Stuart (1979, Chapters
26-28), Rao (1973, Section 4g), Drouet Mari and Kotz (2001), and Anderson (2003, Chapter 1).
See also Lehmann (1966).

13
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