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1. Random variables

In general, economic theory specifies exact relations between economic variables. Even a superficial
examination of economic data indicates it is not (almost never) possible to find such relationships
in actual data. Instead, we have relations of the form:

G=a+pY+&
where €&, can be interpreted as a “random variable”.

Definition 1.1 A random variable (r.v.) X is a variable whose behavior can be described by a
“probability law”. If X takes its values in the real numbers, the probability law of X can be de-
scribed by a “distribution function”:

Fx(x) =P[X <x]
If X is continuous, there is a “density function” fx (x) such that
X
Fx (x) = / Sfx(x) dx.

The mean and variance of X are given by:

+o0
uy=E(X)= / x dFyx (x) (general case)
o0
= / x fx (x) dx (continuous case)
2 e 2

V(X)=0%=E [(X —Uy) } = / (x—uy) dFx (x) (general case)

e 2
= / (x—uy) Fx (x)dx (continuous case)

2
=E(X?) - [E(X)]
It is easy to characterize relations between two non-random variables x and y :
gx,y)=0

or (in certain cases)
y=rx).

How does one characterize the links or relations between random variables? The behavior of a pair
(X,Y) is described by a joint distribution function:

F(x,y) = PX<x, Y <y



y X
/ / f(x,y)dxdy (continuous case.)

We call f(x,y) the joint density function of (X,Y). More generally, if we consider

krv's X1, Xs, ..., X, their behavior can be described through a k-dimensional distribution func-
tion:
F(x1,x0,., %) = P[X1 <x1,X0 <x2, ..., Xip < x¢
= / / / f(xr,x0,.. 0, xx) dxydxy -+ - dxy (continuous case)
where f(x1,x2, ..., xx) is the joint density function of X;, X5, ..., X;.

2. Covariances and correlations

When a real random variable X has finite second moment, the variance of X is defined as
V(X) = E[(X — uy)?] (2.1)
where
Uy = E(X) (2.2)
is the mean of X. Other notations are also used for the variance of X:

0% =0 (X):=0(X)* :=V(X) := E[(X — uy)?]. (2.3)

Depending on the context, any one of these notations may be the most convenient, and we consider
below that they mean the same thing. The nonnegative square root of X is called the standard
deviation of X:

oy :=o(X):= [V(X)]'/2. (2.4)

We also denote the uncentered second moment of X by
6x = 62(X) = E(X?). (2.5)

Consider two real random variables X and Y with finite second moments. We often wish to have
a simple measure of association between X and Y. The notions of “covariance” and “correlation”
provide such measures. Let X and Y be two rv.’s with means and finite second moments:

6% =E(X?) <o, 6&7:=E(Y?) <oo. (2.6)
Then, X and Y have finite variances, and we can write:
V(X) = E[(X — puy)*] = E(X?) — u = &6 — py = 0% 2.7)

V(Y) :=E[(Y —py)*] = E(Y?) —uj = 63 — puy = oy, (2.8)



6(X):=6x = [E(X)]'/?, &(Y):=6y = [E(Y?)]"/?, (2.9)

where 6(X) >0,6(Y) >0,0(X)>0and o(Y) > 0.
Below a.s. means “almost surely” (with probability 1). In particular, we have:

EX*)=0 < [X=0 as] < PX=0]=1, (2.10)
VX)=0 < [X=EX) as] < PX=EX)]=1. (2.11)
Definition 2.1 COVARIANCE. The covariance between X and Y is defined by

CX,¥) = oxr = E[(X — ) (¥ — 1y)] @.12)
When C(X,Y) =0, we say that X and Y are orthogonal.

Definition 2.2 CORRELATION. The correlation between X and Y is defined by

C(X,Y)

(X)) @19

where we set p (X,Y) :=0when o(X)o(Y) =0.

When X or Y is degenerate, we have C(X,Y) = o(X)o(Y) = 0. The convention p (X,Y) :=
0 when 6(X)o(Y) = 0 is motivated by the fact that C (X, Y) = 0 in this case.

Theorem 2.1 BASIC PROPERTIES OF COVARIANCES AND CORRELATIONS. Let (X,Y) be a pair
of real random variables with finite second moments. The covariance and correlation between X
and Y satisfy the following properties:

(a) C(X,Y) =E(XY)— E(E(Y) ;

(b) Clai+b1X,ar+byY) =b1byC(X,Y) for any constants ay, as, by, by

(¢) plai+bi1X,a+bY)=p(X,Y) forany constants ay, ay, by, by such that bib, # 0;

(d) C(X,Y)=C(¥,X)and p (X,¥) = p (¥, X) ;

(e) C(X.X)=V(X) :

() p(X.X)=1if V(X) >

(g) C(X,Y)* <V(X)V(Y); (Cauchy-Schwarz inequality)

)
(h) —1<p(X,Y)<1;
) X

(i) X andY are independent = C(X,Y)=0=p(X,Y)=0;



(j) ifo(X)o(Y)#0andb* .= C(X,Y) /V(X), then

p(X,Y) =1 < |3 two constants a and b such that b # 0 and Y = a+bX a.s.)

& [Y=a+bX as withb=b"anda=E(Y)-bE(X)], (2.14)
[p(X,Y)=1] & [Y =a+bX as withb=b">0anda=E(Y)-bE(X)], (2.15)
p(X,Y)=—1] & [Y =a+bX as withb=b"<0anda=E(Y)—-bE(X)]. (2.16)

PROOF Set oxy :=C(X,Y). (a)

CX,Y) = E[X—py) ¥ —uy)]

[XY—.UXY_X.UY"‘.UXNY]
XY) = uxE(Y) —E(X) ty + tx ity

(
(XY) — txMy — yHy + Uy Ly
(

E
E
= E
E
E(XY)—E(X)E(Y) . 2.17)

(b), (¢), (d), (e) and (f) are immediate.
(g) To get (g), we observe that

E{y —my A X =P} = E{I0Y =) -2 (X - )P’}
= {0 —my)’ =2 (X — ) (¥ = ) + 47 (X~ py) }
= o} —2Aoxy +A%0% >0 (2.18)
for any arbitrary constant A. In other words, the second-order polynomial
g(A) =03 —2Aoxy +A%0% (2.19)
cannot take negative values. This can happen only if the equation

226% —2A0xy +0% =0 (2.20)

does not have two distinct real roots, i.e. the roots are either complex or identical. The roots of
equation (2.20) are:

20xy +1/40%y, —40%0%  Oxy+,/0%, —0%0%
A= - : 2.21)

2 2
20% o%

Distinct real roots are excluded when 6%, — 6%6% < 0, hence

0%y < 0505 . (2.22)



(h)

2 2 2
Oyy S O0x0Oy = —0xOy < Oxy <OxOy

(1) If X and Y are independent, we have:

oxy = E{(X—puy) (Y —py)} =EX —py)E(Y —py)
= [EX) —px][E(Y) - py] =0,

Pxy :ny/GxGY =0.

Note the reverse implication does not hold in general, i.e.,
Pxy =0#> X and Y are independent.
(j) (a) Necessity of the condition. If Y = aX + b, then

E(Y)=aE(X)+b=auy+b, 63 =d*c%,

and
oxy = E[(Y —ty) (X — py)] = Efa (X — py) (X — py)] = acy .
Consequently,
a’o%
=——5=1.
Pxy 020)2((;%(

(b) Sufficiency of the condition. If p%, = 1, then
o%y —0%07 = 0.
In this case, the equation
E{[(Y —py) —A (X —ux)*} = 07 —240xy +A%0% =0

has one and only one root

. 20xy g /62
- — OXy
26?{ X

so that
E{] (YO'%' - .uy) - (O'XY/G?() (X — .UX)]Z} =0

and

(2.23)

(2.24)

(2.25)

(2.26)

2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

PL(Y —ty) — (Oxv/0%) (X —uyx) =0] = P[Y = (ty — (0xv/0%)ix) + (Oxy/0%)X] = 1

(2.34)



We can thus write:
Y = a+ bX with probability 1 (2.35)

where b = Oxy /0% and a = [ty — (Oxy /0% )iy - This establishes (2.14). (2.15) follows on observ-
ing that, for b = oxy /0% and a = Ly — (Oxy/0%) Uy,

PX.Y)=1 & {p(X,¥)’=landp(X,¥)=—2 >0}

OxOy
Oxy
& {PY=a+bX||=1landp(X,Y)= >0
(PY =a+bX]] =landp (X, ¥) = ="~ >0}
2
& {PY=a+bX]=1landp(X,¥Y)=—2% >0}
OxOy
& {PY=a+bX]=1andb>0}. (2.36)
The proof for (2.16) is similar. ]
A basic problem in this context consists in considering the case where
Y=a+bX a.s. (2.37)

and find whether a and b can be determined (or “identified”) from the first and second moments of
X and Y. The following theorem shows that a and b are uniquely determined if only if V(X) > 0.

Theorem 2.2 IDENTIFICATION OF LINEAR TRANSFORMATION OF A RANDOM VARIABLE. Sup-
pose X and Y satisfy the linear equation (2.37). If V(X) > 0, then

{PY =a1+b1X]=1} = [a1 =aand by =Db]. (2.38)
IfV(X) =0, then, for all by € R,
PlY = a* +b1X] = 1 (2.39)
where a* =E(Y) —b1E(X).
PROOF By (2.37), we have
E(Y) = a+bE(X) . (2.40)

Suppose P[Y = a; + b1 X] = 1 holds. Then

Y=a1+bX=a+bX as. (2.41)

hence
(a1 —a)+ (b —b)X =0 as. (2.42)
V[(a; —a) + (by —b)X] = V[(by — b)X] = (b; —b)*V(X) = 0. (2.43)



If V(X) > 0, this entails b; = b, which in turn implies

Y=a1+01X=a1+bX =a+bX (2.44)
hence a; = a. If V(X) = 0, then
X-EX)=0 as, (2.45)
hence, for any b; € R,
bX-EX)]=bi[X-E(X)]=0as., (2.46)
and
Y = a+bX
= a+DE(X)+b[X —E(X)]
= EY)+bi[X—-E(X)]
= [EY)-bEX)]+b1X
a*+b1X as. (2.47)
where a* := [E(Y) — b E(X)]. O

If V(X) > 0, there is only one pair (a, b) which satisfies (2.37). If V(X) = 0, Y has several rep-
resentations of the form a+ bX: the values a and b are not “identified”. But they are not completely
undetermined. Once b is specified, a is determined by the equation

a=EY)-bE(X). (2.48)
Indeed, if (2.41) holds, we must have
(b —b)E(X)=a—ay. (2.49)
Corollary 2.3 Under the assumptions of Theorem 2.1,

p(X, Y)Y =1] < |3 two unique constants a and b such that b # 0 and Y = a+bX a.s.] .

3. Regression coefficients between two variables

Definition 3.1 LINEAR REGRESSION COEFFICIENT. The linear regression coefficient of Y on X

is defined by
C(X,Y)

PXY)i= < 3.1
where we set B(X-Y) := 0 when V(X) = 0. By convention,
B(Y=x) = B(X-Y). (32)



The “harpoon” symbols - and - represent a statistical “dependence” or “predictability” relation;
for example, XY and Y~X represent dependence of ¥ on X. The relation X-Y is typically asym-
metric: Y+~X represents a different relation. It does not necessarily correspond to a “causal” relation.
From the above definitions, we can write:

C(X,¥) =p (X, Y) o(X) 3(¥) (3.3)
which holds in all cases [including when 6(X) =0 or 6(Y) = 0]. When ¢(X) > 0, we also have:

Bx-r) = L& Y(z&g) W) _px, Y)Z(Q- (3.4)

When ¢ (X) > 0, we have [by (3.4) and Theorem 2.1(h)]:

a(Y) o oY) _o(Y)
—%SB(X Y)—P(XaY)WSm 3.5)
or, equivalentl
q tly o(Y)
BV < 25 (36

so that the regression coefficient can be bounded by the variance ratio 6(Y)/o(X). More generally,
ifo(X)>0and

we have ") ")
o o
— < BX-Y)<p,;,——=. 3.8
It is also interesting to note that the Cauchy-Schwarz inequality can be rewritten as:
VX)V(Y) > C(X,Y)? (3.9)
or
s(X)a(¥) > |C(X, V). (3.10)

If C(X,Y)#0and o(X) is “small”, o(Y) must be “large™:

_leen)|

o(Y)> (%)

(3.11)
Given a non-zero covariance C (X, Y), a low “uncertainty” on X [i.e., a small value of o(X)] entails
high uncertainty on Y [i.e., a large value of &(Y)]. Similarly,

oY .
ol = BT (3.12)

so that a high absolute value of the regression coefficient 8 (X-Y) entails a high ratio (Y) /o (X).



Setting
e(X-Y):=Y - B(X-Y)X, (3.13)

the above inequality can be further improved by noting that

V(Y) = B(X-Y)*V(X) 4 V[e(X-Y)] (3.14)
hence
\\y/gg — B(X-Y)?+ W > B(X-Y)? (3.15)
and
V({Y) _ V[e(X-Y)]
Vi) = V) (3.16)

Given V[e(X-Y)] > 0, o(Y)/o(X) increases when o(X) decreases. The larger V[e(X-Y)], the
larger the increase of 6(Y)/0(X) as o(X) decreases.
Suppose that
Y =B, +BX+e, E(e)=0, E(Xe)=0, (3.17)

where 3, and 3, are fixed real constants, and Y, X and € have finite second moments. Then

C(X,Y)=B,V(X) (3.18)

and
V(Y) = BIV(X)+V(e) (3.19)

hence

\/((;; =Bi+ 38 : (3.20)

and

_V(Y) V() _ V()-V(e)

pi = V(X) V(X)  V(X) ©-21)

Given 3, and V(¢), the ratio 6(Y)/o(X) increases when o(X) decreases. Further, if
L<V(e)<U, (3.22)
we have V(Y VIY) L
(1)U _ g YY)~
V(X) V(X)

When lower and upper bounds are available on V(€), we can bound

(3.23)



4. Uncentered covariances, correlations and regression coefficients

Definition 4.1 UNCENTERED COVARIANCE. The uncentered covariance between X and Y is
defined by

C(X,Y):=6xy :=E[XY] . 4.1

When C(X,Y) =0, we say that X and Y are orthogonal with respect to zero.

Definition 4.2 UNCENTERED CORRELATION. The uncentered correlation between X and Y is
defined by

4.2)
where we set p (X,Y) :=0when 6(X)6(Y) =0.

Definition 4.3 UNCENTERED LINEAR REGRESSION COEFFICIENT. The uncentered linear re-
gression coefficient of Y on X is defined by

px-r) = 5

4.3)
where we set B(X-Y) := 0 when &(X) = 0.

5. Difference and sum of two correlated random variables

Highly correlated real random variables tend to be “close”. This feature can be explicated in differ-
ent ways:

1. by looking at the distribution of the difference ¥ — X;

2. by looking at the difference of two variances (polarization identity);

3. through a “decoupling” representation of covariances and correlations;
4. Hoeffding identity;

5. by looking at the linear regression of Y on X;

5.1. Uncentered second moments
Let us look the difference and the sum of two real random variables X and Y:
E[(Y — X)) = E(X?>4+Y?—2XY) = E(X?) + E(Y?) —2E(XY). (5.1)

E[(Y +X)?] = E(X?> +Y? 4 2XY) = E(X?) + E(Y?) + 2E(XY). (5.2)

10



From these, we see that:

E(XY) = S {[E(X?) + E(r2)] — E[Y ~X)7]}, (5.3)

F(XY) = %{[E[(Y +X)2) = [E(X2) +E(Y2)]. 5.4)

The cross second moment E(XY) can be interpreted in two ways in terms of (uncentered) second
moments:

1. E(XY) is equal to half the difference between the sum of the second moments X and ¥ and
the second moment of Y — X ;

2. E(XY) is equal to half the difference between the second moment of ¥ + X and the sum of
the second moments of X and Y.
5.2. Covariances

We now consider similar expressions for the covariance C(X,Y) =E[(Y —uy) — (X — Uy)] := Oxy.
It is easy to see that

E[(Y -X)?] = E{([(Y¥ —uy) — (X — )]+ (ty — 1y))°}
= E{[(Y —py) - (X — ux)]}+(uy fy)?
= [V(X)+V(¥)] = 2C (X, ¥) + (ty — ux>2
= V)4 V()] =2p (X, Y) 6(X) O (¥) + (1y — fiy)- (5.5)

E[(Y — X)?] has three components:
1. avariance component V(X )+ V(Y);
2. acovariance component —2C(X,Y);
3. amean component (ly — Ly )*.

Equation (5.5) shows clearly that E[(Y — X)?] tends to be large, when ¥ and X very different means
or variances. Similarly,

(Y +X)) = E{(I(Y —my)+ (X — )]+ (y +11x))°}
= E{[(Y — py) + (X — )P} + (iy + by )?
= [VX)+ V()] +2C(X, Y) + (ty + py)°
= [V(X)+V(Y)]+2pxy0ox0y + 1y +Hx)* (5.6)

From (5.5), we see that

CX,¥) = S{IVEX)+ VO] —ELY ~ X))+ (y — 1))

11



= SV V)~V X)), (5.7)

C(X,Y) represents the difference between the sum of the variances of X and Y and the variance of
Y —X. In particular, if u, = Uy,

1
C(X,¥) = S{V(X) +V(X) —E[(Y =X)7]}. (5:8)
In this case, C (X, Y) represents the difference between the sum of the variances of X and Y and the
mean square difference £[(Y — X)2]. If X and Y have the same mean and variance [{, = {1y and
V(X) = V(Y)], we can write:
1
C(X,¥) =V(X) — SE[(Y = X)? (5.9)
Similarly, by (5.6), we have:
1
CX.¥) = S{EI +X)7 = [V(X) + V()] = (y + )"}
1
= S [ =) + (X = )P} = V) + V()]

(VY +X)—[V(Y)+V(X)]]. (5.10)

N =

C(X,Y) represents the difference between the variance of ¥ 4+ X and the sum of the variances of X
and Y. In particular, if 1y = Uy,

C(X,Y)= %{[E[(Y—I—X)z]—[\/(X)+V(Y)]}. (5.11)

In this case, C (X, Y) represents the difference between the mean square difference E[(Y —X)?] and
the sum of the variances of X and Y. If X and Y have the same mean and variance, we can write:

CX,Y)= %[E[(Y +X) - V(X). (5.12)
In general, we thus have:
C(X,¥) = SV + V(X)) - V(Y X))
_ %{V(Y+X)—[W(Y)+\/(X)]}. (5.13)
If py = iy,
CX,Y) = %{W(Y)JFV(X)]—[E[(Y—X)Z]}

12



= SAEIY + X))~ [VX) + V()T
If X and Y have the same mean and variance,
C(X.¥) = V(X)~ SE[(Y —X)?
= JEY X)) -V(x),

5.3. Correlations

From (5.5), it is also easy to see that

£ <Y_X>2: = 2(1—pyy) + <“Y—”X>2,

Oy Ox Oy Ox
r 27 2
y X Hy | Hx
Ef{f —+— =2(1 =
(5 +a) |=2+pun+ (B4
Consider the normalized values of X and Y :
. X—-Uu . Y—u S
X = Xv Y = Y7 P(X,Y):P(X,Y)::pxy,
Oy Oy

and

pxr =1 SEI(F X)),

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)

The correlation p (X, Y) is inversely related to the mean-square distance E[(¥ —X)?] between X and
Y. (5.21) is a general form of the standard formula for Spearman’s rank correlation coefficient.

Similarly, o
E[Y +X)7 =2(1+pxy),

Pxy = %[E[(YH‘X)Z] -1

(5.22)

(5.23)

The correlation p (X, Y) measures the mean square E[(¥ +X)?] of the sum of X +¥. The above

formulae can also be rewritten in terms of the arithmetic mean of X and ¥:

E{[5(

<

FX) = (14 pxp),

| =

13

(5.24)



Pxy = 2E{ [5( X)] 11 (5.25)
5.4. Inequalities
Since |pyy| < 1, it is interesting to observe that
(oy = 0x)” + (ky = py)* SE[Y = X)’] < (0y +0x)" + (ky — ky)?, (5.26)
and
E[(y =X)2] S VX)+V(Y) + (1y — p1y)* < (07 +0x)° + (1y — px)* i pxy 20, (5.27)
E[(Y —X)?] > V(X) + V() + (y — 1y)* = (0y —0x)* + (Hy —1x)?, if pyy <O, (5.28)
E(Y —X)2) = V(X) + V() + (y — piy)?,, if Py = 0. (5.29)
E[(Y — X)?] reaches its minimum value when py, = 1, and its maximal value when py, = —1:
E[(Y X)) = (0y —0x)"+ (y —p1x)*s if pry =1, (5.30)
E[(Y —X)2) = (07 +0x)*+ (Hy — )%, if pyy = —1. (5.31)
If 0% > 0, we can also write:
Ox Hy — Hy E[(Y —X)’] ox\’ Hy — Hx ?
(5 g B e ) o
Oy Oy Oy Oy Oy
The inequalities (5.26) - (5.29) also entail similar properties for X + Y:
(ox —0y)*+ (ky +y)” SE[(X+Y)*] < (0x +0v)* + (uy +1y)°, (5.33)
E[(X +Y)%] < 0% + 0%+ (uy +1y)* < (O +0x)° + (y +y)*, if pyy <0, (534
E[(X +Y)%] > 0% + 07 + (uyx + 1y)* = (0x — 0v)* + (y + 1y)?, if pyy 20, (3:35)
E[(Y +X)%] = 0% + 05 + (y +Ly)*, if pyy =0 (5.36)
By (5.20), we have:
E[(Y -%)*] <4, (5.37)
0<E| \Y Xy <{E[(Y -X)]}'/?<2. (5.38)

The root mean square error of approximating ¥ by X cannot be larger than 2. Upon using the

Chebyshev inequality, this entails:

PIY-X|=2] <

14

(5.39)



Since
X:,ux‘i‘GXX‘va Y:.uY“‘GYYa

we get
E[(Y -X)*] = E{[(uy+ovY)- HX+GXX)}2}
E{[(ovY —oxX)+ (uy — ux)*}
= E{[(oyY —oxX)+ (y — uy)]*}
= E[(oyY —oxX)’]+ ( —y)?
hence
2
E((r - X)) = c%[E[(?—‘;’;X) (1 — i)
= oy 1+<(:;) —2<?;>PXY +(uy —py)®, ifoy #0,
and

E[(Y ~X)2) = 0% + (y —y)?, it oy =0.
If the variances of X and Y are the same, i.e.
o7 = 0%,
we have:
E[(Y -X)%] = 207(1—pxy)+ (Hy — ix)’
= 20)2((1 —Pxy) + Ly — ﬂx)z‘
If the means and variances of X and Y are the same, i.e.

2 2
Ky = Uy and 0y = oY,

we have:
E[(Y — X)) =207 (1—pxy) = 20% (1 — pxy)
and
0<E[Y—X)’| <40%
so that

F[(Y X)) =0and P[Y =X] =1, if pyy = 1,
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(5.40)

5.41)

(5.42)

(5.43)

(5.44)

(5.45)

(5.46)

(5.47)

(5.48)

(5.49)



and, using Chebyshev’s inequality,

E[(Y — X)) _ 26% (1 - pyy)
2 2

PllY —X]| > ¢] < forany ¢ > 0,

c

FI X)) 21 py)
0% c? c?

c

P[lY —X| > cox] < forany ¢ > 0.

If uy = uy and 03 = 6% > 0, we also have:
E[(Y =X)*)=0& pyy =1,
E[(Y —X)*) =20% © pyy =0,
E[(Y —X)*] =40} & pyy = —1.

Since
~ ~ (Fy OY OY

the linear function
Oy Oy
Lo(X) = — —X
0(X) (uﬁ Gxux) t o
can be viewed as a “forecast” of Y based on X such that
21 2 5 9\21 A2
E[(Y —Lo(X))"] = oy E[(Y —X)"] =20y (1 — pxy)-
It is then of interest to note that
E[(Y —Lo(X))’] S E[(Y — uy)*] = 067 < pxy > 0.5,

with
E[(Y — Lo(X))*] < E[(Y —1y)*] = 63 & pyy > 0.5

7X7

(5.50)

(5.51)

(5.52)

(5.53)
(5.54)

(5.55)

(5.56)

(5.57)

(5.58)

(5.59)

when 62 > 0. Thus Lo(X) provides a “better forecast” of ¥ than the mean of ¥, when pyy > 0.5. If

Pyy < 0.5 and 6 > 0, the opposite holds: E[(Y — Lo(X))?] > o2

5.5. Polarization identities

Since
E[(Y —X)*] = E(X?>4+Y? —2XY) = E(X?) + E(Y?) — 2E(XY),

E[(Y +X)*] = E(X?> 4+ Y2 +2XY) = E(X?) + E(Y?) +2E(XY),

we get on summing the above two equations:

E(XY) = E[Y + X))~ E[(y X))}
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(5.60)
(5.61)

(5.62)



Similarly, since

V(X-Y)=V(X)+V(Y)-2C(X,Y), (5.63)

VX+Y)=V(X)+V(Y)+2C(X,Y), (5.64)
we have:

C(x, Y):%[\/(X—FY)—W(X—Y)]. (5.65)

(5.65) is sometimes called the “polarization identity”. This yields three alternative representations
for the covariance as a linear transformation of variances:

CX,Y) = V) V()] - V(X ~7))

_ %{W(XJFY)—[\/(XHV(Y)]}
1

= Z[W(X—FY)—V(X—Y)]. (5.66)
Further, ) )
_IVIX+Y)-V(X-Y) 1[0xyy Oxy
p(X7Y)_4 Ox Oy 4 Ox Oy Ox Oy (5.67)
and, if V(X)=V(Y) =1,
_ _ 2 2
p(X,Y)= VX+Y)-V(X—Y) Ox.y—Oxy . (5.68)
4 4
On X +Y and X —Y, it also interesting to observe that
CX+Y,X-Y)=[VX)-V(Y)]+[C(Y,X)—-C(X,Y)] =V(X) - V(Y) (5.69)
so that
C(X+Y)/2,X-Y)=C(X+Y,X-Y)=0, ifV(X)=V(Y). (5.70)

This holds irrespective of the covariance between between X and Y. In particular, if the vector (X,Y)
is multinormal X 4+ Y and X —Y are independent when V(X) = V(Y).
On applying (5.67) to the normalized variables
X — Uy Y —py

X = , Y = , 5.71)
Ox Oy

we get a polarization formula in terms of normalized variables:

p(X.¥) = V(Y +X) ;WY —X) _E[(Y +X)’] ; E[(Y —X)?] . 5.72)

This also follows on applying (5.67) to ¥ and X. As for the covariances, this yields three alternative

17



representations of the correlation:

p(X.Y)

(5.73)

6. Sources and additional references

Good overviews of various notions associated with covariances, correlations and regression may be
found in Hannan (1970, Chapter 1), Theil (1971, Chapter 4), Kendall and Stuart (1979, Chapters
26-28), Rao (1973, Section 4g), Drouet Mari and Kotz (2001), and Anderson (2003, Chapter 1).

See also Lehmann (1966).
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