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1. Wiener-Kolmogorov formula

According to Wold’s decomposition theorem, a second-astiionary process (with mean
zero) can be written in the following form:

Xy =Y+ Dy
where
Y, => dju;, do=1, {u}~BB(0,0%)
j=0
D, is deterministic ,
Uy = Xt — PL (Xt | Xt—17 Xt_g, .. ) .
Consequently,

PL (ut | Xt—l, Xt_g, .. ) =0
or, more generally,

PL (ut ‘ Xt—(: Xt—€—17 .. ) =0 s \44 Z 1.

If X, is a strictly indeterministic process,
Xt = Z djut,j y
j=0
we have:

Py, (Xt ‘ X1, Xt—2> ) = Py (Ut ‘ X1, Xt72> )

+Py, Zdjut—j | Xio1, Xico, ...

j=1
00

= E djut,j.
Jj=1

If we furthermore suppose that tke,} are independent,
E(Ut ‘ Xt—h Xt—27 .. ) = E (Ut | Ut—1, Ut—2, - - ) = 07

E(X | Xy, Xy o) = Y dju
j=1



- PL (Xt ‘ Xt—la Xt_g, . ) .

We have the best prediction in the mean-square-error (M&ESes
Let { X;} a weakly stationary indeterministic process:

X, =Y dju_;=d(B)u, (1.1)
j=0
where .
do=1, d(B)=) d;B . (1.2)
j=0

Let us denote:
.Pt_th - P(Xt ‘ Xt—j7 Xt—j—l, . ) .

Then,

Ptijt - Xt fOI’ j S O 5
Uy = Xt — P(Xt ‘ Xt—la Xt_g, .. )
= Xy — B X,

P X, = Zdjptflutfj = Zdjutfj
§j=0 j=1
d(B
= (—( )) Ut—1
B +

+00 [e’¢)
(Z th3‘> => B,
Jj=—00 + Jj=0

where we define

B
{M] = (B ' +diB"+dyB' +-- )
+

- (i ijjl)
i=0 +

= ) d;B. (1.3)
j=1



Similarly, we get at lad,

oo [e.o]

P Xy = Z d; Py_guy_j = Z dju_j
j=0 j=
d (B))
= Ut—¢
(5,
or, equivalently,
d(B -
P Xy = < (Bg )) U = ZdetJre—j . (1.4)
+ =0

The formula (1.4) is called the Wiener-Kolmogorov formuta finear predictior? periods
ahead. We see th# X, ,, can be computed by dropping the most redeetms from the
Wold decomposition:

Xt = Z djut_j
7=0

= ell) + PXose (1.5)

If X, is invertible, we can write

hence

rexe = (7)) e

d(B 1
P Xy = <(Be))+d(B)Xt’£21'

1.1 Example For an AR1) process,

Xt = 901th1 + U ‘(,01| <1 (16)
we have the representation
1
X, = — 1.7
t 1 — SDlBut ) ( )



hence

P Xy = o P X+ P
= X1, (1.8)

P Xy = o1 P4 Xi
= 1P (o1 Xi2 + 1)
= @%PtfthfZ
= ¢iXie.

If we use the Wiener-Kolmogorov formula, we get:

1

1— 9013:|+Ut_£

= B (1+@B+¢iB +---)], (1 —¢B) Xiy
= @i (1+901B+90%BQ+"') (1—¢,B)X; ¢

12
= L (l-¢B) X,

P Xy = {B_Z

1.2 Example For an MA(1)process,

Xt == (1 - 913) Uyt |91‘ < 1, (19)
we have 1
Uy = th, (110)

hence the following forecasts: fér= 1,

1
*1-6,B

Xt—l

P X, = [B'(1-61B)]

_91
X,
1-6,B""

= ~01) 61 X1
=0

= =) 0 X, (1.11)

1



pour? > 2
1
Pt,gXt — [Bie (1 - 018)}+ th,g — 0 .
— V1

1.3 Example For an ARMA(1, 1) process of the form

(1-¢B) X, =(1—6B)u,
[y [<1, 61]< T,

the Wold representation can be written:

(1-6,B)

(1—¢B)
= d(B)u.

Xy Uy

From the latter, we then get the following forecasts: at thiezion1,

where

SRl

+
{Bl 0, }
1—<,plBJr

B(l+¢,B+¢iB>+---)] —

6,
— B_1+ 1 . :|
{ - B 1—¢ B,

so that

—0 11—y, B
P X, = (¢4 1)( Y1 )Xt—l

at lag/,

(1.12)

(1.13)

(1.14)

(1.15)

(1.16)

(1.17)



where

[d(m] 1 —913>]

+ (1 - (1013) +
r Bff 013(61):|
[ 1—¢ B (1—¢B)

_ ¢l _ 919051_1
1=y B 1—-pB

90{71 (o1 — 91)

1.1
hence
(o1 —01) " (1— B
P X, = X,
(Y 1—,B 1—0.B t—¢
/—1
9
P =) : (_90;1 — 1)Xt_g (1.19)
or

wgil (SOI - HI)X

PtXt+€: 1 QB t -
— V1

2. Chainrulefor prediction

Let N
PXi =Y hiXi ;.
=0

Then,

Pt+eXt+e+1 = Z thtJrH
=0
= hoXipe + i Xepoo1 + -+ heXy + he Xy + -+
P [PryeXiyo1] = PiXoon

=hoP, Xy +MPXp 1+ -+ he 1 PX
+he Xy + hpp1 Xyoq + -



i=0 =74
{—1 [e%s)

= hi P X0 + E PigeXii .
i=0 i=0

This formula allows one to compute predictions severalstdppead from one-step ahead
predictions.

3. Propertiesof prediction errors

Let
PtXtJre = P (Xt+g | Xt7 thla .. ) .
If .
Xt = Z djut,j y (31)
j=0
where
dy = 1, (3.2)
u = Xy — P Xy, (3-3)
Vi(u) = o2, (3.4)
then
Xive = Zdjut-l—é—ju
j=0

[o.¢]
P X = E djtsyo—j -
j=t

e (0)

X — BiXipe

-1
= D djuey
j=0

= U+ diUpgro—1 + - F demu



follows aM A (¢ — 1) process, hence

Vi (0)] = o*[1+di+ - +dj_]

whered, = 1. Consequently,
er (1) = uppa - (3.5)

One-step ahead prediction errors associated with optinealiacorrelated between each
others. Further,

l—k—1
Ele: (0) esr (0)] = 0° Y didigs
=0
/—1
= 2 didi,, 0<k<l-1, (3.6)
i=k
2N did, e, FO<k<(-—1
E [et (€> Ct+k (E)] = { 8 ZZ:k ' b if & ; !/ o ’ (37)
S didi g : << /f_
Corrle, (0), erur (O] = 4 Simpa > TOSk<{-1, (3.8)
0, if k>0,
Covle,(£), e.(¢+7)] = Elet(£)e (€ + 7))
/—1
= oY didi; #0, forj>0. (3.9)
=0

The covariances between prediction errors at differerizbos are given by:

Clec(0), e (0+37)] = Elec(€) e (£ +7)]

(-1
= g2 did. .
= 0 E iligj .
i=0



4. Prediction with ARIMA models

SupposeX; is an ARIMA process of the form:

0,(B)(1-DB)'X, = 0,(B)u -+, (4.1)
u, ~ BB(0, ¢%), (4.2)
If we denote
»(B)=,(B)(1-B)", (4.3)
we can write
©(B) Xt =0,(B)us+ [, (4.4)
or, equivalently,
[1 —p B == 90p+dBp+d] Xy
:[1—913——9qu]ut+ﬂ, (45)
hence thealifference-equation representation of X;:
Xy = o Xy +-0+ 90p+dXt—p—d
+up — 0wy — - — equtfq + i (46)
or
ptd q
X = Z iXi—i— ) Ojurj + i+ ue. (4.7)
i=1 j=1

4.1 Example For an ARIMA(1, 1, 0) process, we have:

(1-¢B)(1-B)X¢ = u,
[1 — ¢y B+ 90232] Xy = [1 — (¢ +1)B+ ¢1BQ] X =y,
o1 = (d1+1), pa=—9;.

On applying the projection operaté¥ on both sides of the equation (4.7), we obtain:

p+d q

PXi1 = Z ;P X1 — Z 0;Pugr1—; + [0
i=1 =0
p+d q

= Z 0; Xip1-5 — Z Ojutir—j + 1o,
i=1 Jj=1



p+d q
PXi2 = o PXi + Z i Xipo—i — Z Ojura—j + i,

i=2 Jj=2
and, more generally,
-1 p+d q
P X = Z 0P Xio—i + Z 0 Xpo—i — Z Oty + .
i=1 i=t j=£

On noting that
P B 0, ife>1,
B IR

we then see that

p+d q
P Xt = Z 0P Xtyo—i + Pougye — Z 0 Piug oy + i (4.1)
i=1 Jj=1
and
©(B)P Xy = 0(B)Puwe+ i,
©(B) Xy = 0(B)ue + i,
©(B) (Xiye — P X)) = 0(B) (ure — Prugye) -
Let
U (B) =149, B+¢yB+-- =) B,
=0

v (B)y (B)=0(B) ,
et(g):Xt—l—é_PtXt—l—éa t>1,

¢ (B)et(£) = p(B) Y (B) (urye — Prugre) -

If we note that

et(f) = O,ESO
0, <0
Ut — Pugry = {Ut+e 0>1

10



we can simplifyy (B) on both sides and get

€t (E) = 9 (B) (Ut+é - Ptut+£)
= Uppr + V1 Uge1 + - YU

/-1
= Zwiutwﬂ‘,
1=0
wherey, = 1. It follows that
Ele: (0] = 0

Viee ()] = V(0) =

/-1
142 ¢?] -
j=1
One-step ahead prediction errefg1) are uncorrelated between each other. More gener-

ally,
2 l—1 i ]
_pah. |f0§ SE_]-u
Eles (0) v (0)] = { ’ i Vit LT (4.8)

Ele: (£) e (€ + 7)] <Z¢ wZﬂ)

If we assume that, ' N 0, 02

/—1
e (0) ~ N [0, {1+Z¢§}a2] :

we can compute confidence intervals for predictions:
P[PiXite — cappe < Xipo < PiXiyo + Coappde) =1—a

where

-1
A?:{1+Z¢§}02, 4.9)

PINO,1)>c)]=a.

If we compute predictions at different horizofig/e obtain gorediction function:

PX. o = X, (0), (=1,2,3,...,
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@(Bi)Xt = 0(B)u+ i,
@(B))ft (6) = 0(B)Puy+p,
vy (B) (1-B)'X(6) = 0(B)Pure+i

If d =0 and/is large, we have:

¢y (B) X¢ (f) =~
X, (0) ~

i i

0, (B) 1—@ ==,

= =

If d =1 and/is large,

A~

wp (B) (1= B) X (0) ~ fu

o i
(1-B)X 0 =n= 5

X (0) ~ py + pl  Arithmetic progression.

If d =2 and/is large,

~

X (0) = pg + gy 0 4 pio? .

5. Bibliographic notes

The reader will find general discussions of prediction bas@dARIMA models in Box
and Jenkins (1976, Sections 5.1-5.5, 5.7), Brockwell and€D@ 991, Sections 5.1-5.5)
and Hamilton (1994, Chap. 4). On prediction for stationarycpsses and the Wiener-
Kolmogorov formula, see also Wiener (1949), Whittle (198&hiteman (1983) and Sar-
gent (1987).
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