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1. General distributional results

1.1 Suppose we havE observations{i, Xo, ... , Xt from a realization of a second-order stationary procese Th
natural estimators of the first and second moments of theepsoare: for the mean,

for the autocovariances

and for the autocorrelations
rk==0k/Co, 1<k<T-1.

1.2 Theorem DISTRIBUTION OF THE ARITHMETIC MEAN. Let{X :t € Z} a second-order stationary process with
meany, and letXt = S, %/ T. Then

(1) E(Xy) = p andXr is an unbiased estimator pf

@) Var (%) = 3504 0 (1- ) w0

(3) ify,(k)— 0,

k— o0

Var (YT) — OandXT _I_—> u;

T—o0

(4) ifthe seriesy,__., Yy (K) converges, then

lim T Var XT Z Yy (K) ;

T—oo K

(5) if the spectral densityy (w) exists and is continuous et= 0, then

TIanoo T Var (Xt) = 2mfx (0) ;

(6) if
X=p+ 3 gju-j, where{u :t € Z} ~ 11D (0,02) ,
j:—m
and .
§:|w”<<ma
j=—00
then



and

PROOF. See Anderson (1971, Sections 8.3.1 and 8.4.1) and BrockweIDavis (1991, Section 7.1). [

1.3 Theorem DISTRIBUTION OF SAMPLE AUTOCORRELATIONS FOR A LINEAR STATIDARY PROCESS Let
X =U+37 WU j,whereS T |yl <wand{w:teZ}~11D(0,02). If

or
(b) E (U) <o, W,

then the asymptotic distribution of the vector

/

[ﬁ(rl—p1>,ﬁ(rz—pz),-~-,\/ﬂrm—pm)

is N [0,W] asT — o, wherep, = Y, (K) /¥y (0) , Win = [Wjx] i ke1...mand

Wik = ) (ph+jph+k + Ph—iPhik — 2 PkPhPhij — 2 PjPnPhik +2 PijP%)
h=—o00

= > (ph+j +Phj _ijph> (Phik+ Pk — 2 PxPh)

h=1
4t T . 2
= cos(wj) —p;i| [cos(wk) — py] fx (W) dw .
yX(@z/_n[ (@]) — ] [c08(6K) — py] £ (@)
PROOF. See Anderson (1971, Theorem 8.4.6, p. 489) and BrockwelDawis (1991, Theorems 7.2.1 and 7.2.2).

]

1.4 The expressions/i are called Bartlett’s formula for the covariances of the aatcelations. The formulav;,
may also be written

Wik = <)\j+k+/\j—k_2pj)\k_2pk)\j +201Pk/\o) /¥4

where © ©
Ai= Y Vivaeis Ai=A/VE= S PP

h=—o h=—o00



2. Special cases

2.1 ASYMPTOTIC VARIANCE. Under the conditions of Theorein3, the asymptotic distribution of/ T (rx — py)

is N [0, W], where

[ee]

Wi = Z (pﬁ+k+ph—kph+k_4pkphph+k+2p%p%)
h=—o0

(o]

= 3 (Ph+PnPhizk—4 PrPiPhik + 2 PRPK)
h=—o0

00

= > (Prsk+Pnk—2Pnox)” -

For T large,v/T (rx— py) = N[0, W] -
2.2 WHITE NOISE. If

pk = 1,fork=0,
= 0, fork#0,

we find
wik = 1,if j=k
= 0,if j £k.
ForT large, the sampling autocorrelations are mutually unt¢ated and
VTrcAN[0,1] , fork>1.

2.3 MA(q) PrROCESS If p, =0, for |k| > g+ 1, we find

Wik = 2 Ph—jPhk = Z Pj_hPx—h= Z Px—h+(j—k)Pk—h
=1 =1 =1

k-1 q-(-Kk) _
- hz PhPh+(j—k) = hz Phph+(j_k),forj >k>q+1,
— — 00 :_q

hence _ .
wj, =0, ifk>q+1andj >k+29+1

= Sh g Pl fatl<k<j<kt2a.

In particular,
q

q
Wa= 5 Ph=1+2% pf,ifk>q+1.
h=—q h=1

(2.1)



3. Exact tests of randomness

3.1 Theorem EXACT MOMENTS OF AUTOCORRELATIONS FOR ANi.i.d. SAMPLE. Let the random variables

X1, ..., X7 be independent and identically distributgd.d.) according to a continuous distribution. Then
T-k
=————— , for1<k<T-1
B0 = —gp—gy fortsksT-1.
and
Var (I’k) < \_/k,
where

T4— (k+7) T3+ (7k+16) T?+2(k?— 9k —6) T — 4k (k—4)

Vi T(T-1%(T-2)(T-3)

if 1<k<T/2andT >3, and
(T—Kk)[T2=3T —2(k—2)]

Vie= T(T-1%(T-3)

if T/2<k<T andT > 3.

PROOF. See Dufour and Roy (1985). O]

3.2 Fork=1, we find
E(r)=-1/T,

Var (r1) < ﬂ )

By Chebyshev’s inequality,

Var (ry)
)2
3.3 Theorem EXACT MOMENTS OF AUTOCORRELATIONS FOR AGAUSSIAN i.i.d. SAMPLE. LetXy,..., Xt be

i.i.d. random variables following a distribution N [, 0] distribution. Then

Pllr«—E(re)| > A] < <

N =X

EUQ:—%%;%,mﬂgkgT—L
T4~ (k+3) T34+ 3kT2+ 2k(k+1) T — 4K3

ver(nd = (T+1)T2(T-1)?

for1<k<T/2andT > 3,and
(T—K)(T—-2)(T2+T -2k

Vet = T T 1




forT/2<k<T andT > 3. Furthermore, fol <k <h<T -1,

2[kh(T —1)— (T —h)(T?2—K)]

Cov(rg,rp) =
o) (T+1)T2(T-1)?
ifl<h+k<T,and
Cov(ry.ry) = 2(T—h)[2k— (k+ 1;T]
(T+1)T2(T-1)
ifh+k>T.
PROOF. See Dufour and Roy (1985). ]

3.4 ForT large, we have
re—E(r) a

Var (rg)%

In small or moderately large samples, the normal approxanas much more accurate when the formulaeEdry)
etVar (ry) given by Theoren3.3are used, rather thda(ry) = 0 etVar (ry) = 1/T ; see Dufour and Roy (1985).

N(0,1) .
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