
Estimation of ARMA models by maximum
likelihood ∗

Jean-Marie Dufour†

McGill University

First version: February 1981
Revised: February 1991, September 2000

This version: February 11, 2008
Compiled: February 11, 2008, 3:00pm

∗ This work was supported by the William Dow Chair in PoliticalEconomy (McGill University), the
Canada Research Chair Program (Chair in Econometrics, Université de Montréal), the Bank of Canada (Re-
search Fellowship), a Guggenheim Fellowship, a Konrad-Adenauer Fellowship (Alexander-von-Humboldt
Foundation, Germany), the Institut de finance mathématiquede Montréal (IFM2), the Canadian Network
of Centres of Excellence [program onMathematics of Information Technology and Complex Systems (MI-
TACS)], the Natural Sciences and Engineering Research Council of Canada, the Social Sciences and Human-
ities Research Council of Canada, the Fonds de recherche surla société et la culture (Québec), and the Fonds
de recherche sur la nature et les technologies (Québec), anda Killam Fellowship (Canada Council for the
Arts).2

† William Dow Professor of Economics, McGill University, Centre interuniversitaire de recherche en
analyse des organisations (CIRANO), and Centre interuniversitaire de recherche en économie quantitative
(CIREQ). Mailing address: Department of Economics, McGillUniversity, Leacock Building, Room 519,
855 Sherbrooke Street West, Montréal, Québec H3A 2T7, Canada. TEL: (1) 514 398 8879; FAX: (1) 514
398 4938; e-mail: jean-marie.dufour@mcgill.ca . Web page:http://www.jeanmariedufour.com



Contents

1. Model 1

2. Conditional likelihood function 2

3. Unconditional likelihood function 3

4. Tests and confidence intervals 6

5. Bibliographic notes 7

i



1. Model

Let
Xt ∼ ARIMA (p, d, q) . (1.1)

Xt follows the model :
ϕ (B) ▽

dXt = µ̄+ θ (B)ut (1.2)

where

▽ = 1 − B, (1.3)

ϕ (B) = 1 − ϕ1B − · · · − ϕpB
p , ϕp 6= 0, (1.4)

θ (B) = 1 − θ1B − · · · − θqB
q , θq 6= 0, (1.5)

ϕ (B) andθ (B) have no common root, (1.6)

ut ∼ BB
(

0, σ2
)

. (1.7)

Series ofN = n + d values :X−d+1, . . . , X0, X1, . . . , Xn p + q + 2 parameters to
estimate.

Set :

ϕ =







ϕ1

...
ϕp






, θ =







θ1

...
θq






(1.8)

Wt ≡ ▽
dXt , t = 1, . . . , n, (1.9)

whereXt has possibly been transformed through a power or logarithmic transformation.
We can write:

Wt ∼ ARMA (p, q)

ϕ (B)Wt = µ̄+ θ (B)ut

Wt = ϕ1Wt−1 + · · · + ϕpWt−p

+ut − θ1ut−1 − · · · − θqut−q + µ̄

ut = Wt − ϕ1Wt−1 − · · · − ϕpWt−p

+θ1ut−1 + · · ·+ θqut−q − µ̄.

If we setW̃t = Wt − µ, where

µ = µ̄/
(

1 − ϕ1 − · · · − ϕp

)

,

ut = W̃t − ϕ1W̃t−1 − · · · − ϕpW̃t−p

+θ1ut−1 + · · ·+ θqut−q .
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Suppose thatut
i.i.d
∼ N (0, σ2) .

Difficulty: at t = 1, Wt−1, . . . , Wt−p, ut−1, . . . , ut−q are unknown.
We can use here two main approaches:

1. maximize the conditional likelihood function;

2. maximize the unconditional .

2. Conditional likelihood function

Let
W∗ : p observations ofWt before series beginning,
u∗ : q noisesut,
W∗ = (W0, W−1, . . . , W−p+1)

′ ,
u∗ = (u0, u−1, . . . , u−q+1)

′ ,
W = (W1, . . . , Wn)′ .

(2.1)

Forϕ, θ andµ̄ given, we can compute:

ut ≡ ut (ϕ, θ, µ̄ |W∗, u∗, W ) , t = 1, . . . , n.

The joint density ofu1, . . . , um can be written

p (u1, . . . , un) =
1

(2π)n/2 σn
exp

{

−
1

2σ2

n
∑

t=1

u2

t

}

.

The joint density ofW1, . . . , Wn givenW∗ andu∗ is:

L∗

(

ϕ, θ, µ̄, σ2
)

= p (W1, . . . , Wn |W∗, u∗)

=
1

(2π)n/2 σn
exp

{

−
1

2σ2

n
∑

t=1

ut (ϕ, θ, µ̄ | W∗, u∗, W )2
}

.

The maximum likelihood method suggests that we maximizeL∗ withrespect to
ϕ, ϕ, µ̄ and σ2, which is equivalent to maximizing

ℓ∗ ≡ log(L∗)

where

ℓ∗
(

ϕ, θ, µ̄, σ2
)

= −
n

2
ℓn (2π) −

n

2
log

(

σ2
)

−
S∗ (ϕ, θ, µ̄)

2σ2
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and

S∗ (ϕ, θ, µ̄) =

n
∑

t=1

ut (ϕ, θ, µ̄ | W∗, u∗, W )2 .

Irrespective of the value ofσ2,

maximizingℓ∗ is equivalent to minimizingS∗ (ϕ, θ, µ̄) .

Onceϕ̂, θ̂,
∧

µ̄ have been estimated (these do not depend onσ2), the value ofσ2 can be
obtained by maximizingℓ∗ with respect toσ2. The first-order condition then yields:

−
n

2

1

σ̂2
+
S∗

(

ϕ̂, θ̂,
∧

µ̄
)

2σ̂4
= 0

hence

σ̂2 =
1

n
S∗

(

ϕ̂, θ̂,
∧

µ̄
)

.

The problem is then reduced to minimizingS∗ (ϕ, θ, µ̄) .
Difficulty : W∗, u∗ unknown.
The usual solution consists in:

1. takingW1, . . . , Wp as initial values (this reduces the number of observations from
n to n− p),

W∗ = W̃ ≡ (W1, . . . , Wp)
′ ; (2.2)

2. replacingu∗ byE (u∗) = 0.

We minimize

S̄∗ =
n

∑

t=p+1

ut

(

ϕ, θ, µ̄ |W∗ = W̃ , u∗ = 0
)2

.

This is a nonlinear minimization problem.

3. Unconditional likelihood function

One can show that the logarithm of the unconditional likelihood function ofW1, . . . , Wn

has the form:

ℓ
(

ϕ, θ, µ̄, σ2
)

= f (ϕ, θ) −
n

2
log

(

σ2
)

−
S (ϕ, θ, µ̄)

2σ2
(3.1)
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where

S (ϕ, θ, µ̄) =

n
∑

t=−∞

[ut | ϕ, θ, µ̄, W ]2 ,

[ut | ϕ, θ, µ̄, W ] = E (ut | ϕ, θ, µ̄, W )

≡ [ut] .

Forn large (or moderately large),f (ϕ, θ) is negligible.
The problem is then reduced to computing and minimizingS.
To do this, we use the technique ofbackforecasting.
One can show that every stationaryARMA (p, q) process

ϕ (B)Wt = θ (B) ut + µ̄ , ut ∼ BB
(

0, σ2
)

can also be written

ϕ (F )Wt = ϕ (F ) et + µ̄ , et ∼ BB
(

0, σ2
)

whereF = B−1 andet is uncorrelated withWt+1, Wt+2, . . . . We then have

Wt = ϕ1Wt+1 + · · · + ϕpWt+p + et − θ1et+1 − · · · − θqet+q + µ̄

where

et = Wt − ϕ1Wt+1 − · · · − ϕpWt+p

+θ1et+1 + · · ·+ θqet+q − µ̄

[et] = [Wt] − ϕ1 [Wt+1] − · · · − ϕp [Wt+p]

+θ1 [et+1] + · · ·+ θq [et+q] − µ̄.

We can see easily that
[Wt] = Wt , t = 1, . . . , n.

If we use the approximation

[et] = 0 , t ≥ n− p+ 1,

we can compute
[et] , t = n− p , n− p− 1 , . . . , 2, 1.

In particular,

[e1] = W1 − ϕ1W2 − · · · − ϕpWp+1 + θ1 [e2] + · · · + θq [eq+1] − µ̄.
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Furthermore
[et] = 0 , t ≤ 0 (et uncorrelated withW ).

From there, we can compute

[Wt] = ϕ1 [Wt+1] + · · · + ϕp [Wt+p]

+ [et] − θ1 [et+1] − · · · − θq [et+q] + µ̄ , t = 0, −1, −2, . . . (3.2)

We then get the sequence[Wt] , t = . . . , −2, −1, 0, 1, . . . , n.
Given the series

[Wt] , t ≤ n ,

we go back to the standard model:

Wt = ϕ1Wt−1 + · · ·+ ϕpWt−p

+ut − θ1ut−1 − · · · − θqut−q + µ̄ , (3.3)

ut = Wt − ϕ1Wt−1 − · · · − ϕpWt−p

+θ1ut−1 + · · ·+ θqut−q − µ̄ , (3.4)

[ut] = [Wt] − ϕ1 [Wt−1] − · · · − ϕp [Wt−p]

+θ1 [ut−1] + · · ·+ θq [ut−q] − µ̄. (3.5)

For a stationary process, we can suppose that

[ut] = 0 , t < Q′ ≤ 0

which allows one to compute

[ut] , t = Q′, Q′ + 1, . . . , −1, 0, 1, 2, . . . , n

and

S (ϕ, θ, µ̄) ≃
n

∑

t=Q′

[ut]
2 .

Q′ is chosen so that[Wt] − µ ≃ 0.
These calculations may appear complex, but they are relatively easy to program.
One could also compute the exactML estimator. But this is more difficult to program;

see Newbold (1974), Ansley (1979), Brockwell and Davis (1991, Chapter 8).

5



The maximum likelihood estimator ofσ2 is

σ̂2 = S
(

ϕ̂, θ̂,
∧

µ̄
)

/n.

But it is more natural to use

σ̃2 =
1

n− ℓ
S
(

ϕ̂, θ̂,
∧

µ̄
)

=
1

n− ℓ

n
∑

t=Q′

û2

t ,

ℓ = number of parameters (except forσ2) estimated.

4. Tests and confidence intervals

The maximum likelihood estimators are asymptotically normal, which allows one to build
asymptotic confidence intervals based on estimated coefficient standard errors.

We can test hypotheses of the type

H0 : ψ(ϕ, θ) = 0 , (4.1)

whereψ is a vector function of dimensionr, relatively easily by using the likelihood ratio
criterion. If

ℓ
(

ϕ̂, θ̂,
∧

µ̄, σ̂2
)

≃ −
n

2
log

(

σ̂2
)

−
n

2
2 [ℓNC − ℓC ] −→

n→∞

χ2 (r) underH0

ℓC = logL restricted (r restrictions forH0)

ℓNC = logL unrestricted

the likelihood ratio is given by

LR = 2 [ℓNC − ℓC ]

= 2
[n

2
log

(

σ̂2

C

)

−
n

2
log

(

σ̂2

NC

)

]

= n log
(

σ̂2

C/σ̂
2

NC

)

.

We rejectH0 whenLR ≥ χ2 (α; r) whereP [χ2 (r) ≥ χ2 (α; r)] = α.
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5. Bibliographic notes

Several textbooks discuss the estimation of ARMA models; see, for example Box and
Jenkins (1976, Chapter 7) et Brockwell and Davis (1991, Chapter 8).
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