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1. Inner-product spaces

1.1 Definition INNER PRODUCT SPACE. Let H be a vector space on a set scalars S, where S = R
or S = C. An inner product on H is an application which associates to each pair of elements x and
y in ‘H a complex number (x,y) such that, for all x, y, z € H,

(a) (z,y) = (y,7);

(b) (z+y,2) = (x,2) + (y,2) ;
(¢) (az,y) = a(x,y) , foralla € S;
(d) (z,7) > 0;

(e) (x,z) =0ifandonly ifx = 0.

If (-, -) is an inner product on H, the pair (H, (-, -)) is called an inner product space, and the elements
of H are also called elements of the inner-product space (H, (-,-)). When there is no ambiguity on
the definition of the inner product, the inner-product space (H, (-, -)) may simply be denoted H.

1.2 Remark If S = R, condition (a) reduces to

@) (z,y) =(y,z) .

1.3 Definition NORM ASSOCIATED WITH AN INNER PRODUCT. The norm of an element x of an
inner-product space (H, (-, -)) is defined by

2]l =/ {z, z) . (1.1)

1.4 Example EUCLIDEAN SPACE. R™ with the usual scalar product
n
(w,y) = miy; (1.2)
=1

where z = (21, ....2z) ¥y = (Y1, ....Yz), where z; € R and y; € R for all ¢ and j, is an
inner-product space whose norm is the usual Euclidean norm

n 1/2
||| = (Zx?) : (1.3)
=1

1.5 Example COMPLEX EUCLIDEAN SPACE. C" with the scalar product

(z,y) = =7 (1.4)
=1



where © = (21, ....z) v = (Y1, ..., yn)’, where z; € C and y; € C for all ¢ and j, is an
inner-product space. The associated norm is:

n 1/2
|| = <Z\fvil2> - (1.5)
=1

1.6 Example REAL-VALUED SQUARE INTEGRABLE RANDOM VARIABLES. The set L? = LQ(Q,
A, P) of all the random variables X : £2 — R such that F(X?) < oo with, forany X, Y € L?,

(X,Y)=E(XY) (1.6)
is an inner-product space. The associated norm is:
X1 = (B2 (17

1.7 Example COMPLEX-VALUED SQUARE INTEGRABLE RANDOM VARIABLES. The set L%(Q,
A, P) of all the random variables X : £2 — C such that F(] X|?) < co with

(X,Y) = E(XY) (1.8)
is an inner-product space. The associated norm is:
X1 = [E(GX 2. (1.9)

1.8 Proposition CAUCHY-SCHWARZ INEQUALITY. Let (H,(-,-)) be an inner-product space.
Then, for all z, y € H,

(@, )] < [l llyll (1.10)

and

)] = izl Jyl] & = = (iyzi)y (.1

1.9 Definition ANGLE AND ORTHOGONALITY. Letz and y be two elements of an inner product
space (H, (-,-)). The angle between the vectors x and y is defined by

0 = cos™[(z,y) /(= lyN] - (1.12)

x and y are said to be orthogonal (denoted = | y) if and only if
(x,y) =0. (1.13)

1.10 Proposition PROPERTIES OF THE NORM. Let (H, (-,-)) be an inner-product space with the
norm ||z|| = +/{(x, z) . Then the following properties hold for all z,y € H :

2 2 2
(@) [lz+yl" = [lz” + lylI” + (2, 9) + (y,2) ;



(b) llz+yll <zl + Il ; (Triangle inequality)
(¢c) |laz|| < |a|||z| , foralla € C;

(d) =] = 0;

(e) ||z|| = 0 ifand only if x = 0;

(F) llz+yl* +lz—yl* = 2z)* +2y)* - (Parallelogram law)

1.11 Proposition CONVERGENCE IN NORM. Let{z, : n =1, 2, ...} be a sequence of elements
of an iner product space (H, (-, -)). We say that x,, converges to x € H if and only if

|z, —z|| — 0. (1.14)
n—oo

1.12 Proposition CONTINUITY OF INNER PRODUCT. Let {z, : n = 1,2, ..} and {y, :
n = 1,2, ..} be two sequences of elements of an inner-product space (H,(-,-)) such that
|z, — || — 0 and ||y, —y|| — O, where z, y € H .Then

n—oo n—oo

leall — (115)
and

1.13 Example MEAN SQUARE CONVERGENCE. Let {X,, : n = 1, 2, ...} a sequence of real
random variables in L2 = L?(02, A, P). If we define (X,Y) = E(XY), then the convergence in
norm represents mean-square convrgence:

X, - X|| — 0 & E[(X,—-X)?*] — 0. (1.17)
n—oo

n—~o0

2. Hilbert spaces

2.1 Definition CAUCHY SEQUENCE. Let{z, : n = 1, 2, ...} be a sequence of elements of an
inner-product space (H, (-, -)). Then x,, is a Cauchy sequence of (H, (-,-)) if and only if

|xn —xm|] — 0. 2.1)

m,n—o0

2.2 Definition HILBERT SPACE. Let(H, (-,)) an inner-product space. Then (H, (-, -))is a Hilbert
space if and only if every Cauchy sequence of (H, (-, -)) converges in norm to an element of H ,

|zn, —xm| — 0 = 3z € H such that ||z, — z|| — 0. (2.2)
m,n—0o0 n—00



2.3 Proposition NORM CONVERGENCE AND CAUCHY CRITERION. Let{z, :n =1, 2, ...} be
a sequence of elements of a Hilbert space (H, (-,-)). Then x,, converges in norm if and only if x,,
is a Cauchy sequence.

2.4 Theorem COMPLETENESS OF L?(f2, A, P). The inner-product space L*(f2, A, P) with
(X,Y) = E(XY) is complete and thus constitutes a Hilbert space.

PROOF. See Brockwell and Davis (1991, Section 2.10). &

3. Projection theorems

3.1 Definition CLOSED SUBSPACE. A linear subspace M of a Hilbert space 'H is a closed
subspace of H if and only if M contains all its limit points, i.e.

Tn €M, VY0, and ||z, —z|| — 0 = z€ M. (3.1)

3.2 Definition ORTHOGONAL COMPLEMENT. The orthogonal complement M- of a subset M
of H is the set of all x € H which are orthogonal to all the elements of M, i.e.

xEMl<:>(x,y>:0,Vy€M. (3.2)

3.3 Proposition CLOSURE OF ORTHOGONAL COMPLEMENT. If M is any subset of a Hilbert
space H, then M- is a closed subspace of H.

3.4 Theorem PROJECTION THEOREM. Let M be a closed subspace of a Hilbert space H . Then,
forany x € 'H,

(a) there is a unique element * € M such that

— 7| = inf ||z — 3.3
|z — || ylenMHw yll (3.3)
and
b TeMand |z —7| = inf ||z —
(b) T and ||z — || ylenMHw yll
sTeMandz —7 e M*E. (3.4)

3.5 Corollary EXISTENCE OF PROJECTION MAPPING OF H ONTO M. Let M be a closed
subspace of a Hilbert space H, and let I be the identity mapping on H . Then there is a unique
mapping Ppq of H onto M such that I — Py maps H onto M. Py, is called the projection
mapping of H onto M.



3.6 Theorem PROPERTIES OF PROJECTION MAPPINGS. Let H be a Hilbert space and Py
the projection mapping onto the closed subspace M. Then the following properties hold for all
r,y € H:
(a) each element x € 'H has a unique representation as the sum of an element of M and an
element of M*,
x = Ppx+ (I — Py)zx; (3.5)
2 2 2

(b)) N2l® = 1Pame]|” + [[(I = Pag)l|” ;
(¢) Pu(ax+ By) = aPymax + BPpy , foralla, B € S

(d) ||lzp —z|| — 0= Py, — Ppmx;
n—oo n—oo
(e) re M & Pyzr =x;
(f) 2 € M+ & Pyz =0;
(g) if My and My are two subspaces of H such that M1 C Ms , then

Py, (Ppy,x) = Py (3.6)

4. Orthonormal sets

4.1 Definition CLOSED SPAN. Let M be a subset of a Hilbert space H . The closed span of M ,
denoted Sp(M), is the smallest closed subspace of H that contains M. If M = {e; : t € T'}, we
can also denote sp(M) by sp{e; : t € T'}.

4.2 Proposition CLOSED SPAN OF A FINITE SET. The closed span of a finite set M =
{z1,..., x,,} is the set of all linear combinations
Y=0a1T1 + ... + QnTp , A1, .., Qp €S 4.1)

where S =R or S = C.

4.3 Definition ORTHOGONAL AND ORTHONORMAL SETS. Let {e; : t € T} be a subset of an
inner-product space (H, (-,-)). Then {e; : t € T'} is said to be orthogonal if and only if

(es,er) =0, fors #t . 4.2)

Further, {e; : t € T'} is said to be orthonormal if and only it is orthogonal and (e;,e;) = 1 for all
teT.



4.4 Theorem PROJECTIONS ON FINITE ORTHONORMAL SETS. If{ey,...,e,} is an orthonormal
subset of a Hilbert space H and M = 5p{ey, ..., ey}, then the following properties hold for all
x € H:

n

(a) Pyx = ;1 (x,e;)e;;

(b) |[Puz|? = z |, &) 2

n
< Hl‘— > ceill, forall ey, ..., ¢, €S

=1

(c) Hl’— i (z,6€) €
i=1

n n
(d) H33 - Z (z,€:)eif| = HZE - Zciei & o= (r,e),1=1,..,n; (4.3)
=1 i=1
. 2
(e) Ml(a,e) > <llzf” (Bessel’s inequality)
i=1
4.5 Remark The coefficients ¢; = (z,¢;) , i = 1, ..., n, are called the Fourier coefficients relative

to the set {eg, ..., en }.

4.6 Corollary PROJECTION ON A UNIDIMENSIONAL SUBSPACE. Suppose M = sp{e;} where
e1 € Hand ey # 0. Then

x,e x,e
Puz = < ) 1>61:< ) 12>61' (4.4)

(e1,e1) lle1]]
4.7 Corollary PROJECTIONS ON FINITE ORTHOGONAL SETS. Let {ey, ..., e,} be a finite set
of non-zero orthogonal vectors in a Hilbert space H, let M = Sp{ey, ..., ey}, and let 3;(x) =

(x,e;) /(e e;),i=1, ...,n. Then the following properties hold for all x € 'H :

(a) Puz = ; Bix)e ;

(b) |[Puz|? = ; | (, e0) 12/ lles]® = ; | (e3) 2/ {esr i) = ; 1B:) 2 flei]” ;

(c) H:L' — Y Bi(@)e|| < Hx — i cie;l|, forallcy, ..., ¢, €5 ;
i=1 i=1
(d) Hx — iﬁi(a:)ei = H:L' - iciei S g=0,1=1,..,n; 4.5)
i=1 i=1



n n
() 2 wsew) 2/ lleal® = 2 18:(@) leall* < [l]* - (Bessel’s inequality)
1= 1=

4.8 Definition SEPARABILITY. The Hilbert space H is separable if and only if H =3p{e; : t €
T} where T is a finite or countable infinite set.

4.9 Theorem ORTHONORMAL REPRESENTATIONS IN SEPARABLE HILBERT SPACES. Let
‘H =3p{es, ea, ... } be a separable Hilbert space where {e1, ez, ... } is an orthonormal set. Then
the following properties hold for all x € 'H :

(a) the set of all finite linear combinations of {e1, ez, ... } is dense in H , i.e., for any € > 0, there
is ann > 0 and constants c1, ..., ¢, € S such that

Ha: — Zcz-ei <e€; (4.6)
i=1
(b) €T = Z <x>€i> e, 1.e.
i=1
H:L' — Z (x,e;)eill — 0 4.7
=1

(c) ll)* = ;Ha@l ;

(d) (z,y) = > (w,e)(ei,y) , Vy € H; (Parseval’s identity)
i=1

(e) z=0 < (x,¢;) =0, ,i=1,2, ...

4.10 Corollary ORTHOGONAL REPRESENTATIONS IN SEPARABLE HILBERT SPACES. Let
H =5pleu, ea, ... } be a separable Hilbert space where {e1, €2, ... } is a set of non-zero orthog-
onal vectors, and let 3;(x) = (x,e;) / (ei,e;) , i =1, ... ,n. Then the following properties hold for
allz € H :

(a) the set of all finite linear combinations of {ej, ea, ... } is dense in H , i.e., for any € > 0, there
is ann > 0 and constants c1, ..., ¢, € S such that

n
HZL’— E C;€;
=1

<e: 4.8)



(b) x= Z Bi(x)e; , ie.

i=1

— 0; 4.9)

n—oo

o= 81e
=1

(c) o] = ; [ (,e3) 2/ fles]® = ; | (, e0) 12/ {eir e5) = ; 1B, lles!|?

(d) @) = 3 (e leny) /el = S (@6 feiy) / (ener)
=1 i=1
= Zﬂz(ﬂﬁ)ﬁz(y) HGiHQ , VyeH; (Parseval’s identity)
i=1

(e) =0 < (z,6;)=0,i=1,2, ...

4.11 Corollary PROJECTIONS IN SEPARABLE HILBERT SPACES.  Under the assumptions of
Theorem 4.9, we have for each x € 'H :

(a) foranye > 0, there is ann > 0 such that
|z — P, x| < e (4.10)

where E,, = sp{e1, ..., en};

(b) Pg,x — =.

n—~o0

5. Conditional expectations

5.1 Definition CONDITIONAL EXPECTATION WITH RESPECT TO A CLOSED SUBSPACE. Let M
be a closed subspace of L?> = L?(f2, A, P) containing the constant functions and letY € L?. Then
the conditional expectation of Y given M is the projection of Y on M :

EpmY = PuY . 5.1)

5.2 Definition CONDITIONAL EXPECTATION WITH RESPECT TO A RANDOM VECTOR.  Let
X = (X1, ..., X})' be a vector of random variables in L> = L?(2, A, P) and let L?>(X) be the
closed subspace of L*(§2, A, P) consisting of all the random variables in L* of the form ¢(X) for
some function ¢. Then the conditional expectation of Y given X is the projection of Y on L?*(X) :

E(Y|X) = E(Y|X1, ., X) = P2y . (5.2)



6. Sources and additional references

A good summary of Hilbert space theory aimed at applications in time series analysis may be found
in Brockwell and Davis (1991, Chapter 2). Other good reviews appear in: Debnath and Mikusinski
(1990) for general applications, Small and McLeish (1994) for applications in statistical theory, and
Young (1988) for a more mathematically oriented presentation.
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