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Abstract: The authors propose an Anderson—Darling-type statistic for copula goodness-of-fit testing. They determine
the asymptotic distribution of the statistic under the null hypothesis. As this distribution depends on the unknown value
of the copula parameter, they call on a multiplier method to compute the p-value of the test. They assess the power of
the test through simulations and find that it is generally superior to that of the Cramér—von Mises statistic based on the
distance between the empirical copula and a consistent parametric copula estimate under J%).

Résumé : Les auteurs proposent une statistique de type Anderson—Darling pour tester 1’ajustement d’une copule. Ils
déterminent la loi limite de la statistique sous I’hypothese nulle. Puisque cette loi dépend de la valeur inconnue du
parametre de la copule, ils font appel a une approche par multiplicateurs pour le calcul du seuil du test. Ils évaluent la
puissance du test par voie de simulation et trouvent qu’elle surpasse généralement celle du test de Cramér—von Mises
fondé sur la distance entre la copule empirique et une estimation paramétrique de la copule convergente sous 773.
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1. Introduction

Let Xi,...,X; be d > 2 continuous random variables with cumulative distribution functions
Fi,...,Fy, respectively. As is well known (see, e.g., [9, 23]), the dependence among the compo-
nents of X = (Xj,...,Xy) is then characterized by a copula C, i.e., the joint cumulative distribution
function of the transformed vector U = (U, ...,Uy) = (Fi(X1),...,Fi(Xa)).

Given n > 2 mutually independent copies X; = (Xi1,...,X14),- -, Xn = (Xu1,- -+, Xng) of X, it
is of interest to test the hypothesis .7 : C € %) that the unique underlying copula C belongs to a
class 6y = {Cy : 6 € 0’} parameterized by 0 ranging in some open set . Goodness-of-fit testing
procedures for copulas were reviewed in [1, 13]; more recent contributions include [18, 19].

Conceptually at least, the simplest goodness-of-fit test for copulas [12] consists in comparing
the distance between a nonparametric estimate C,, of C and a parametric estimate Cp, derived
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A regularized goodness-of-fit test 65

from an estimator 6, of 8 which is consistent when .77 holds. This approach relies on the ranks
of the observations, except in the rare instances where X, ..., X, have known distributions.

Let F,1,...,F,; be the empirical distribution functions of Fi,...,Fy, respectively. For each
i € {1,...,n}, a natural substitute for the unobservable U; = (F;(X1),...,F;(Xi4)) is given by

n n
F.i(Xi1),...
n+1 nl( ll)a 7n+1

Ui=On,...,0u) = ( Fnd(Xid)> ,
so that for arbitrary j € {1,...,d}, (n+ 1)U, ;j 1s the rank of X;; among X ;,...,X,;. A natural
estimator C‘n of C, called the emplrlcal copula [9], is then defined, for all uy,...,u, € [0,1], by

A

Cn(ul,...,ud): I(Uilgul,...,f]idgud).

-

S| =

i=1

It is known to estimate C consistently and to have a weak limit under minimal regularity conditions
[6, 7, 26, 27, 28]. The scaling factor n/(n+ 1) used in defining U; avoids numerical issues that
sometimes occur, e.g., when a parametric copula density is evaluated at pseudo-observations lying
on the frontier of [0, 1]¢. This rescaling has no effect on the limiting behaviour of C,.

When .74 holds, various estimates of the copula parameter 6 can be derived from the pseudo-
sample U1,...,0,. When Cg admits a density cg, a standard solution called maximum pseudo-
likelihood consists in finding the value 6, of 0 that maximizes

n
= Zln{c@(Uil, cee 7Uid)}-
i=1

As shown in [10], this estimator is asymptotically Gaussian and unbiased under weak regularity
conditions. It is also known to be nearly efficient and robust to misspecification of the margins
[15, 16]. When 6 is real-valued, moment-based techniques such as inversion of Kendall’s tau,
Spearman’s rho or Blomqvist’s beta are also possible; see, e.g., [8, 16].

From extensive numerical studies [1, 13, 19], it appears that overall, the “blanket” statistic

Sn =n 0 ”d{é”(ul’” . ,ud) —an(ul,. . .,ud)}zdén(ul,. . .,ud)

:i{én(ﬁily" ) Co, ( ils - Uid)}z

—_

based on the L, norm between C,, and C, g, provides an excellent combination of power and sim-
plicity, as compared to alternative statistics based, e.g., on the L., norm or Rosenblatt transforms.
This procedure, proposed n [12] assigns equal weight to departures between C, and Cg, at all
pseudo-observations Uy, ..., U,. In many applications, however, it is important to ensure that the
copula dependence structure fits well in the tails, i.e., when Cg, is either close to 0 or 1. This is
the case, e.g., in economics, finance, and risk management, where the joint occurrence of low or
high extremes can have disastrous consequences; see, e.g., [21].
This consideration leads naturally to Anderson—Darling-type statistics such as

2
dén(ulj...,ud),

. Calit, 1) = Co, (1, )
Fn = /[071]'1 |:[C9n(ulv"'aud){1_CGn(ula"'7ud)}+Cm]m
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66 Chr. Genest et al.

involving a consistent, rank-based estimator 6, of 0, and tuning parameters m > 0 and &, > 0.
Given that C, is a discrete measure, R,, is just as simple to compute as S,;; in fact, R,, coincides with
S, when m = 0. However, setting m > 0 makes it possible to emphasize discrepancies between
¢, and Cy, in the tails, i.e., at points U, yen ,ﬁn where Cg, (1 —Cg, ) is close to zero. At the same
time, setting ¢, > 0 avoids the denominator getting too close to zero, which might spawn both
theoretical and practical difficulties; see [5] for an illustration in a different context.

The purpose of this paper is to investigate the small- and large-sample properties of a goodness-
of-fit test for copulas based on the statistic R,. Its asymptotic null distribution is given in Section 2,
where the test that rejects 77 for large values of R, is also shown to be consistent.

As is typical of goodness-of-fit test statistics for copulas, the asymptotic null distribution of R,
depends on the unknown value of the underlying copula parameter 8. Therefore, one must resort
to a resampling algorithm to compute p-values. While a parametric bootstrap could be used to
this end [12], a more recent technique based on the Multiplier Central Limit Theorem [3, 19, 25]
turns out to be much more efficient. This technique is described in Section 3 in the special case
where the copula parameter 0 is estimated by inversion of Kendall’s tau.

The results of a modest simulation study reported in Section 4 show that when m = .5 and
&m = .05, the power of the test based on R, is comparable to, and often considerably higher than,
the power of the test based on S,, which corresponds to the case m = 0. The problem of how best
to choose the tuning parameters m and (,, in order to maximize the power of R, is not addressed
here; this issue and others are listed in the Conclusion as possible avenues for future research.

2. Asymptotic null distribution of the test statistic

The large-sample distribution of the statistic R, depends on the joint behaviour, as n — oo, of the
sequence /7 (6, — 6) and the empirical copula process /7 (C, — C). The weak convergence of
the latter has been thoroughly investigated; see, e.g., [6, 7, 26, 28]. Let B¢ be a centred Gaussian
field on [0, 1] with covariance structure given, for all uy, ..., ug,v1,...,v4 € [0,1], by

cov{Bc(u1,...,uq),Bc(vi,...,va)} =Cur Avi,...,ug Avg) —C(ur,...,uqg)C(vi,...,vq),

where in general, a A b = min(a,b). Further let £2[0, 1]¢ be the set of bounded functions from

[0,1]¢ to R, endowed with the uniform norm || - ||. The following result is taken from [27].
Lemma 1. Suppose that forall j € {1,...,d}, Cj(u,...,uq) = 8C(u1, ., Uq)/du;j is continuous
on L = {(u1,...,uq) €0,1 : u; € (0, 1)} Then as n —> oo, /1 (C, C) converges weakly on

¢2[0,1]¢ to a tucked Brownian brldge C defined, for all uy, ..., uy € [0,1], b
d
(C(Ml,.. U ) BC Uly...,U Z ul, U Bc( .,l,uj,l,...,l).

Next, assume that C belongs to an identifiable family ¢y = {Cg : 6 € &'} of copulas, where
O C RP? is open. Further assume that the following conditions hold for all 6 € &

a/: Forall je{l,...,d}, dCq(u1,...,uq)/du; is continuous on .Z;.
ah: As n — oo, /n(C, —Cq,,6, — 0) converges weakly to a Gaussian limit (Cg,®) in
20,1 RP,
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of3: The gradient vector VC = dC/d0 exists and, as € | 0,

sup ||VCo- —VCy]|| — 0.
|6*—6]<e

These conditions are satisfied for a large number of copula families and for various rank-based
techniques commonly used for estimation purposes in this context [9]. The following lemma is a
trivial extension of a result stated in [2, 19] for the case 6 € R.

Lemma 2. If conditions <) — o5 hold, then, as n — o, \/n (é‘n —Cy,) converges weakly on
02[0,1]¢ to the tight centred Gaussian process defined, for all uy,...,ug € [0,1], by

(Cg(ul,...,ud) —@TVCQ(ul,...,ud).

As proved in the Appendix, the limiting null distribution of the statistic R, is the following.
Proposition 1. Under 54 and conditions <y — <f5, and as n — oo, R,, converges weakly to

2
dCo(uy,...,uq).

) [cewl,...,ud)—@Tvcewl,...,ud)
[0,1)¢ [Cg(ul,...,ud){l—C@(ul,...,ud)}—}—(:m]m

Now assume that .77 does not hold and that condition %% is replaced by

o/y: There exists 8* € ¢ such that, as n — oo, \/n(C, —C, 6, — 6*) converges to a Gaussian
limit (Cg,®) in £2[0,1]¢ @ R?.

The following result then implies that the test of /%) based on R, is consistent.

Proposition 2. Suppose that conditions </, <y and <f5 are satisfied while 7 does not hold.
Then, for arbitrary € >0, Pr(R, > €) — 1 as n — oo

3. Validity of the multiplier method

It is clear from Proposition 1 that the limiting null distribution of the statistic R, depends on the
unknown value of the copula parameter 6. To determine whether the observed value r, of R,
is sufficiently large to reject .74, one must thus approximate the p-value Pr(R, > r,| %) via a
numerically intensive method, e.g., a parametric bootstrap [12] or a multiplier method [3, 19, 25].
The latter technique is preferred here as it proves to be computationally more efficient.

As simulations presented in Section 4 involve only bivariate copulas with real-valued parameter
0, the following description of the multiplier method is restricted to that case. In order to construct
multiplier replicates of the statistic R, estimates Cj,, and Gy, of the partial derivatives Cy and G,
are needed. Following [14, 25], let £, € (0,1/2) be a bandwidth parameter such that

lim ¢, =0, inf{\/nf, >0:n€N}>0.
n—yoo
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68 Chr. Genest et al.

In practice, ¢, = 1/+/n seems an effective choice. For arbitrary u;,us € [0,1], set

CA‘n(’/tl +‘€nau2) _én(”l —Enau2)

Cln(ul,uz) = = ’
n

Con(ur,u2) = ot n)zg n (U1, n)
n

Proceeding as in [19], let M be a large integer and, for each h € {1,...,M}, let zh =
(Zgh), . ,Z,Sh)) be a vector of mutually independent random variables with mean 0 and vari-
ance 1. These variables, which must also be completely independent from the data, are taken as

A (0,1) in what follows. Further write Z(") = (Zgh) +-- —i—Z,(zh))/n and, for all u;,u, € [0,1], set

Cﬁlh)(ul,uz) =

and C (u1,u0) = C (u1,u2) — Crnutr,u2) C (w1, 1) — Cop(ut1,u2) Y (1, u2). These are boot-
strap replicates of the empirical copula process C,.

Next, the choice of estimator for 6 must be taken into account. While the maximum pseudo-
likelihood estimation technique would be the method of choice and there is ample empirical
evidence that the multiplier method is valid in this case [19], a formal proof is still lacking. For
this reason, the following presentation focuses on moment-based methods.

In many bivariate copula families, the dependence parameter 6 is typically in one-to-one
correspondence with Kendall’s tau, defined by

1o
17(9):—1—1‘4/0 /0 Co(uy,uz)dCo(uy,uz).

An estimate 6, of 0 is then given by 6, = 1 (1), where 1, is the empirical version of Kendall’s
tau. This estimator is generally consistent [12]. Furthermore, it can be expressed in the form

1 n
Vn(6,—0)= 7ZJ0{F1X1'17F2(X1'2)} (D
i=1

for an appropriate choice of score function Jy. Assuming that 7/(6) = d7(6)/d 0 exists every-
where on &, one can actually check [2] that, for all u;,u; € [0,1], by

Jo(u1,12) = 1-/?-9){2619(”1’”2)_141 —uz+1_21(6)}.

Accordingly, if one sets

1 ¢ 5y
oW = NG Y 7" 46,01, 0),
i=1

a multiplier replicate R of R, is given, for each h € {1,...,M}, by

R = /
.12
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where VCy simply stands for dC/d0 given that 6 € R, which is assumed to exist. An approximate
p-value for the test that 773 : C € %) based on the statistic R, is then given by

1fl(l&<’”> )
pP= = n = Tn)-
Mh:l

The following result ensures the reliability of this resampling approach. Its proof, given in the
Appendix, relies on Theorem 3 of [19], which imposes various regularity conditions on Jg.
Estimators of the form (1) that meet these conditions are said to belong to the class %5.

Proposition 3. Suppose that conditions 7| — <5 hold and that an estimator 6, of 6 belongs
to the class %, of rank-based estimators as defined by Kojadinovic et al. [19]. Then, as n —
oo, (R,,,Rﬁll),...,R,SM)) ~s (R,RW ... . RM)) where ~ denotes weak convergence, R is as in
Proposition 1, and R,RD ... .RM) gre mutually independent and identically distributed.

A similar result holds mutatis mutandis for estimators of 6 that belong to the class %) of
rank-based estimators considered in [19]. These are estimators that are expressible in the form

1 & A A
6,—0)=—) Jo(Un1,U; 1
\/ﬁ( n ) \/ﬁi:] 9( il 12)+0p( )
in terms of a score function Jy satisfying more stringent regularity conditions. Its proof is very
similar to that of Proposition 3 but relies on Theorem 2 of [19] instead. The estimator 6,, = p_1 (pn)
of 6 obtained by inversion of Spearman’s rho is of the latter type; the corresponding score function
is defined, for all uj,us € [0, 1], by Jo(u1,u2) = {12u1uo —3 —p(0)} /p'(6).

4. Power study

In order to assess the finite-sample performance of R, as a goodness-of-fit test statistic, a power
study was conducted. To facilitate comparisons, simulations were carried out according to the
same experimental design as in [13, 19]. Each of the following six copula families served both
as the true and hypothesized dependence model: the Clayton, Frank, Gumbel, Normal, Plackett,
and Student 74 copula with four degrees of freedom. Three levels of dependence were considered,
corresponding to population values of .25, .5 and .75 for Kendall’s tau. Simulations were carried
out for various sample sizes and estimation techniques, as well as for a broad selection of values
for m and {,,. Source codes based on the R package copula [17] are available upon request.

For the sake of brevity, the results presented below are limited to three sample sizes and two
configurations of tuning parameters, viz., n € {150,300,500}, m € {0,.5}, and §,, = .05. When
m = 0, the value of {,, is irrelevant, as R, then reduces to the Cramér—von Mises statistic S,,. All
calculations are based on 1000 replicates; in each case, the null distribution was approximated from
M = 1000 multipliers using standard Normal variates Z(!), ..., Z(M) Furthermore, the bandwidth
¢, =1/+/n was used to compute Cy, and Cyy,. As already mentioned in Section 3, the copula
parameter 6 was estimated throughout by inversion of Kendall’s tau. Conclusions for other
rank-based estimators were similar.

Tables 1-3 show the results for n = 150, 300 and 500, respectively. In these tables, the
underlined characters refer to the observed level of the tests. To facilitate comparisons between
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TABLE 1. Percentage of rejection of 74 at the 5% nominal level in 1000 goodness-of-fit tests based on statistics
Ry, (m=.5,8, = .05) and S,, (m = 0) for samples of size n = 150 when M = 1000 multipliers are used.

Ry Sn
t=.25 Copula under 7
True copula C F G N 1y P C F G N 171 P
C 49 711 88.8 583 478 66.9 4.5 453 749 38.8 38.0 433
F 53.2 5.1 17.5 4.4 6.9 4.1 60.0 4.6 16.9 7.1 9.8 4.3
G 82.4 30.3 57 206 203 275 859 359 50 27.0 243 332
N 42.4 11.0 19.2 4.3 4.6 8.5 50.6 7.8 12.6 4.0 5.1 7.0
1y 45.4 31.6 309 124 5.7 23.6 53.6 172 16.0 8.9 49 13.0
P 47.9 6.3 19.6 5.2 50 52 55.3 5.6 16.5 6.0 7.9 5.0
T=.5
True copula C F G N t4 P C F G N 1y P
C 38 989 99.9 940 903 96.9 3.6 923 99.7 852 84.6 879
F 96.0 5.2 308 11.3 198 3.6 95.1 3.7 36.7 175 25.1 4.7
G 100.0 74.0 52 452 39.6 58.6 | 100.0 69.1 4.7 43.6 383 539
N 93.8 40.7 29.9 4.0 36 172 93.3 23.1 19.2 3.9 42 103
14 95.2 65.8 439 133 5.7 332 943 422 25.0 7.5 43 163
P 95.2 15.8 31.7 6.0 79 37 95.0 9.0 30.6 9.8 11.6 3.6
t=.75
True copula C F G N ty P C F G N ty P
43 1000 1000 964 954 979 34 968 1000 926 914 90.0
F 99.4 3.6 34.3 273 378 5.6 98.7 2.5 448 36.6 45.1 8.5
G 100.0 97.0 44 51.6 437 694 | 100.0 845 3.6 385 356 485
N 99.7 83.7 20.1 3.2 2.1 18.0 994 454 11.0 2.3 2.5 54
ty 99.9 94.3 31.5 8.8 3.7 323 99.3 624 16.2 4.1 23 123
P 99.7 51.0 24.1 8.3 6.7 4.6 99.5 244 244 119 119 3.5
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A regularized goodness-of-fit test 71

TABLE 2. Percentage of rejection of 7 at the 5% nominal level in 1000 goodness-of-fit tests based on statistics
Ry (m=.5,8, = .05) and S,, (m = 0) for samples of size n = 300 when M = 1000 multipliers are used.

Ry S
t=.25 Copula under .74
True copula C F G N tq P C F G N 171 P
C 4.8 93.2 99.4 84.4 77.0 90.5 5.2 77.8 97.8 69.3 71.9 76.0
F 85.0 4.9 35.5 7.6 23.0 4.6 83.8 4.1 36.8 10.4 23.9 4.3
G 98.5 46.7 4.6 328 36.8 41.9 98.8 53.0 4.2 39.6 36.1 48.0
N 76.7 15.0 29.7 5.0 7.7 12.2 78.3 11.8 24.0 4.5 8.3 9.8
17 74.2 47.3 47.8 18.6 4.6 354 79.2 30.6 26.7 11.8 4.4 20.7
P 82.5 5.7 332 7.0 13.9 4.9 83.0 6.1 32.1 9.5 15.6 5.2
T=.5
True copula C F G N 1y P C F G N 1y P
C 5.6 100.0 100.0 99.9 99.9  100.0 6.0 100.0 100.0 99.7 99.7 100.0
F 100.0 3.8 76.4 33.2 61.7 6.3 | 100.0 3.1 80.8 38.9 59.6 7.8
G 100.0 94.5 4.5 69.4 66.8 84.0 | 100.0 92.3 4.1 66.3 61.7 78.7
N 100.0 63.0 54.5 3.9 4.3 26.4 | 100.0 46.0 42.6 3.7 4.7 18.9
171 99.9 90.3 69.0 15.6 4.4 52.3 99.9 75.3 479 9.3 34 31.1
P 100.0 21.3 62.3 15.8 23.1 5.3 | 100.0 15.0 61.7 21.0 26.3 5.7
T=.75
True copula C F G N 1y P C F G N 1y P
C 2.7 100.0 100.0 100.0 100.0 100.0 23 100.0 100.0 100.0 100.0 100.0
F 100.0 3.7 91.1 79.8 91.6 23.7 | 100.0 2.7 91.5 79.9 89.2 26.0
G 100.0  100.0 34 748 70.1 92.3 | 100.0 99.4 3.1 63.4 59.3 78.9
N 100.0 99.2 48.0 3.1 24 34.8 | 100.0 84.7 31.9 2.7 2.7 16.6
t4 100.0 100.0 60.3 8.6 3.0 53.5 | 100.0 96.1 36.8 4.9 2.7 22.8
P 100.0 70.9 57.9 16.6 20.3 3.1 | 100.0 45.0 56.8 23.0 24.8 25
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TABLE 3. Percentage of rejection of 7 at the 5% nominal level in 1000 goodness-of-fit tests based on statistics
Ry, (m=.5,8, = .05) and S,, (m = 0) for samples of size n = 500 when M = 1000 multipliers are used.

Ry Sn
t=.25 Copula under .74
True copula C F G N tq P C F G N 171 P
C 4.1 99.6 100.0 97.7 95.5 99.2 34 96.0 100.0 92.3 94.3 95.1
F 97.0 4.2 59.7 12.0 46.0 4.1 95.8 4.4 63.5 14.4 41.9 4.2
G 100.0 71.5 4.9 55.3 64.6 66.4 | 100.0 77.3 4.4 58.2 57.8 72.1
N 93.5 20.9 47.3 4.8 16.0 15.4 92.7 15.7 414 4.6 15.0 12.0
17 94.1 69.6 69.4 28.3 5.8 52.8 95.6 52.4 47.6 194 5.2 36.9
P 96.9 4.9 59.4 8.5 31.6 2.8 95.8 4.7 60.6 12.4 29.9 3.8
T=.5
True copula C F G N 1y P C F G N 1y P
C 4.0 100.0 100.0 100.0 100.0 100.0 44 100.0 100.0 100.0 100.0 100.0
F 100.0 4.0 97.5 65.0 91.6 11.4 | 100.0 4.0 98.4 64.6 88.3 11.8
G 100.0 99.7 4.8 88.8 88.6 97.3 | 100.0 99.2 4.1 86.6 83.9 96.2
N 100.0 83.5 79.7 4.1 8.0 43.1 | 100.0 69.4 69.6 4.0 8.0 31.7
14 100.0 98.4 88.9 21.1 4.6 71.3 | 100.0 92.1 75.1 12.7 4.4 52.5
P 100.0 30.1 92.6 31.7 49.4 4.5 | 100.0 20.3 91.7 36.7 48.1 4.6
T=.75
True copula C F G N 1y P C F G N 1y P
C 24 100.0 100.0 100.0 100.0 100.0 23 100.0 100.0 100.0 100.0 100.0
F 100.0 3.1 99.9 98.9 99.9 57.2 | 100.0 23 99.9 97.3 99.6 52.8
G 100.0  100.0 33 94.3 91.8 99.6 | 100.0 100.0 3.0 86.9 84.9 96.7
N 100.0  100.0 80.6 3.2 3.1 60.1 | 100.0 98.8 61.9 2.4 3.6 35.0
t4 100.0 100.0 87.2 9.1 3.0 77.5 | 100.0 99.9 67.7 5.7 2.6 42.7
P 100.0 91.0 91.5 40.7 50.7 3.6 | 100.0 70.1 90.2 49.9 51.3 2.6
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the power I1(R,) of the test based on R, and the power II(S,) of the test based on S,, their
difference was tested at the 1% level. Differences that are significant at that level are typeset in
boldface if R, is superior to S, and in italics in the reverse case.

The following observations can be made:

(a) Both tests maintain their level fairly closely when 7 = .25 or .5, but less so when 7 =.75. In
all cases, the observed level tends to be closer to its nominal value with increasing sample
size. This is consistent with the observations reported in [19] for the case of S),.

(b) TI(R,) is generally superior to I1(S,). The observed counts of (bold, italics, black) cells
are (37, 19, 52), (29, 7, 72) and (30, 4, 74) in Tables 1, 2, and 3, respectively. Generally
speaking, the superiority of R, over S, becomes more apparent as T and n increase.

(c) Asreported elsewhere [1, 13, 19], the Archimedean copulas (Clayton, Frank, and Gumbel)
are more easily distinguished than the other three. Both R, and S, achieve their lowest
power when trying to tell apart the two meta-elliptical copulas (Normal and #4).

The tables also reflect the asymmetric roles of C‘n and Cy, in the definitions of R, and S,; e.g.,
when n = 150 and 7 = .5, R, rejects the Frank copula in 74% of cases when the data are Gumbel,
while the latter is rejected in only 30.8% of cases when the data are Frank. The corresponding
figures for S, are 69.1 and 36.7, respectively.

5. Concluding remarks

The purpose of this paper was to propose a new, rank-based goodness-of-fit test procedure
for copulas. The test is based on an Anderson—Darling-type statistic R, which emphasizes the
observed differences between the empirical copula C, and a parametric copula Cp, of the true
copula C derived from a consistent, rank-based estimator 8, of the dependence parameter 6 under
the hypothesis 4 : C € 6p = {Cp : 0 € '}, where € is some open set.

In view of the simulations, the test based on the regularized statistic R, is a strong competitor
to the Cramér—von Mises test statistic S,. The dependence of R, on the tuning parameters m
and §,, > 0 is open to debate, however. The choice m = .5 used here is natural, given that the
numerator and denominator in the integrand are then on the same scale, but other options might
improve the power of the test against specific alternatives. It is more difficult to defend the choice
&n = .05 made here by trial and error. While the power of the test appears relatively unaffected
by this tuning parameter, one could conceivably dispose of it with some extra theoretical work.
Variants of the Anderson—Darling statistic considered here could also be envisaged. For instance,
one might replace Cq, by C, in the definition of R,. While this change would not alter the limiting
null distribution of the statistic, it could affect the power of the test in small samples.

Finally, the present developments suppose that the data used for model fitting and validation
form a random sample. This is typically not the case in econometric or financial applications,
where copulas are used to model the dependence between residuals from multivariate time series;
see [24] for a review. With some additional effort, recent work on the asymptotic behaviour of the
empirical copula process under serial dependence could be used to extend results in this direction;
see, e.g., [4] and references therein.
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Appendix: Proofs

The proof of Proposition 1 relies on the following result, which may be of independent interest;
a related result is Proposition 7.27 in [20], although a multivariate extension thereof would be
needed here. In what follows, > refers to convergence in probability.

Proposition 4. Let C be a d-variate copula and C, be the corresponding empirical copula based
on a random sample of size n. If a sequence G, of processes is tight with respect to the uniform
norm on the space €[0,1)% of continuous functions on [0,1]¢, then, as n — oo,

A, = G,dC, — GdC—>O
[0,1)¢ [0,1)¢

Proof. By hypothesis, for any m € N, there exists a compact subset K, of ¢[0,1]¢ such that
Pr(G, € K») < 1/m for all n € N. Therefore, the proof is complete if one can show that for
arbitrary € > 0, Pr{G,, € K, |A;| > €} — 0asn — oo.

Given that K,,, is compact, it is totally bounded, so for any given § > 0, one can find a finite
covering of K,, by balls By,...,By, of radius 6 > 0, where for ¢ € {1,...,L}, B is centred at
g € €10, l]d. As K, is a normal space, it also follows from Theorem 5.1 in Chapter 4 of [22] that
there exist continuous positive mappings @y, ..., ¢ such that for each £ € {1,...,L}, the support
of ¢y is contained in By and, for every g € K, ¢1(g) +---+ ¢r(g) =

Thus, on the event {G, € K, },

L
A, = GdCy — Z@(Gn)/ ,GudC

0,14

/ —g)dC, — Zfl)z / " (Gn—ge)dC

+ Gy / dé, — / dC>.
;W( )( [O’I]dge [O’l]dgz

It follows that on the event {G, € K,,}, one has

/[071][1 gedC, — /[071][[ ggdC‘ .
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Choosing 8 = €£/4, one then gets

Pr{G, € Ky, |As| > €} < Pr{ee?ll?.).(,L}

/[O,l]dgfdcn _/[O,I]d ggdC' > 8/2} .

To see that the latter term tends to zero asymptotically, it suffices to note that, as n — oo,

A 1 & N N p
dC, = — o (Uity...,Uq) — ¢dC.
/[071]518 ni:ZIg ( i i ) [O,l]‘lg
In fact, given that g, is continuous and bounded, the convergence occurs almost surely. In

dimension d = 2, this follows, e.g., from part (i) of Proposition A-1 in [10]; when the function is
bounded, however, the same proof therein carries over to arbitrary dimension d > 2. OJ

Proof of Proposition 1: First observe that conditions .; — .« imply that, as n — oo, Cg, LA Co.
Indeed, for fixed €, > 0, one has

Pr(||Cq, — Co| > €) < Pr([|6, — 6| > &) +Pr([|Co, — Co | > &,(/6, — 6| < &)

and, as n — oo, the first summand goes to 0 because the estimator 6, is consistent. Furthermore,

Pr(||Co, —Co|| > €,]|6,— 0] < 0) <Pr ( sup ||Co+ —Co| > 8)
[|6*—6]<d

and the right-hand term vanishes asymptotically by condition ..
Now define Dg = {Cy(1 — Cp) + £, }*". Given that |s(1 —s) — (1 —1)| < 3]s —¢| for all
s,t € 10, 1], it follows from the Continuous Mapping Theorem that, as n — oo,

|Dg, — Do|| 2 0. (A1)

Next consider the mapping Wg : 67[0,1]¢ — €[0,1]¢ : g+ Wy (g) = g*/De. Given that | Dg|| >
2m it follows that for all g,h € €[0,1]¢, |[we(g) — wo(h)|| < |g* — h?|/L2™, whence g is
continuous. Lemma 2 and the Continuous Mapping Theorem then jointly imply that, as n — oo,

A C,—Cp )? Co—0TV(Cy)?
WG{\/ﬁ(Cn_CGn)}:n( Dg g W( : Dy o) :WG(CG_GTVCG) (A2)

in £[0,1]¢. Furthermore, note that

n(cn B Cen)z _ n(én B Cen)z
Do Dy

n

|Dg, — Do ||

m

It thus follows from (A1) and the tightness of the process /7 (C,, — Cg, ) that, as n — oo,

< n(Cy —Cq,)?||

A

n(C,—Cq,)? n(C,—Cq,)?

Do Do

n

Lso.
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Combining this fact with (A2), one then has, as n — oo,

A

n(C,—Cy)* (Cog—OTVCy)?
Dy Dy '

n

The conclusion now follows from Proposition 4 and the Continuous Mapping Theorem. O

Proof of Proposition 2: First decompose the goodness-of-fit process in the form
Vn(C,—Cg,) = Vn(C, = C) = V/n(Co, — Co-) +v/n(C—Cy-).

A simple adaptation of the proof of Lemma 2 then implies that, as n — oo, /1 (C,, —C) — /1 (Co, —
Cy+) converges weakly to the tight centred Gaussian process C — ©*VCg: on £2[0, 1]¢. When /%
fails, C # Cy+ and, as n — oo, \/n||C — Cy+|| — oo. One may then conclude. O

Proof of Proposition 3: Consider again the mapping yp : €'[0,1]¢ — %[0,1]? : g > Wp(g) =
g>/Dg. It follows from the Continuous Mapping Theorem and Theorem 3 in [19] that, as 1 — oo,

(wo{v/n(C,—Ce,)}, ‘lfe(@}) —0Wvey), ..., v (@ElM) —0Mv(cy )

converges weakly in (£[0,1]9)M+! to
(Wo(Co—OVCo), Yo (Cy —OIVCy)....., Yy (Cg" —0MVCy)),

where ((Cg),@(l)), ey (CgM),®(M)) are independent copies of (Cg,®). Using (A1) and Proposi-
tion 4, one can proceed exactly as in the proof of Proposition 1 to complete the argument. O
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