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Abstract

In this paper, we develop finite-sample inference procedures for stationary and non-
stationary autoregressive (AR) models. The method is based on special properties of
Markov processes and a split-sample technique. The results on Markovian processes
(intercalary independence and truncation) only require the existence of conditional
densities. They are proved for possibly nonstationary and/or non-Gaussian multivariate
Markov processes. In the context of a linear regression model with AR(1) errors, we show
how these results can be used to simplify the distributional properties of the model by
conditioning a subset of the data on the remaining observations. This transformation
leads to a new model which has the form of a two-sided autoregression to which standard
classical linear regression inference techniques can be applied. We show how to derive
tests and confidence sets for the mean and/or autoregressive parameters of the model. We
also develop a test on the order of an autoregression. We show that a combination
of subsample-based inferences can improve the performance of the procedure. An
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application to U.S. domestic investment data illustrates the method. © 2000 Elsevier
Science S.A. All rights reserved.
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1. Introduction

The presence of nuisance parameters is a crucial problem when making
inference on the parameters of a dynamic model. Typically, test statistics have
distributions which depend on those nuisance parameters so that they are
difficult to interpret. A first approach to solve this difficulty consists in finding
consistent estimates of the nuisance parameters which are then substituted for
these parameters in the distribution of the statistic considered. However, it is
well known that such approximations can be arbitrarily bad; see Park and
Mitchell (1980), Miyazaki and Griffiths (1984) and DeJong et al. (1992) for
examples in the context of AR processes, Burnside and Eichenbaum (1994, 1996)
about Wald-type tests based on GMM estimators, Dufour (1997) for a more
general treatment of asymptotic approximation failures in the case of Wald
statistics, Savin and Wiirtz (1996) for a similar discussion in the case of logit
models, and Maasoumi (1992) for some general criticisms. Consequently, when
hypothesis testing is the main objective, such a procedure offers no guarantee
that the level constraint in the sense of Neyman—Pearson [see Lehmann, 1986, p.
69; Gouriéroux and Monfort, 1989, p. 15] be satisfied. This also makes compari-
sons between testing procedures difficult.

A second approach consists in using bounds which typically lead to conserva-
tive tests. Suppose the true critical value for our test statistic is unknown, but
that it is possible to find bounds on this value, most importantly a bound
yielding a critical region whose probability under the null hypothesis is not
larger (but could be smaller) than the stated level of the test. For some examples
of such methods in time-series models, see Vinod (1976), Kiviet (1980) and
Hillier and King (1987). In these cases, the bounds appear to increase without
limit when the nuisance parameters approach some boundary (e.g., the station-
arity frontier in the case of ARMA processes) and/or with the sample size so they
become useless (see Dufour and Torres, 1998). For regression models with AR(1)
disturbances, procedures which do not display this unattractive feature were
proposed in Dufour (1990); for further examples of such techniques, see also
Dufour (1989), Dufour and Kiviet (1996, 1998), Campbell and Dufour (1997),
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Dufour et al.,, (1998), and Kiviet and Dufour (1997). However, these methods
appear difficult to extend to more complex dynamic models such as AR(p)
processes, p = 2.

In this paper, we propose an exact inference procedure for the parameters of
Markov processes. It is based on extending old but little known results stated by
Ogawara, 1951 for univariate stationary Gaussian AR(p) process. Note
Ogawara’s article does not contain the proof of the result, and such a demon-
stration does not appear to be available elsewhere. The procedure has been
extended by Hannan (1956) to multivariate, stationary, Gaussian processes
admitting a VAR(1) representation. In the two latter references, procedures are
developed for making inference on the autocorrelation parameters of pure AR
processes. Hannan (1955a, b) also showed this method can be applied to test
a hypothesis on the coefficients of a linear regression model with stationary
AR(1) errors.

In this paper, we generalize and improve these results in several directions.
First, the initial results of Ogawara (1951) are extended to a larger class of
processes, which includes multivariate, possibly non-normal, integrated or ex-
plosive processes. In particular, for general Markov processes of order p, it is
shown that the variables separated by lags of p periods are mutually indepen-
dent conditional on the intercalary observations (intercalary independence),
a rather surprising property which is certainly of interest by itself. Second, we
consider a more general class of models and hypotheses which includes as
special cases all the models previously treated in the earlier literature (Ogawara,
1951; Hannan, 1955a, b, 1956; Krishnaiah and Murthy, 1966). In particular,
although this procedure was originally designed to make inference on the mean
of a dynamic model, we show it is also suitable for inference on the nuisance
parameters, such as autoregressive coeflicients. Furthermore, we develop a pro-
cedure for constructing confidence regions. Third, we propose a way of resolving
the information loss due to the application of the Ogawara-Hannan procedure.
Fourth, we provide simulations results to evaluate the performance of our
method.

Our procedure involves several steps. First, the sample is split into several
subsets of observations. Next, on conditioning the original model on one of
these subsamples, a transformed model having the form of a two-sided autoreg-
ression is obtained, i.e., the dependent variable is regressed on its own leads and
lags. This transformed model has simpler distributional properties and allows
one to apply standard fixed regressor techniques. This is repeated for each
subsample. Then a pooling method described in Dufour and Torres (1998) is
used to combine the results of subsample-based inferences and obtain a single
answer based on the whole sample.

The procedures are quite easy to implement, for they only require applying
standard test procedures (student, Fisher, y?) to a transformed model. This
means that there is no need to establish special critical points. The method is
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flexible enough to be easily adaptable to a wide variety of dynamic and
econometric models. In particular, we show it can easily be adapted to various
setups, such as: (1) integrated and explosive processes; (2) multidimensional
processes (VAR models); (3) various models with more general dynamic struc-
tures.

The paper is organized as follows. In Section 2, we motivate and expose the
procedures developed in this paper in the context a simple AR(1) model with
a deterministic trend. In particular, we demonstrate how to use a number of
general results on Markov processes which are exposed in Section 3. In Section
4, we discuss in detail how these results can be applied to obtain finite sample
inference procedures in the context of an AR(1) process. In Section 5, we
consider a more general model by introducing a drift function in the AR(1)
model. In particular, we explicitly show how one can obtain an exact test on the
mean parameters and the autoregressive coefficients. We also derive an exact test
for the order of an autoregression. In Section 6, we propose a method for
improving the performance of Ogawara’s procedure and we present simulation
results. We conclude in Section 7. The proofs appear in the appendix.

2. An introductory example

As an example of the procedures presented in this paper, consider the
following AR(1) model:

Y=m +1Y,_y +u, with m, =by +byt, t=12,....T, (2.1)

where uy, ..., ur are independent and identically distributed (i.i.d.) according to
a N(0, ¢?) distribution [henceforth denoted u,LI&d "N, 6?),t=1,...,T].

Because such a model is recognized for describing well the dynamic behavior
of many economic time series, a large part of the econometrics literature has
been devoted to estimating it and making inferences on its parameters. One of
the most investigated issue consists in testing the unit root hypothesis Hy: 4 = 1.
Most of the (now) standard test procedures proposed in the literature use an
OLS estimate 1 of A to form a statistic which is usually a normalized version of
Jr — 1. The non-standard asymptotic distribution of this statistic is used to
define a critical region for Hy. As mentioned in Section 1, the lack of reliability
of such procedures is well documented. We propose here a simple approach
which avoids the use of asymptotic approximations and provides tests and
confidence regions having the stated level. Although the procedure presented in
this paper goes much beyond this single issue, we illustrate it in the context of
the simple AR(1) model (2.1) where we wish to test Hy: 4 = 1. For the sake of
simplicity, we assume the sample size is odd, so that T may be written
T = 2n + 1, for some strictly positive integer n.
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The method may then be described as follows. The results of this paper entail
the following properties: (1) conditionally on ®@,qq4 = (Y, Y3,..., Y5,41), the
remaining observations Y,, Yy, ..., Y,, are mutually independent (see Theorem
3.1); (2) the conditional distribution of Y,, given @44 is identical to the condi-
tional distribution of Y,, conditional on (Y,;_, Y5+ ¢) (see Theorem 3.2). In
particular, for any t = 1, 2,...,n, the mean of this conditional distribution is
E(Y3 | Yoo 1, Yoq) = Bima + Bamaiiy + B(Ya—1 + Ya,44), so that we may
write

Yo =Bim + Bomyyy +BY—1 + Yiiq) + 1,
or, using the expression of m;,
Yt :ao +a1t+ﬁ(Yt71 + Yt+l)+nt (2.2)

for t =2,4,..., 2n. The coefficients ay,a; and f can be shown to be the
following transformations of the initial parameters:

1-4 A 1-4 A
=”<ﬁ>"’<ﬁ> wenliss) berim

(2.3)

Further, the error terms 15,14, ..., 2, are i.i.d. N(0, 1), conditionally on ®4q.
Now, it is interesting to note that (2.2) enjoys all the properties of a standard
linear regression model with Gaussian i.i.d. errors. Therefore, any linear hypoth-
esis on its coefficients may be tested with usual procedures. In particular,
Hy: 2 = 11in (2.1) may be reformulated as a linear restriction on the parameters
of (2.2), namely H: (a; =0 and B = 1/2). A simple Fisher procedure gives
a critical region with any required level o for H{".

To illustrate the procedure, we propose the following numerical example.
Following Dufour and Kiviet (1998), a model similar to (2.1) describes the
dynamics of the (logarithm of) U.S. gross private domestic investment in non-
residential structures over the period 1952:1to 1969:1V [see Berndt (1991, p. 278)
for a detailed description of the data]. The model is

Yt :bo +b1t/100+)vY171 -l—m, +ut' (24)

When the latter is estimated by OLS, we obtain: £ = 0.92143, b, = 0.87197,
b, = 0.06986 with unbiased error variance estimator s> = 4.92300 x 10~ *. 1 be-
ing close to 1, one may wish to test for the presence of a unit root in the AR
polynomial. According to the discussion above, one would estimate the trans-
formed model similar to (2.2)

Yt =dg +a1[/100+ﬂ(Yt+1 + Yt—1)+1717 t:29 4a"'7705 (25)
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where ay, a; and B are given by (2.3), and test H: (a; =0 and B = 1/2).
Rewriting the null hypothesis under the form H{’: RS — r = 0 where

0 1 0 ’ 1y
R = 00 1 P 5=(aosalzﬂ)sr=(0aj)y

the unit root hypothesis may then be tested at any level o by forming the statistic
F, =(Rd; —rY[RV(5;)R] Y(RS; —r) and using the critical region F, >

F(2, 31; 1 — «). Here 0, denote the vector of the OLS estimates of the compo-
nents of (ao, a;, f) in (2.5), V(5;) is the usual (‘unbiased’) estimator of the
variance-covariance matrix of 8, and F(2, 31; 1 — «) is the (1 — o) quantile of
the Fisher distribution with (2, 31) degrees of freedom. Computations yield the
following results:

0.17965 0.21226 0.01775 — 0.00968
5, =[0.00883|, V(5,) = : 0.00163  — 0.00081 |,

0.49191 . : 0.00044
F, =0211179.

The p-value associated with F, is 0.8107842 so that H" is accepted at any level
less than 81.07842%.

In our example, the transformed model (2.2) [or (2.5)] uses Y,, Y4, ..., Y,,, as
dependent variables and Y;, Y3, ..., Y5, , as the conditioning variables. Obvi-
ously, the results we used for writing (2.2) may also be applied when
Doven =(Y,5,Y,,...,Y,,) are the conditioning variables. Another transformed
model is then

Y,=a0 +a1t+ﬁ(Yt71 +Y,+1)~I—v,, t:3, 5,...,21’1—1. (26)

The error terms vs, Vs, ..., v2,—; are independent N(0, ¢?) conditionally on
.o and (2.6) produces another critical region with level o for H§”. Back to the
U.S. gross private domestic investment in non-residential structures example,
OLS estimation of

Y, =dao + a;t/100 + f(Yypq + Yioq) + v, t=3,5,..,71, 2.7)
yields
— 049970 0.31227 0.02587 —0.01423
5, =| —0.03342|, V(5,) = . 0.00234 —0.00118 |,
0.52265 : : 0.00065
F, =0.563799

with a p-value of 0.5747689 for F,.
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The tests based on F; and F, both agree on accepting H{ at level 5% so that
we would be tempted to accept the null at the same level of 5%. However, the
decision rule which consists of accepting the null hypothesis when m > 2 tests
accept it each at level o has a level which is larger to «. Such a method is the
well-known-induced test procedure (see Savin, 1984) which combines several
results from separate (although not necessarily independent) inferences. A suffi-
cient condition ensuring it has level « is that each one of the m tests which are
combined has level a/m (see Savin, 1984; Dufour and Torrées, 1998, for further
details). In model (2.1), we accept Hy: 4 = 1 at level o whenever the tests based
on (2.2) and (2.6) both accept (at level «/2) the hypothesis HY: a; =0 and
p =1/2. In terms of p-values, this criterion can be reformulated as follows:
we reject Hy: 4 =1 at level o when the minimum of the p-values obtained from
(2.2) and (2.6) is smaller than «;/2. When applied to the U.S. investment data, it is
easy to see that the null hypothesis of a unit root is accepted at level 5% for
instance.

The procedure just described is very simple as it only requires standard
tabulated distributions. Its steps can be summarized as follows. The initial
model expresses the conditional mean of a Markov process, typically
Y, =E(Y;|Y,_;) + u,. By using properties of such processes, we are able to
transform the initial model by first splitting the sample into two subsets of
variables, and then writing the conditional mean of the variables in the first
subset given some of the variables in the second subset. This leads to several
transformed models such as Y, = E(Y,|Y,—1,Y,+1) + uy, ted;, i =1, 2, for
instance, where J; and J, are collections of indices defining the two subsets of
variables. The testing procedure exploits the fact that, due to some properties of
Markov processes, these transformed models are standard linear regressions for
which usual inference techniques apply.

In the next section, we present extensions of the theoretical results of Ogawara
(1951) and Hannan (1956). These results establish the properties of Markov
processes on which the inference procedures proposed rely.

3. Results on Markov processes
3.1. Notation

Let {X,: teT} be a stochastic process on a probability space (2, #, P) with
trajectories in R™, ie. X(w,t) = (X{(0,1), X5(@,1),..., X p(0,1), m=1,teT,
where T is an interval of the integers Z. The symbol ‘=’ means ‘equal by
definition’. We assume that for all te T, the probability law of X, has density
fx, with respect to the Lebesgue measure on #™ (the Borel g-algebra of subsets of
R™). For any random vector @ of conditioning variables, we denote f¥, 4(x|¢) the

conditional density of X, given @ = ¢, evaluated at xeR™.
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It will be useful to introduce the following notations. Let p and n be two
positive integers (p = 1, n = 1). We consider the stochastic process {X,: teT}
and define

B ,=Xi—1,Xi—2,.... Xi- ) =X, - 1 ST <),
bip=(x—1<T<p),

forp+1<t<(n+ 1)p+1),and
Ay =Bsprnpt<s<s<n+1),a,, =bsp+np t <S<n+ 1),
forl<t<n+1,

where we assume the set T contains 1 and (n + 1)(p + 1) — 1. In other words,
B, , denotes the set of p variables immediately preceding X,, and 4,, is
a collection of B; , sets. We can give the following illustration of the way we split
the variables in {X,: teT}:

Xt(erl)*pa Xt(p+1)*p+la-"aXt(erl)*l X
N\ ~ J s t(p+1)»
Bip+1)p
C)((t+1)(p+1)—p9 X(t+1)(p+1)—p+la~~a X(t+1)(p+1)—lj_
B(r+1?\£+l\.l’

The following notation will provide a convenient shortcut: for any te T, we set
Xta s (r) o th+kr = (XtaXt+r9Xt+2r9 >Xt+kr)

for any positive integers r and k such that ¢ + kre T. With this notation, we may
now give the main definition.

Let {X,: te T} be a stochastic process and p a positive integer. We say that
{X,: teT} is a Markov process of order p on T (or {X,: te T} is Markovian of
order p on T) if it satisfies condition M(p) defined as follows:

MO): fxiXes oy X =Sx0%0s oy Xy VKEN, VieT,
with t —keT and k > p. (3.1)

Note that, for T = Z and p = 1, we have the standard definition of a Markov
process.

Let X and Y be two random vectors of dimension g and r, respectively.
Whenever the relevant moments exist, the affine regression of X on Y is the
random vector of size g, denoted E; (X | Y), whose ith component is the ortho-
gonal projection of X; on the space spanned by the affine functions of Y (an
affine function of Y is a linear combination of the elements of Y plus possibly
a constant). If W is another random vector, X 1 Y | W means that the residuals
from the affine regressions of X and Y on W are uncorrelated, ie.
E[X —EL(X|W)I[Y — EL(Y |W)]]=0.
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3.2. Intercalary independence and truncation properties

The procedures presented in Ogawara (1951) and Hannan (1955a, b, 1956)
exploit special properties of Markov processes (intercalary independence, trunc-
ation), which we now study in detail and generalize. The propositions below will
be used to build a transformed model that satisfies the assumptions of the
classical linear model on which standard inference techniques can be applied.
Further they provide interesting insights on the structure of Markovian pro-
cesses, and thus have interest by themselves. The intercalary independence
property was apparently first given without proof by Ogawara (1951) for
univariate Markov processes, while the truncation property was used implicitly
by him (again without proof) in the context of univariate autoregressive station-
ary Gaussian processes. Ogawara (1951) notes that these results have been
stated without proof in Linnik (1949). However no proof is given by Ogawara
(1951) nor (apparently) by any other author. In this section, we demonstrate and
extend these results to multivariate Markov processes of order p, allowing for
non-stationarity and non-normality. In order to keep things as simple as
possible, we shall assume that the time index set T contains the positive integers
N:T=2N={1,2,..}

The first result we state (intercalary independence for Markov processes of
order p) is an extension of Theorems 1 and 2 of Ogawara (1951). The proofs are
given in the appendix.

Theorem 3.1 (Intercalary independence). Let {X,: te T} be a stochastic process
satisfying condition M(p), with T 2 N. Then for any positive integer n,
Xpr1:Xop+1ys -+ > Xunp+1) are mutually independent, conditionally on Ay ,.

Consider a dynamic model of the form
X, =01.Z,X\,...p.... X)) +e, t=12,....,T=nlp+1)+p, (32

where {X,:teT} is an m-dimensional Markov process of order p on
T={12..,np+1)+plandl <v<t<r— LIf{X;teT}is Markovian
of order p, we have t — 1 =t >=v >t — p. Z, is a vector of fixed exogenous

variables, 8i’,“~ N(, 67),i=1,2,...,m, and g, is a deterministic function in
R™. If we condition (3.2) on 4, ,, we obtain a conditional model

Xip+1) =92 Zupr19s A1p) T Mpr1y, t=1,2,...,n, (3.3)

in which, according to Theorem 3.1, the endogenous variables are independent
and

EMp+1ylA41,) =0, t=1,2,...,n
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We achieve the independence at the expense of a larger number of variables in
the conditional mean of X, 1) (4, , instead of X, ... 4, ..., X;). However, by
the following theorem, we can restrict ourselves to consider a more parsimoni-
ous model which is distributionally equivalent to (3.3).

Theorem 3.2 (Truncation property). Let {X,: te T} be a stochastic process sat-
isfying condition M(p) with T = N. Then

-eru:H)IAl,p _erlll+1)|B(l+1)(p+l).psBx(p+1).[l

foranyt=1,2,....,n, VneN.

Note only the Markov property of the process is needed to establish these
results. In particular, stationarity and/or normality are not required. The above
theorem extends a result stated without proof by Ogawara (1951) in the context
of a univariate, stationary, Gaussian Markov process of order p. For complete-
ness, we state the latter as a corollary.

Corollary 3.3 (Intercalary independence for Gaussian processes). Let {X,: teZ}
be a (multidimensional) Gaussian Markov process of order p (p = 1). Then The-
orems 3.1 and 3.2 hold for {X,: teZ}.

To see the latter corollary, we simply note that forany ¢, fy,;x ., ., .x_, =
fX,|X,,p,A,.“, e Xy 3fX,|Xr,,\.,,,"“ S A :fX,|X,,,,,A,.(1, ..X,.,» forany s > p. Theorems
3.1 and 3.2 extend the results used by Ogawara to a larger class of processes.
Theorem 3.2 shows that, if {X,: te T} is Markovian of order p, variables other
than those in By, + 1), and B+ 1), +1),, do not appear in the conditional density
of X+ 1 given A4, ,. For example in (3.3), this suggests we can limit ourselves to
consider a simpler equivalent model where X, + 1, only depends on the adjacent
variables B 4 1)p+1),, and By, +1),, instead of the complete set A; ,:

Xip+1) = gz(Zz(p+ 1 B+ 1y + 1),p» Bip+ l),p) + Mp+1), = 1,2,...,n,(34)

where the X,(,+)’s are (conditionally) independent. The function g,( - ) in (3.4)
may be interpreted as the ‘best approximation’ (projection) of X, +, on the
space spanned by (possibly nonlinear) functions of the variables in By, + ), and
B+ 1)(p+1),p- Corollary 3.5 below gives a sufficient condition for such ‘projec-
tions’ to be invariant with respect to t, e.g., to have g,(-) = g(-), for all
t=1,2,...,n. We first need to introduce the following definition.

Definition 3.4 (Conditional strict stationarity of order p). Let {X,: teT} be
a stochastic process on T 2 N. We say that {X,: teT} is conditionally strictly
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stationary of order p [denoted CSS(p)] if there exists a strictly positive integer
p such that

fxr|x,,,,,...m...,XH(' [-) =.fx,\.|xx,p,...m...,Xx,,(' [ )
forall seT and teT such that s — peT andt —peT.

Corollary 3.5 (Truncation property for CSS Markov processes). Let {X,: te T}
be a CSS(p) process satisfying condition M(p) with T = N. Then

anpH)|B(x+1\(p+ll,psBru;H).p( | ) =fX1([l+]\‘B(S+1){]}+1),[lsBs{p+1),p( | )3 Vt > 1’ VS > 1'

To see the latter property, we note that B, , = X,_,,... 1y ..., X,—1. Then
writing the conditional density as

t(p+ 1)+pf
f _ t=t(p+1)JX:|B.,
Xip+ 1) [Bar v+ s Bips o tip+1)+p
j T=1(p+ l)fX,lB,,,, dxip+1)

[see the proof of Theorem 3.2, Eq. (A.4) in the appendix], the CSS(p) property of
{X,: te T} yields the result. The CSS(p) condition is entailed by strict stationar-
ity. Furthermore, any random process that admits an AR(p) representation with
1.i.d. errors is Markovian of order p and CSS(p). This will be important for our
purpose, since (3.4) can be rewritten as

Xip+1 = g(Zt(p+ 15 B+ 1)(p+ 1),ps Bep + 1),[)) + Mpr1), =1, 2,...,n, (3.5)

where g no longer depends on ¢, which makes statistical inference much easier.
Furthermore, for g affine, (3.5) is the classical linear regression model.

We now give two other propositions that will be especially useful when the
process {X,: te T} has an AR representation.

Theorem 3.6 (Truncation property for AR processes). Let {X,: te T} be a Mar-
kov process of order p on T 2 N. Then for any integer q = p, we have

SXBo v oaaBos =JX1Bi1 1y B,y VEZ g+ L

Corollary 3.7 (Projection truncation for AR processes). Ler {X,:teT} be
a Markov process of order p on T, whose elements have finite second moments.
Then, for any gq such that q=p, we have Ey(X,|Bis1+44 Big)=
EL(X:|Bi+1+p.ps Bip)-

In the context of random processes which satisfy only second-order properties
analogous to those of Markov processes, results similar to intercalary indepen-
dence and truncation hold. These are given in Theorems 3.8 and 3.9.
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Theorem 3.8 (Intercalary orthogonality). Let {X,: te T} be a random process
with finite second moments such that

X L(X1, ooy s Xi—p—1) | By pe
Then
Xt(p+ I)J—Xs(p+ 1) |A1’p, Vt 2 1, VS 2 1, t ?é S.

Theorem 3.9 (Intercalary orthogonal truncation). Let {X,: teN} be a random
process with finite second moments such that

X L( X1,y s Xi—p—1)|Brp-
Then for all t = 1, we have
Xip+ )L Bsp+ 1), [Be+ 1o+ 1,05 Bip+ 1y, VEZ1, Vs =1, s #1

and s #t+ 1.

In the next section, we apply the above results to derive exact inference
procedures for the parameters of the original model (3.4). We start with AR(1)
processes. We then consider a Markov process of order 1 admitting a more
general dynamic representation, which includes the classical linear regression
model with AR(1) errors as a special case. In a subsequent section, we
shall derive an exact inference procedure in the context of Markov processes of
order p.

4. Exact inference for AR(1) models

In the previous section, we showed how to use Theorems 3.1 and 3.2 to derive
a time invariant transformed model (3.5) from the initial model (3.2). If we wish
to make inference on the parameters of (3.2) via those of (3.5), we must establish
in a more explicit way the relationship between the two models. We can
transform (3.2) into (3.5) by using two sorts of projections. Let {Y,: te T} be
a Markov process of order p on T = {1, 2,...,n(p + 1) + p}. The first kind of
projection is suggested by the results of Section 3. It is the projection of
Y. p+1) On the space generated by the functions of the variables in By, + 1, and
B+ 1)p+1),p (or the conditioning of Y, +1) upon By, 41y, and B+ 1yp+1),p)-
Unless normality is assumed, this projection is likely to be nonlinear and
difficult to establish. Moreover, if {Y,: te T} is not CSS(p), we have no guaran-
tee that this projection will be identical for all t.

The second type of projection is the affine regression of Y,,+;, on
Bip+1),p and B4 1) +1),,- The resulting model is linear by construction and the
relation between the initial and transformed parameters is likely to be simple
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enough for inference. A sufficient condition (although not necessary, as we will
see in the case of AR(1) processes) for this relation to be time invariant is weak
stationarity of the process {Y,: te T'}. However, our objective is to make exact
inference and we will need to specify the probability distribution of {Y,: te T}.
We will then assume that {Y,: te T} is a Gaussian process. In that case, the two
projections coincide.

In this section, we show how the results of the previous section can be applied
to obtain exact tests and confidence regions on the parameters of an AR(1)
model.

4.1. Model transformation

Suppose the scalar process {Y,:teT}, where T=1{1,2,...,T} and
T = 2n + 1 for some integer n, admits the following representation:

i.i.d.

Yt = (Z)Yt—l + &y, & ~ N(Oa 63)’ tET (41)

with Y, given and ¢ € R. If we assume the ¢ ’s are normally distributed, then
{Y,: te T} is a CSS(1) Markov process of order 1 on T. We are now ready to
apply the results of Section 3. The conditional distribution of Y,, given
(Yz:4+1,Y2—1)is normal, for all t =1, 2,...,n. Its mean is given by the affine
regression of Y,, on (Y41, Y2,—1) and takes the form

EL(YolYost, Youm)=a+ f1Yopus1 +f2Yoy, t=1,2,... 0
The following theorem shows that if |¢| < 1, then f; = f, = f.

Theorem 4.1 (Regression symmetry for weakly stationary processes). Let
{X,: te T} be a weakly stationary regular univariate stochastic process. For all
strictly positive integers p, the coefficients of X+ and X,_;, in the affine regression
of X; on (Bysps1,p,Brp) are equal, 1 <k <p,forallt>=p+ 1.

Expressions for  and a are derived in the appendix where it is shown that
B = ¢/(1 + ¢?) and a = 0. The variance of the residuals from the regression is
oZ/(1 + ¢*). These expressions are valid for any ¢ € R. Starting from (4.1), the
equivalent of the transformed model (3.5) is

You=pY% +nx t=12,..,n,

+ 9% "

where Y5, =Y, .1 + Yy, t=1,2,....0,1 =2, N4, ..., §2,) and I, is the
n x n identity matrix. Eq. (4.2) is a Gaussian linear regression model from which

2
n(Y4, t =1, 2,...,n)~N[0,1L I } 4.2)



268 J.-M. Dufour, O. Torreés | Journal of Econometrics 99 (2000) 255-289

we can easily estimate § and make exact inference on it. In particular, using the
usual critical region W(x) = {|t(Bo)| > t1—go(n — 1)}, with t(Be) = (B —
Bo)/V(P)"> where  and V(f) are the usual OLS estimators of f and V(f), we can
test any hypothesis of the form Hy: ff = f, against Hy: § # . This test has
exact level a.

4.2. Exact tests on ¢

Since (1 + ¢*)B = ¢, the relation between the ‘initial’ parameter ¢ and the
‘transformed’ parameter B is given by f¢* — ¢ + f =0. In order to make
inference on ¢ using model (4.2), we need to examine the roots of the polynomial
q(x) = px* — x + f = 0. Since ¢ is assumed to lie in R, we discard complex
roots, obtained with |f| > 1/2. If we also exclude the trivial case f = 0 which
yields ¢ = 0, the roots of g(x) are x; = (1 + 4,/%)/2B, x, = (1 — 4,/%)/2p, where
A, =1—4p% Since x;x, =1, we have sign(x;) = sign(x,) and x; > l<
x;<1,i,j=1,2,i#j. Hence, with f # 0 and |f| < 1/2, two values of ¢ only
are identified in (4.2). These values are 1 and — 1 which are, respectively,
equivalent to f = 1/2 and — 1/2. In other words, given an a priori value for f3,
we can decide whether the process is integrated (|¢p| = 1), but, if not, we cannot
distinguish a stationary process (J¢| < 1) from an explosive process (|¢| > 1).
However, this identification problem can be avoided by excluding explosive
processes. This should not be a too restrictive practice if we admit that macro-
economic time series are usually integrated or stationary. The case where f = 0
corresponds to a white noise process, i.e. ¢ = 0.

From the point of view of hypothesis testing, we have established the equiva-
lence of each one of the null hypotheses Hy;: ¢ =0, Hygy: ¢ =1, and
Hos: ¢ = — 1, with H§: p =0, H§,: f=1/2, and HE;: f = — 1/2, respec-
tively. For these a priori values of ¢, we have derived an exact test procedure.
For other values of ¢, we can still consider the test of H§: f — o, = 0 which
corresponds to the test of Hy: ¢ e {x0,xo '}, where x, is the first root of g(x),
evaluated at § = f,.

4.3. Exact confidence sets for ¢

It is easy to build an exact confidence interval at level 1 — o for the parameter
f in (4.2). Suppose the random variables ¢, and ¢, satisfy ¢; < ¢, with probabil-
ity one and P({c; < B}n{f<c,})=1—o. Since the events {c;¢>—
d+cy <0in{c,9® —d+c¢, 20} and {c¢; < B}n{f <c,} are identical,
the set {¢: ¢c;p* — ¢ + ¢y <0 and c,¢* — ¢ + ¢, > 0} is a confidence region
for ¢ with level 1 — a. To characterize this region in the space of the parameter
¢, we need to find the roots of the polynomials q;(x) = ¢;x* — x 4+ ¢;, i = 1, 2,
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when ¢; and ¢, are treated as constants. We can then distinguish the following
cases:

1. If ey | < 1/2, the polynomial ¢, (x) has two distinct real roots denoted x; and
X,,and we can assume that x; < x,.If —1/2 <¢; <0, then ¢;(x) < 0ifand
only if xe(— oo,x;]u[x,,00). If 0 <c¢y <1/2, g4(x) <O if and only if
xe[x1,x,]. If ¢; =0, g1(x) <0 if and only if xe[0, c0).

2. If ;] = 1/2, q1(x) has only one root. In this case, when ¢; = 1/2, ¢;(x) < 0if
and only if x = 1, and when ¢; = — 1/2, ¢;(x) <0 if and only if x = — 1.

3. If ey | > 1/2, g4(x) always takes the same sign on R. If ¢; < — 1/2, ¢;(x) <0
for all xeR; if ¢y > 1/2, no real value of x satisfies g, (x) < 0.

Similarly, we determine the regions of R on which ¢,(x) = 0. The different
possibilities are summarized in Table 1.

5. Extension of the AR(1) model

In this section, we extend the procedures described in the previous section by
considering more general processes. Let {Y,:teT}, where T ={1,2,...,
T =n(p + 1) + p}, be a random process with the following representation:

ind

A(B)Yt = mt + 8[: 8! ~ (07 0’3)5 = 1: 27-"’T:

)4
AB)=1—Y AB, with Yo,Y_,,....,Y_,., fixed, (5.1)
i=1

i=

where B is the backward shift operator, m, is an exogenous component,
ind .
&= (g1, £2,..., er),and g ~ (0, 62), t = 1, 2,..., T, means the ¢,’s are indepen-

dent with common mean 0 and variance ¢2. Taking expectations on both sides,
we obtain A(B)M, = m,, where M, = E(Y,). Define the process {X, =Y, — M,:
te T}. Clearly, {X,: te T} satisfies

ABX, =&, &~ (0,02, t=1,2,...,T, (5.2)

ie. {X,;:teT} is a zero mean process which admits an AR(p) representation,
where the disturbances ¢,, te T, are independent with common mean zero and
variance ¢2. Consider now the case where p = 1. We have

N ind
Y,=m + Y, +¢&, &~ (0,02, t=12,..T.
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This representation includes as particular cases a wide range of models fre-
quently used in econometrics. In particular: (1) if m, =0, Vte T, and 1 = 1, we
have the random walk model; (2) if m, = by, Vte T, and /. = 1, we have a ran-
dom walk with drift; (3) if m, = b(r) = Y j—,b;t’, Vie T, the process contains
a deterministic polynomial trend. In what follows, we assume m, has the form
m, = ZkKZOkak,ta where Zy,Z,,...,Zg are exogenous variables.

Since {X,: te T} has an AR(1) representation, application of the procedure
described in Section 4 is straightforward. The projection is E;[X,;|
(X2r41:X20-1)]1 = BX 2041 + X2i—1) with B = /(1 + 4%) and we consider the
following transformed model:

Xo =BX% + 12, t=1,2,...,n, n~(0, 0,2,1,,), (5.3)

where X% = X511 + Xp-1, 0'5 = 0-82/(1 + /%) and =2, N4s---» N2a). Eq.
(5.3) can be written

Yo =My — f(Myyq + My 1) + BYS + 12,

with Y%, = Y51 + Y5, ;. Now, with m, = M, — JM,_, and B = /(1 + /%),
(5.3) becomes

Yo = Bimay + Bamaiy + BYE, + 02 t=1,2,....nm,

in which 8y, = 1/(1 + 4%, B, = — B. Finally, since m, = Y f_ by Z,,, the trans-
formed model is
K K
Y, =BY% + Z 011k Zy 2 + 022k 2041 + Nt (5.4)
k=0 k=0

where 0, = b, /(1 + A?) and 0,, = — Ab/(1 + 2?). Using the matrix notation,
(5.4) is equivalent to

W= ZFO +F, t=1,2,....n (5.5)

with v, =Y,, ZF =(Z,, 251, Y%), 0 = (01, 05, P), 0; =00, 0i1,-..,
0;x), i =1, 2. If we assume that 5 is normally distributed, we can perform exact
tests on 4 and/or by, k =0, 1,..., K. This is done in the next section.

5.1. Exact confidence sets and tests on by

As we showed, the parameters of (5.5) must satisfy 6, = — b.f,
k=0, 1,..., K. The hypothesis b, = b, is therefore equivalent to 0,, + boff =0
which can be tested in (5.5) by a standard F procedure. Furthermore, it is well
known that the set of all values b, such that the hypothesis Hy: 05, + by = 01is
not rejected at level o forms a confidence region for b, at level 1 — a. Using the
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same relation between the transformed parameters 0,, and S and the initial
parameters b, k =0, 1,..., K, any linear hypothesis of the form Rb —r =0,
where R is a known ¢ x (K + 1) matrix with rank g, r is a known g x 1 vector
and b = (b, by,...,bx), can be tested at level a. To see how to exploit the
relation between the two sets of parameters, note that

Rb—r=0 < RO, +rp=0 < R¥ =0,

where R* = (0, R, r) so that a test of Rb — r =0 is equivalent to a test of
R*6 = 0. Again, this is a hypothesis on the parameters of (5.5) which can be
tested with the usual F procedure.

5.2. Exact tests on A

The components of  in (5.5) must satisfy 0,, = — 0,4, k=0, 1,...,K and
B = /(1 + %). From these relations, we see that a test of /=4, can be
performed by testing the joint hypothesis: 0,; + 1004, =0, k=0, 1,...,K, and
B = lo/(1 + 23). Using matrix notation we can easily write this set of restrictions
as a linear hypothesis on the parameters of (5.5), i.e., Rd = r, with

~ </101K+1 Ig i1 0) < 0 )
R = , rog = .
0 0 1 Jo/(1 4+ 43)

Unlike for the pure AR(1) process of Section 4, we are now able to obtain a test
for any a priori value 4, of the autocorrelation parameter A.

5.3. Exact confidence sets for A

In Section 4.3 we showed how to build an exact confidence region for 4 at
level 1 —oa This confidence region, denoted Cg.(y, ), satisfies
P[{y:Cx+1(y, 21)34}]1 =1 — oy or P[Ag(ay)] = 1 — oy, where Ag () =
{y:CK+1(ya 0‘1)9)& Vay €(0, 1).

Similarly, we can also use the relation 0,, + 10,, =0,k =0, 1,...,K, to
derive an exact test of Hy: 4 = 4. This hypothesis entails Hg 1(40): @i(10)'d =0,
where a;(x) = (Xt +1, k+1, 0), 1, being the /th vector of the canonical basis of
R¥*1 xeR. The set Ci(y, 1) of all values 4o of 4 such that Hy (%) is not
rejected at level oy is a 1 —o; confidence region for /. Therefore
P[Ak(2;)] =1 — oy, where Ai(ay) = {y:Ci(y, a1)34}. Since this condition
holds for any k=0, 1,...,K, we can combine these regions to form a single
confidence region for 4 which has level 1 — a. Clearly, we have

P|:Kﬁl Ak(al):| =1- P|:Kol Ak(“1):|,
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where A, (o) denotes the set of all y which are not in 4,(«,), and

[K+1 K+1

P| ) Au(oy) | < Y PLA(oy)] = (K + 2)y,

k=0

hence
[[K+1
P m Ak al 1—(K+2)0(1

and choosing o; such that o; = o/(K + 2), we get

[K+1 7]

Pl () Ai(y) [=1—o
L k=0 i

But NI A(ey) = {y: NEZe Ci(y, #1)34}. This shows that C(y, o) =
NE2LCr(x%5) is a 1 — o confidence region for A.

5.4. Exact tests of joint hypotheses

It is also possible to use (5.5) to derive an exact test of a linear hypothesis on
the vector (4, ™), where b™ is an m x 1 subvector of b. Consider the null
hypothesis

Ho: A=/79 and RbH™ —r =0,

where R is a known ¢ x m matrix with rank ¢, r is a known ¢g x 1 vector and
b™ = (by,, by, , .., by, ). The following equivalences hold:

A= 1o } {QZk + 4ol =0, kE%m} {Ime(zm)-F;boIm@(lm):Oa
<> <>
Rb™ —r=0)  |RB™ —rp =0 ROY" + rf =0,

where A", = {ki,ky, ..ok}, 0™ = (0i,» Ou, > ---» O, )» i = 1, 2. Defining

o
I, 701, 0
=" " , sm = o |,
¢ <O R r> ?
B

we see that Hy is equivalent to Q6™ = 0. Finally, H, appears as a linear
hypothesis on the parameters of (5.5): Ho: Ro* =0 with R =(Q, 0), 6* =
(6™, 9™y, §™ = (0, 404, k¢A",,). Once again, the standard Fisher procedure
solves the problem.
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5.5. Linear regression models with AR(1) errors

We now show that model (5.1) with p = 1 includes as an important special
case the linear regression model with AR(1) errors. This model is given by

Yo=m +u, u=¢u_y+e,t=12..,T
ii.d.
with &, ~ N(0, ¢2) and u, given. An alternative form of this model is

Y, =m +du,—y +¢, t=12,...,T.
Sinceu, =Y, —m, t=1,2,...,T, we have
Yi,=mf+¢Y,_1 +¢, t=2,3,...,T, (5.6)

where mf = m, — ¢m,_ . It is now clear that this model is a special case of (5.1).
The procedures developed in the previous sections therefore apply to (5.6). In
particular, exact inference in integrated AR(1) models is available.

5.6. A test on the order of an autoregression

We now turn to another kind of inference problem. We are no longer
interested in inference on the components of the mean vector or autocovariance
matrix, but rather on the order of the autoregression in AR(p) models. There is
a situation in which Theorem 3.6 and its corollary are of special interest.
Consider {X,:te T}, a stochastic process for which we know that one of the
following representations is true:

DB)X, =¢, where ®(z)=1— ¢,z — ¢ppz° — -+ — ¢, 2",
Y(B)X, =v,, where Y(z) =1 — 1z — 2> — -+ — Wy, 272,

where ¢ and v, are both Gaussian white noises and p; # p, (we set p; < p»).
Suppose we wish to test Ho: {X;: te T} ~ AR(p;) against H;: {X,: te T} ~ AR
(p2)- If Hy is true, then {X,: te T} is Markovian of order p;, and we know from
Corollary 3.7 that the coefficient of X, in the affine regression of X, on p, leads
and p, lags will be zero for any 7 such that [t —¢| =p; + 1,...,p,. Since the
affine regression is a classical linear regression model, standard inference pro-
cedures apply. From the exposition of the procedures, it is clear that splitting the
sample entails an information loss. We may then suspect the tests to lack power.
We investigate this issue in the next section.

6. Combination of tests

One of the purposes of this paper is to improve the Ogawara-Hannan testing
procedure. In the previous sections, we showed that Ogawara’s results can be



J.-M. Dufour, O. Torreés | Journal of Econometrics 99 (2000) 255-289 275

extended to a much wider class of processes than those considered in Ogawara
(1951) and Hannan (1955a, b, 1956). We also showed one can use these results to
obtain finite sample inference procedures for a wide variety of econometric
models. However, when we apply those, we are led to leave one half of the
sample apart, at least. In this section, we discuss methods that allow one to make
use of the full sample. We also present simulation results which show our
method performs better than that of Ogawara and Hannan.

6.1. Theoretical results

Consider a statistical model characterized by a family of probability laws,
parameterized by 0: 2 = {P,, 0€ ©}. Suppose we wish to test Hy: Pe 2,
against H{: Pe 2\Z,. If the model is identified, which will be assumed, this
amounts to test Hy: e @, against H,: 0 @, where 0 @, <P, e #,. Assume
we have m statistics Ty, ieJ = {1, 2,...,m}, that can be used for testing H,.
Further assume that under Hy, Py[{y: Ti(y) > t}] is known, for all teR, ieJ.
The relation between these statistics is typically unknown or difficult to estab-
lish. We wish to combine the information provided by each of those m statistics
on the true probability distribution of the model.

A natural way of doing this is to proceed as follows. Using the m statistics T,
we build m critical regions W;(o;) = T; 1((t:(«;), 00 ), where the t;(o;)’s are chosen
so that Py[ W;(o;)] = o;. We reject Hy with a test based an the ith statistic if y is
in W;(a;), or equivalently if the observed value t; of T is in (¢;(2;), o0 ). Consider
the decision rule which consists in rejecting H, when it has been rejected by at
least one of the tests based on a T; statistic. The rejection region corresponding
to this decision rule is \U;; W;(e;). This test is called an induced test of Hy (see
Savin, 1984). Its size is impossible or difficult to determine since the distribution
of the vector (T, T», ..., T,,) is generally unknown or intractable. It is however
possible to choose the ¢;’s so that the induced test has level «. We have

P9|:U Wi(ai):| <Y Po[Wilo)] <Y, o

ieJ ieJ ieJ

and so we only need to choose the ¢;’s so that they sum to o. To our knowledge,
there is no criterion for choosing the ¢;’s in a way that could be optimal in some
sense. Without such a rule, we will set o; = oy = a/m for all ieJ.

It is difficult to compare the power of an « level test based on a single statistic
T; with that of a o level-induced test. The latter uses the information provided
by the whole sample, but is obtained by combining m tests of level a/m only,
whereas the former has level o > a/m, but only exploits a subsample. In other
words, with respect to power, what can be gained from the larger sample size on
which is based the induced test could be lost because the levels of the individual
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tests combined are lower (e.g., o/m instead of o). We now present simulations
that reveal the power increase associated with combining tests.

6.2. Power simulations for AR(1) processes

Let{Y,: teT},where T = {1, 2,..., T}, arandom process admitting an AR(1)
representation

i.i.d.

Y, =Yy +é&, &~ NOIp), teT (6.1)

with Y, given. For the sake of simplicity, we assume that T is even with T' = 2n.
Since {Y,: te T} is a Markov process of order 1, the results of Section 2 apply
and we know that: (1) Y,,, t =1, 2,...,n — 1, are mutually independent, condi-
tionally to (Y1, Y3,..., Y2,-1); (2) Ya, 41, t =1, 2,...,n — 1, are mutually inde-
pendent, conditionally to (Y,,Y,,...,Y,,). If we define two subsets of
T,J, ={2,4,...,2n—2} and J, = {3, 5,..., 2n — 1}, we obtain two trans-
formed models of type (4.2):

A
Yt :W (Yt+1 + Yt*l) + Nit» teJia ny ~ N(Oa O',ZII,”), (62)

where n; = (yy,teJ;),i=1,2, and ny =n— 1, n, = n. In each of these two
models it is possible to test Hy: 4 = 4, at level o/2, as shown in Section 4. We
combine these two tests according to the procedure described in Section 6.1.

In our simulations, we proceed as follows. We consider 1o =0, 0.5, 1 and
T = 100. For a set V(/y) of S values of 4 in a neighborhood of /,, we simulate
a sample of size T from the AR(1) process (6.1). Then we form the two
subsamples (y,: t€J;), i = 1, 2, from which we test Hy(fy): f = o in the trans-
formed model (6.2), with o = Ao /(1 + A3). For purposes of comparison, these
tests are performed at levels 5% and 2.5%. The two 2.5% level tests are
combined to give a 5% level induced test. These computations are repeated 1000
times, for each value of 1 in V(4y). The number of rejections of Hy (o) gives an
estimation of the performance of the test. Results are shown in Figs. 1-6 where
the solid line (—) represents the 5% induced test and the dashed lines (--) and
(— - —) represent the 5% subsample-based tests.

Figs. 1-3 display the estimated power function for 2 = 0, 0.5, 1, respectively,
whereas the last three (Figs. 4-6) show the differences of rejection frequencies for
A=0,0.5, 1, respectively. More precisely these differences are computed as:
Number of rejections of Hy (o) with the induced test — Number of rejections of
H, with the test based on subsample (y,: teJ;): i =1, 2.

Apart from the case where 4o = 0, the combination method leads to a power
increase, relative to a 5% level test based on a subsample. When 4, = 0, the
power loss from combining is about 8% at most, which appears small. For
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Jo # 0, it is important to note that the values 4 and A~ ! yield the same value of
p in (6.2). For example 4 = 0.5 and 1 = 2.0 both yield = 0.4. In other words,
unless we impose restrictions such as |4| < 1 or |4| > 1, the value of f does not
completely identify A. This explains the presence of the mirror peak at 41 =2
(Fig. 2).

7. Conclusion

In this paper we proposed a method allowing one to make finite-sample
inference on the parameters of autoregressive models. This was made possible
by special properties of Markov processes. The conditions under which such
results hold are very mild since their demonstrations only require the existence
of density functions. In particular, they are general enough to be applied to
multivariate and possibly non stationary and/or non-Gaussian processes. How-
ever, with the addition of conditional stationarity and normality assumptions,
we were able to use these properties to derive exact tests and confidence regions
on the parameters of AR(1) models. In order to apply our procedure, it is
necessary to split the sample as two subsets of observations. Our simulations in
the case of a pure AR(1) model showed that a combination of separate inference
results based on these subsamples generally leads to an improvement in the
performance of the procedure.

Our method displays several attractive features. First, since it is exact, it
controls the probability of making a type I error. Second, it is readily applicable
to a wide range of econometric specifications of AR(1) models. In particular, it
can be used to deal with random walk models, models with a deterministic mean
expressed as a linear combination of exogenous variables, including polynomial
deterministic trends, etc. Third, the critical regions are built from standard
distributions which, unlike most asymptotic procedures, do not change with the
sample size and/or model specification. Finally, Monte Carlo experiments show
that it has good power properties. For those reasons, we think that our
procedure should be considered as a good alternative to asymptotic inference
methods.

In Section 6, we argued that simulations of power functions were necessary
because we could not say a priori whether the combination method yields more
power. Indeed, on the one side we make use of the whole sample when
combining, but on the other side we must lower the bound on the probability of
making a type I error (the level) in each of the tests we combine. The
former should increase the performance of the procedure whereas the latter
should decrease it. The method is easily transposable to higher-order autoreg-
ressive models and it appears quite plausible the same effect will take place in
more general processes. It would certainly be of interest to study this issue
further.
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Of course, the finite-sample validity of the t- and F-type tests described in
Sections 4 and 5 remain limited to models with Gaussian errors. As usual, these
procedures will however be asymptotically valid under weaker distributional
assumptions. Further, it is of interest to remember that the general theorems on
Markovian processes given in Section 3 hold without parametric distributional
assumptions. In particular, the conditional independence and truncation prop-
erties do not at all require the Gaussian distributional assumption, hence
opening the way to distribution-free procedures. Similarly, the test combination
technique described in Section 6, which is based on the Boole-Bonferroni
inequality, is by no way restricted to parametric models. For example, the latter
might be applied to combine distribution-free tests or bootstrap tests (see
Nankervis and Savin, 1996) which accommodate more easily non-Gaussian
distributions. Such extensions go however beyond the scope of the present

paper.
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Appendix A. Proofs
A.1. Proof of Theorem 3.1

We must show that

n
-fX(11+1)!---111+1)---vXn(p+l)|Al,11 - | |fXx(p+n|A1.,.'
t=1

The following equality is always true:

n
fX«nH)s ey - X [ Ay :fX(,,H]lA‘,,, 1_[ fX,(,,H)lA,‘,,,X(,,H‘, R VRETE. RN I (Al)
t=2
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Consider the tth term of the product in (A.1) for t > 2:

SXri ol Arn Ko eeisnr o Xty =S X0 1Kty o Koy 1Ay

_er(p+1;,Ar+1,p|X1 see) s Xuprn—1 (A 2)

.fA[+l,1}|X19 vy s Xapr -1

The numerator in (A.2) can be written

er[pﬁ»l)vAt**l‘ple o) s Xipa -1

N
= "'foﬂw,---m...,xnwwlxl,...m...,Xﬂm,ld(x(z+1)(p+1),---<p+1)---axn<p+1))
JJ

r n(p+1)+p
= J [T i e 0t s e 1) o Xape 1)
s=t(p+1)

( (pt1)+p
= J" l_[ JPXA|XS,,,,4..H.4..,XH d(x(t+ 1)(p+1)s -+ (p+1) «=+>Xn(p+ 1)),
S

J =t(pt+1)

where the last identity follows from the Markovian property M(p). Set

g1(a+ 1,p> Xt(p+ 1)) EfX“,,H,,A,H_,,IXl vty o X 1y—1 (a;+ 1,p> Xt(p+ 1))~

Similarly, we can write the denominator of (A.2) as

fA:H,pIXl,...m...,Xr<,,+|)—|
(p+t1)+p

=1 l_[ fXA|XS,p,4..m4..,XS,1d(xt(p+1)s---(p+1)"'axn(erl))
s=t(p+1)

and we denote ¢(di+1,) =Sa, 1% 0. Xupen 1 @+ 1,p)-  Clearly, neither

91(@+ 1.ps Xep+1)) NOT G2(ar41,,) depends on (Xpi1ys o pr1) o> Xo— 1)p+ 1))-
Therefore these variables do not enter the ratio (A.2) and we may write the tth
term of product (A.1) for t > 2 as

fX!ln‘fl)IAl.p’X(P‘fl)* EETESTRITES CENTES _le(n+l)|Al.P .

Since this is true for any t = 1, 2, ..., n, we can factor the conditional density as
n
fX(,,H, i) s Xugr | A1y = 1_[ er(I!‘rl)lAl»n
t=1
which yields the result to be proved. Q.E.D
A.2. Proof of Theorem 3.2

From Theorem 3.1, X, 1, X2(p+1), - -- » Xu(p+ 1) are mutually independent con-
ditionally on A4, ,, hence

-er(p+1)|Al‘,; _<fXW+1)|X1 vy o Xipr =1 Xipr 10 () s Xt Hp+ 1)
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_ lelp‘rl)v vy X e+ 0l X1y s X —1

leln+l)+ls s (1) ee SX(n+l\(p+li|X19 e s Xapr -1

erlpﬂn e s Xer e X @) o Xipr -t

fermH)»«»-m v Xar el X1s oy s X -1 dxl(I?Jr 1)

n(n+ 1)(p+ 1‘)f
s=tp+1) JX X,y X

= m+D(p+1)
j s=t(p+1) fXx|X1----(x)----Xs—x dxt(P+1)

(nt1)(p+1

i
s=t(p+1) JX|X—ps iy s Xoms (A3)

g
n+Dp+1) )
f SSp ) SxIX X DXy

where the last equality is derived using the Markovian property M(p). The
product of conditional densities in the numerator of (A.3) can be splitted as
"GP Vs, = Gy X G5, where

t+1)(p+1)—1 (n+1)(p+1)

Gl = 1_[ sz|Xrn,-~u)-~-Xs—1’ GZ 1_[ fX:|Xsfp,-~<1y~-wX;—1‘

s=t(p+1) s=@+1)(pt1)

Clearly, G, does not depend on X, +1). Therefore, the ratio (A.3) simplifies as

G,

= — A.4
fG1 dxt(p+ 1) (A4

er111+1)|Al,p

Now, due to the Markovian property M(p), any of the conditional densities
in the product Gy can be written as  fy|x,_,. . .. ..x_., =
SX 0% trors ity Xooss S = Hp + 1), t(p + 1) + 1,... (¢t + 1)(p + 1). Therefore, it is
easy to see that

t+1)(p+1)—1
G1 = H J[XA|X,<,H),,,,.A,U,W,XH
s=t(p+1)

_f.XvA(p+l)y vy s X e -1 X y=ps ) s X -1

Hence,

JGl X+ 1) = SXpiie1e s oo Kes g1 K1 gty e X1y

and

G,

fX,N A =T~ 3.
wrulALp le dxt(p+1)

_<fXx(p+1)|Xr<p+l)—p, v s Xipr -1 X D1 o) s X Dt D1



284 J.-M. Dufour, O. Torreés | Journal of Econometrics 99 (2000) 255-289

Since X,p+1)+1 = X+ 1)p+1)—p> WE can use the notation of Section 3.1 to write
Sxiildr, =X o Biss 1psBes s, Which is the desired result.  Q.E.D

A.3. Proof of Theorem 3.6

We need to show that fy g, 5,,.,, does not depend on X,_, and X,,, for
t=p+1,p+2,...,q9. We have:

fXIxBr+q+l,q|BLq _ fX19Br+q+l,q|BLq
fBHqH‘qlB,.q ffx,,Bm,H.anq dx,

thle+q+l.qux.q =

Now, using the fact that {X,: te T} is Markovian of order p, the numerator of
this last term can be written fx, g 15, =/fx.. .0 . x..i8, = | [=#fx.i5,, SO that

y; I Exs, [ [£%x.8.,

X.|B B, = =

ABresa B ﬂ_[;:%fxsm,, dx, (ng-:?erJr le,lB“, )(jniiltyxtw,,,, dx,)
11558 x. 8.,

- fngiffxxww dx,

It is easy to see that the variables X, with t+g>=s>t+p+1 and
t—p—1>=s>=t—qdo not appear in the latter expression. Q.E.D

A.4. Proof of Theorem 3.8

Let {Y,: te T} be a Gaussian process having the same first and second order
moments as {X,: te T}. Then {Y,: te T} must also satisfy the condition in the
theorem

YIJ—(Yla"'(l) "'7Yt—p—1)|Yt—p5"'(l) "'7Yt—15 Vt >p + 1,

which is equivalent to the Markovian condition fyy, . . .y, =
fYave,. o ¥iis Yt =p + 1, since {Y,: te T} is Gaussian. From Theorem 3. 1
Y, 41, p+1) ---» Yup+1) are mutually independent, conditional on Al,p, where
Ay, is defined like A4, , in Section 3.1 with X replaced by Y. Using the
normality of {Y,: te T}, this is equivalent to

Yip+1)L Ysp+1))Al,, Vissuchthat 1 <t,s<n, t#s.

This is a condition on the first and second order moments of {Y,: te T}, which
must also be satisfied by the first and second order moments of {X,: teT}.
Hence, if 4, , denotes the set of X variables as defined in Section 3.1,

Xip+1yL Xsp+1)lA1,p, Vt,s suchthat 1 <t s<n, t#s. Q.ED
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A.5. Proof of Theorem 3.9

Let {Y;: te T} be a Gaussian process having the same first and second order
moments as {X,:teT}. From the proof of Theorem 3.8, we know that
{Y,: te T} must also satisfy

Srave, w oYy =Sy Y, VEZD AL
Then, from Theorem 3.2, we have
Srooolaly =St | Bicvpe v Blyin,» VI such that 1 <t <n,

where for any s, B, = (Yy_p, ... (1) > Ys—1). Since {Y,: te T} is Gaussian, this

s.p =
condition is equivalent to

Y Y Y
Yt(p+ l)J-Bs(p+ 1).p | (B(t+ 1)(p+1),p> Bt(p+ 1),17)

forall t > 1 and s > 1 such that s # ¢t and s # t + 1. Since this is condition on

the first and second order moments of {Y,: te T}, it must also be satisfied by
those of {X,: teT}. Q.E.D

A.6. Proof of Theorem 4.1

EvL[ X, |(Bi+p+1.p> Bip)]l = EL[X, | (Bi+p+1.p, Bifp)] is the affine regression of
X, on (By4+p+1.p> Bip), where B¥ , =(X,_,, X\—p+1,..., X,—1). The matrix of
the coefficients of this regression is given by ¥, ¥5,', where

lplZ = COV[Xta (Bt+p+ 1,p> B?jp)]ﬂ lIIZZ = V[(Bt+p+ 1,p» B?jp)]

¥,, is non-singular by the regularity assumption. We partition these matrices in
the following way:

v,=(C, C,), ¥ —<A“ A”)
12 = 1 2)s 22 = g
A21 A22

where

Ay = V(Bt+p+1,p)9 Ay = V(B?fp)ﬁ 51 = Ag, =cov (BterJrl,pﬁB;Xfp))

Cl = COV(Xta Bt+p+ l,p)a C2 = COV(XM Btfp)

Since {X,: te T} is weakly stationary, C; = C, = C and 4;; = A,, = A;. We
next show that 4,, = A,4, i.e.,, Ay, is symmetric. The (i, j)th element of this
matrix is

COV(Xt+p+1—i7 Xt—p+j—1) =Wt+p+r1—i—t+p—j+1| = V2 +1)—(+j)l>
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where y|,_, = cov(X,, X,), and its (j, i)th element is

COV(X 4 p+1—j» Xi—p+im1) = Vit p+1-j—t+p—it1] = V|2(p+ D)= (i+i)|-

These two terms are identical and consequently 4;, = A7, = A, = A,. The
vector IT whose components are the coefficients of X, ., and X, _,, 1 <k < p,in
the affine regression of X, on (B,+,+1.,, Bff,) is given by

c C A2\ 7
—c o )

Define I1; and II,, the two (1 x p) subvectors of IT whose eclements are the
coefficients of the variables in B,, ,+;, and in Bf,, respectively. Then

C=1II14, + 11,4, ATy — )+ A(IT, —11;) =0

C=14, +1,A4, Ay(ITy — )+ A (II, —I1;) =0

which is equivalent to

I, —1II,
lpzz = 0
1, — 1,
Since the variance-covariance matrix ¥,, is non-singular, we must have
Hl = Hz. QED

Appendix B. Coefficients of two-sided autoregressions for AR(1) processes
The model is

Y, =¢Y, 1 +u, t=1,2,...,n,
u= (ula 7un), ~ N(O: 0-1%1}1)5
with Y, given. Rewriting Y, = ¢'Y, + Z Zd¢'u,_; and taking expectations we

get E(Y,) = ¢'Y,. The mean deviation process {X, = Y, — E(Y,):t =1, 2,...,n}
satisfies the autoregression X; = ¢ X, + u,.

B.1. Computation of first-order moments

Define ¥, =cov[ Yy, (Yars1, Yoo 1)/] and ¥,, —V[(YZH—I,YZt 1)1
From the definition of {X,:t=1,2,...,n}, we have X, Zod'u,_; and
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E(X,) =0, E(X?) = 62) 28 ¢*". Furthermore, the autocovariances are

2t—1

cov(Yy11,Y,) = E(X5 11 X5) = ‘75(1’ Z ¢2i,
i=0
2t-2

cov(Yy, Yo 1) = B(X 3 X35-1) = Ju¢ Z (bZl

2t—2

cov(Yo11, Yy 1) =E(X5 11 X5 1) = 05(152 Z (f>2i,
i=0
hence
2t 2t-2
2i 2 2i
20-1 22 l.god) ¢ l.g‘o ¢
Vi, = ¢05< z (f>21, z (1521), ¥y = 0'5 B
i=0 i=0 207 e S
P>y ¢ Y ¢
i=0 i=0

B.2. The affine regression of Y, on (Yy, 41, Yoi—1) when |¢p| # 1
In general we have:

Y1 — E(Y
Ev[Ya | (Yarsr Yoo 1)] = E(Ya) + Wav( )>

YZI*I - E(Ythl) .

Using the fact that, for |¢| # 1,

k 5 ¢2(k+1)
P =1
PR
we obtain the following expressions:
2
qjlz ¢6¢2 1 _ ¢4t 1 4)4t_2)a
2 1 o pAtt2 2 1 o p4t—2
P e M )
1_¢ ¢2(1_¢4t 2) 1_¢)4t 2

hence

Yae1 — E(Yary
EL[YZtl(Yzﬁ—b YZI_I)]:E(YZI)—FI_??)Z(I 1)< 2t+1 (2 1))

Y2t—1 - E(YZt—l)

=a+ f(Yas1 + Y1),
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where a = E(Y5,) — B[E(Y211) + B(Y5,—1)] and B = ¢/(1 + ¢?). Since for all
t>0, B(Y,) = ¢"B(Y,_,), k=0, 1, ..., t, we have a =0.

B.3. The affine regression of Y, on (Y41, Yo—1) when |¢p| =1

When |¢| = 1, we have

2t+1 2t—1
Vi, =¢oa2t, 2t — 1), ¥,, = o, )
2t—1 2t—1

hence
ELlY2 [ (Yarr1, Yoo 1)1 =(9/2) (Yo 1 + Yauoq)
=[9/(1 + ¢)I(Yars1 + Yauoy).

Note that from the derivations in the case where |¢| # 1, a = 0 irrespective to
the value of ¢. In any case, the residual variance is

0_2

VIYy — B[ Yo [(Yarrr Yo )11 =V(Ya) — 12 P50, Wi = 1 +u(]52,

¢pe(— o0,00).
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