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A. Expanded introduction
In this section we expand on some the points made in the Introduction:

» The family of VAR models is not closed under marginalization and temporal aggregation.
This result is discussed in Lutkepohl (1991). If a vector satisfies a VAR model, subvectors do
not typically satisfy VAR models (but VARMA models). Similarly, if the variables of a VAR
process are observed at a different frequency, the resulting process is not a VAR process. In
contrast, the class of VARMA models is closed under such operations.

* VARMA models can provide more accurate forecasts. There is no compelling reason for re-
stricting macroeconomic forecasting to VAR models: VARMA models can forecast macroe-
conomic variables more accurately than VARs; for further discussion, see Athanasopoulos
and Vahid (2008). Indeed, VARMA models can generate forecasts superior than those ob-
tained from Bayesian VARSs and factor models; see Dias and Kapetanios (2018). Models in
macroeconomics often contain an MA component; for several examples, see Chen, Choi, and
Escanciano (2017).

» The asymptotic efficiency of the three-step estimator presented in Hannan and Rissanen
(1982) is proved by Zhao-Guo (1985). An extension of this innovation-substitution method
to VARMA models was also proposed by Hannan and Kavalieris (1984a) and Koreisha and
Pukkila (1989), under the assumption that the innovations constitute an m.d.s.

In this paper we extend these results by showing that linear regression-based estimators are
consistent under weaker hypotheses on the innovations and how filtering in a third step yields
estimators with the same asymptotic distribution as their nonlinear counterparts (maximum
likelihood when innovations are i.i.d. Gaussian, or nonlinear least squares if they are merely
uncorrelated). In the non i.i.d. case, we consider strong mixing conditions [Doukhan (1995),
Bosq (1998)], rather than the usual m.d.s. assumption. By using weaker assumptions on the
model innovations, we broaden the class of processes to which our method can be applied.
Recent work considering time series models with uncorrelated but dependent innovations in-
clude Boubacar Mainassara and Saussereau (2018), Zhu and Li (2015), Boubacar Mainassara
and Raissi (2015), Chen, Choi, and Escanciano (2017), Boubacar Mainassara, Carbon, and
Francq (2012).

» The importance of nonlinear models has been growing in the time-series literature. Impor-
tant classes of nonlinear processes admit an ARMA representation [see Francq and Zakoian
(1998), Francq, Roy, and Zakoian (2005)]. However, the innovations in these ARMA repre-
sentations do not have the usual i.i.d. or m.d.s. (martingale difference sequence) property,
though they are uncorrelated. One must then be careful before applying usual results to the
estimation of ARMA models because they usually rely on the above strong assumptions [e.g.,
see Brockwell and Davis (1991) and Litkepohl (1991)]. We refer to these as strong and
semi-strong ARMA models respectively, by opposition to weak ARMA models where the
innovations are only uncorrelated. The i.i.d. and m.d.s. properties are also not robust to
aggregation (the i.i.d. Gaussian case being an exception); see Francg and Zakoian (1998),
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Francq, Roy, and Zakoian (2005), Boubacar Mainassara, Carbon, and Francq (2012), Palm
and Nijman (1984), Nijman and Palm (1990), Drost (1993). In fact, the Wold decomposition
only guarantees that the innovations are uncorrelated.

B. Existing estimation methods for VARMA models

For the estimation of VARMA models the emphasis has been on maximizing the likelihood (min-
imizing by nonlinear least squares) quickly. There are two ways of doing this. The first is hav-
ing quick and efficient algorithm to evaluate the likelihood [e.g. Lucefio (1994) and the reference
therein, Mauricio (2002), Shea (1989), Mélard, Roy, and Saidi (2006)]. The second is to find pre-
liminary consistent estimates that can be computed quickly to initialize the optimization algorithm.
We are not the first to present a generalization to VARMA models of the Hannan and Rissanen
(1982) estimation procedure for ARMA models [whose asymptotic properties are further studied in
Zhao-Guo (1985) and Saikkonen (1986)]; see also Durbin (1960), Hannan and Kavalieris (1984a),
Hannan, Kavalieris, and Mackisack (1986), Poskitt (1987), Koreisha and Pukkila (1990a, 1990b,
1995), Pukkila, Koreisha, and Kallinen (1990), Galbraith and Zinde-Walsh (1994, 1997), Dufour
and Jouini (2005). A similar method in three steps is also presented in Hannan and Kavalieris
(1984a) where the third step is presented as a correction to the second step estimates.

There are many variations around the innovation-substitution approach for the estimation of
VARMA models but with the exception of Hannan and Kavalieris (1984b),! Dufour and Jouini
(2014), 2 and us, none use a third step to get efficient estimators, surely because these procedures are
often seen as a way to get initial values to start up a nonlinear optimization [e.g., see Poskitt (1992),
Koreisha and Pukkila (1989), Liitkepohl and Claessen (1997)]. In one of them, Koreisha and Pukkila
(1989), lagged and current innovations are replaced by the corresponding residuals and a regression
is performed. This is asymptotically the same as the first two steps of our method. Other variations
are described in Hannan and Kavalieris (1986), Hannan and Deistler (1988), Huang and Guo (1990),
Spliid (1983), Reinsel, Basu, and Yap (1992), Poskitt and Litkepohl (1995), Litkepohl and Poskitt
(1996) and Flores de Frutos and Serrano (2002). Another approach is to use the link that exist
between the VARMA parameters and the infinite VAR and VMA representations. See Galbraith,
Ullah, and Zinde-Walsh (2000) for the estimation of VMA models using a VAR. VARMA models
can also be estimated with subspace methods, which is based on multiple regressions and a weighted
singular value decomposition [see Bauer and Wagner (2002, 2009), Bauer (2005a, 2005b)]. More
recently, Dias and Kapetanios (2018) propose an Iterated OLS (IOLS) estimator where we iterate
the second of our estimator until the convergence.

C. Existing methods to specify VARMA models

The identification of the orders of VARMA models depends on the representation used. Although it
was one of the first representation studied, not much work has been done with the final AR equation

They use a similar third step that is presented as a correction to the second step estimator but suggest that the third
step should be iterated. They assume that U; is a m.d.s.
2They use a similar third step for VARMA models in echelon form. They assume that U, is i.i.d.
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form. People felt that this representation gives VARMA models with too many parameters. A com-
plete procedure to fit VARMA models under this representation is given in Liitkepohl (1993): one
would first fit an ARMA(p;, ¢;) model to every univariate time series, using maybe the procedure
of Hannan and Rissanen (1982). To build the VARMA representation in final AR equation form,
knowing that the VAR operator is the same for every equation we would take it to be the product of
all the univariate AR polynomials. This would give a VAR operator of order p = Zfil p;. Accord-
ingly, for the VMA part we would take ¢ = maxy[q), + Zfilﬂ.#k pi. It is no wonder that people
feel that the final equation form uses to many parameters.

For VARMA models in echelon form, there has been a lot more work done on the identification
of Kronecker indices. The problem has been studied by, among others, Hannan and Kavalieris
(1984b), Poskitt (1992) and Liitkepohl and Poskitt (1996). Non-stationary or cointegrated systems
are considered by Huang and Guo (1990), Bartel and Litkepohl (1998), and Litkepohl and Claessen
(1997). Additional references are given in Litkepohl (1993, Chapter 8).

As for weak VARMA models estimated by QMLE, Boubacar Mainassara (2012) propose a
modified Akaike’s information criteria for selecting the orders p and q.

A complementing approach to specify VARMA models, which is based on Cooper and Wood
(1982), aims at finding simplifying structures via some combinations of the different series to obtain
more parsimonious models. It includes Tiao and Tsay (1989), Tsay (1989a, 1989b, 1991) and Nsiri
and Roy (1992, 1996).

The final stage of ARMA model specification usually involve analyzing the residuals, i.e. check-
ing if they are uncorrelated. Popular tools include portmanteau tests such as Box-Pierce [Box
and Pierce (1970)] and Ljung-Box [Ljung and Box (1978)] tests, and their multivariate generaliza-
tion [Litkepohl (1993, Section 5.2.9)]. Those tests are not directly applicable in our case because
they are derived under strong assumptions for the innovations (independence or martingale differ-
ence). But recent developments for weak ARMA and VARMA maodels are applicable. They include
Francq, Roy, and Zakoian (2005), Shao (2011) and Zhu and Li (2015) (weak ARMA), Francg and
Raissi (2007) (weak VAR), Boubacar Mainassara (2011), Katayama (2012) and Boubacar Mainas-
sara and Saussereau (2018) (weak VARMA).

D. Lemmas and proofs

LemmaD.1 Let U and V be random variables measurable with respect to 70 __ and F2°, respec-
tively where F? is the o-algebra of events generated by sets of the form {(X;,, X;,, ..., X;,) €
E,} witha < i) <ig < --- < i, < b, and E, is some n-dimensional Borel set. Let ry, ro, 73
be positive numbers. Assume that ||U]|,, < oo and ||V, < oo where ||U], = (E[|U[]")"/". If
rit+ryt 4 rg! = 1, then there exists a positive constant ¢, independent of U/, V and n, such that

[E[UV] = EVIEWV]] < col| Uy [V [rye(m)/7 (D.1)

where a(n) is the a-mixing coefficient of order h.

Proof. See Davydov (1968).



Lemma D.2 If the random process {y;} is stationary and with «-mixing coefficients «(j), with
E[ly:[**¢1] < oo for some ¢; > 0, and if 352 a(j)¢1/3T¢1) < oo, then

2

ot = TIEI;OVar[y1+---—|—yT}
= E[(yi— Elw))’] +2)_ El(yi — Ely))(yer; — Elyers))]- (D.2)
j=1

Moreover, if o # 0 and E[y;] = 0, then

yi+ o+ ur 1 / a2
PrlZ¥=——" <z — — e du. D.3
oVT } T—oo /2 J_0o (0-3)

Proof. See Ibragimov (1962).

Proof of Lemma 3.7. Clearly, ¢(0) = ©(0) = Ik and det[®(0)] = det[@(0)] = 1 # 0. The
polynomials det[®(z)] and det[O(z)] are different from zero in a neighborhood of zero. So we can
choose Ry > 0 such that det[®(z)] # 0 and det[@(z)] # 0 for 0 < |z| < Rp. It follows that the
matrices ¢(z) and ©(z) are invertible for 0 < |z| < Ry. Note also that the adjoint matrices ¢*(z)
and ©*(z) are matrices of polynomials.
Let

00:{Z|0§ |Z| <R0} (D.4)

and
(z) =®(2)7'0(2), z€Cy. (D.5)

for z € Cy. Since

B 1
 det[®(2)]

1

(=) = 2et[0(2)]

d*(z), O2)7! O*(z), forz e Cy, (D.6)

each element of &(z)~! and ©(z) ! is a rational function whose denominator is different from zero
on Cy. Thus, for z € Cp, ®(z)~! and ©(z)~* are matrices of analytic functions, and the function

¥(z) = ®(2)"'0(2) (D.7)

is analytic in the circle 0 < |z| < Ry. Hence, it has a unique representation of the form
oo
U(z)=> Wi, z2€Ch. (D.8)
k=0

By assumption,
U(z) = D(2)710(2) = ¢(2)71O(2), z e Cy, (D.9)



hence, for z € Cy,

D(2)P(2)7'0(2) = O(2),
P(2)P(2)1 = O(2)0(2)7 = A(2), (D.10)

A(z) = diag [0;(2)] , (D.11)
where _
From (D.12), it follows that each ¢;;(z) is rational with no pole in Cj such that 6,;(0) = 1, so it can
be written in the form

ei(2)

9ilz) = fi(2)

where e;(z) and f;(z) have no common roots, f;(z) # 0 for z € C and 6;;(0) = e;(0) = 1. From
(D.10), it follows that for z € Cj

5ii(2) = 0,:(0) =1, 6;;(0) =0;(0), i=1, ..., K. (D.12)

(D.13)

0ii(2) = 0i(2)0ii(2),  @4;(2) = dii(2)p5(2), 1,i=1,..., K. (D.14)

We first show that §;;(z) must be a polynomial. If f;(z) # 1, then its order cannot be greater than
the order ¢; = deg[f;;(z)] for otherwise 6;;(z) would not be a polynomial. Similarly, if f;(z) # 1
and is a polynomial of order less or equal to g;, then all its roots must be roots of 6;;(z) and ¢, ;(2),
for otherwise 0;;(z) or @,;(z) would be a rational function. If ¢; > 1, these roots are then common
to 0:i(z) and ¢;;(2), 7 = 1, ..., K, which is in contradiction with Assumption 3.6. Thus the
degree of f;(z) must be zero, and d;;(z) is a polynomial.

If 6;;(2) is a polynomial of degree greater than zero, this would entail that 6,;(z) and $;;(2) have
roots in common, in contradiction with Assumption 3.6. Thus §;;(z) must be a constant. Further,
9;i(0) =1sothatfori =1, ..., K,

0ii(z) = 0ii(2), @;5(2) = p(2), j=1...,K. (D.15)

Proof of Theorem 3.8.  Under the assumption that the VARMA process is invertible, we can write
o(L) (L)Y, =U;. (D.16)

Now suppose by contradiction that there exist operators ¢(L) and ©(L), with (L) diagonal and
invertible, and &(L) # &(L) or O(L) # O(L), such that

O(L)'¢(L) = 6(L) '®(L), (D.17)



If the above equality hold, then it must also be the case that

O(2)7'®(2) = 6(2)"'®(2), Vz e Cy, (D.18)
where Cp = {2z € C| 0 < |z| < Ro} and Ry > 0. By Lemma 3.7, it follows that
D(2) = (), O(2)=6(z) V= (D.19)

Hence, the representation is unique.

Proof of Theorem 3.10.  The proof can be easily adapted from the proof of Theorem 3.8 once we
replace Assumption 3.6 by Assumption 3.9.

Lemma D.3 (Infinite VAR convergence) If the VARMA model is invertible and if ny/log(T) —
oo as T — oo, then

K [e's)
S gl =o(Th) fori=1,..., K, (D.20)
k=1 j:nT+1

where 7, ; represent the parameters in I1(L) = ©(L) ‘(L) .

Proof of Lemma D.3. The matrix ©(L)~! can be seen has its adjoint matrix divided by its deter-
minant. Since Y; is invertible, the roots of det ©(L) are outside the unit circle and so the elements
of II(L) = ©(L)~'®(L) decrease exponentially:

|7Tik:7j‘ < ija Vi>m7 (D21)
with ¢ > 0and 0 < p < 1. From this,
K T K T o
: p
T > |mingl STY. Y ¢pff <cKT —— =0 (D.22)
k=1 j=ng+1 k=1 j=np+1 P

as T — oo if np/log(T) — oo because |p| < 1.

From the proof of Lemma D.3, we see that the condition nr/log T" — oo could be replaced by
a weaker condition like ny = klog(T) with k > 1/log(p) where p is the value given the upper
bound at which the parameters r;, ; are declining to zero. A drawback if this assumption is that it
would depend on the persistence of the process.

Lemma D.4 (Covariance estimation) If the process {Y;} is a strictly stationary VARMA process
with {U; } uncorrelated, E[|u;|*t2¢] < oo for some ¢ > 0, a-mixing with 3°5° | a(h)¥/ ) < oo
for some € > 0, then

T

1 _ .

T > vitrYiri—s — Elyig—rti i) = Oms(T™1?) Vi, i' 7 s, (D.23)
t=1
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where ms refers to mean square convergence.

Proof of Lemma D.4. Inapreliminary step, let us prove that the following result holds (assuming
that s > r without loss of generality):

T T
1
ﬁ Z Z Cov [Uiﬂg_,‘ui/’t_s ; ui,t/_rui/i/_s] = O(l/T) (D24)

t=1¢=1

We start by breaking this sum in the following parts:

T T
1
ﬁ E E uz,t—rui’,tfs; ui,t’frui’,t’fs]

t=1t=
T(rl T

1
= Tz § § Cov [Ui,tfrui’,t—s; ui,t’—rui’,t’—s]

t’zt—i—l—i—(s—r)

1 T
+ﬁ g g Cov [ui,t—rui’,tfs ; ui,t’frui’,t’fs]
t'=1 t=t'+1+4(s—r)

1 (s=r) t+(s—r)
+ﬁ Z Z Cov [ult rUi t—s 5 Wit/ —rUs! t’—S]
t=1+4(s—7r) t/=t—(s—r)
1+(S—T) t+(s—r)

1
—l—ﬁ Z Z Cov [Ui,t—ruilvt,s; Ui,t'—rui',tus]

t=1 t'=1
1 T T
+ﬁ Z Cov [u@t_?«ul-:’t,s; um/,ruil,t/,s] . (D25)
t'=T—(s—r) t=T—(s—r)—(T—t")

The last three double sums are O(1/T') since the covariances are finite and the number of terms
is of order T'. For the first two double sums, using Davydov’s inequality (lemma D.1), the strong
mixing hypothesis and the finite fourth moment we know that

T
lim Z ‘COU [ui,tfrui’,tfs§ ui,t’fTui/,t’fs} ‘
T—o0
t'=t+1+(s—r)
T
< dim > colluig i emsllarelltip i p—sllare et =t — (s — 1))
T—o0
t'=t+1+(s—r)
< o0, (D.26)

from which we conclude that the first two terms converge to zero at rate 1/7.



Now that have the result in Equation (D.24), we first notice that by stationarity of the process,

T

1
T Z Yit—rYi' t—s

t=1

E — Elyit—1yirp—s] = 0. (D.27)

Now taking the variance and writing the covariances in terms of the innovations U;:

1 T
T Z Yit—rlYi' t—s
T t=1

| LI
-T2 Z Z Cov [yi,t—ryi’,t—s ; yi,t’—ryi’,t’—s]

t=1¢'=1

Var

oo oo o0 0 K

K
Z Z Z Z Z Z Z Z ’wzkl ]1’ |1/)Z/k?17]1| Wz/@,gz\ ’wz’kQ 32’

J1=051=072=035=0k1=1 k| ko=1k{=1

L LT
T2 > Y " |Cov [ukl,tfrfjluk’l,t—s—ji  Ukey 17— — o Ukt 1 —s—jt | |- (D.28)
=1 1=1

From the assumption of stationarity we know that the ¢)’s are decreasing exponentially, and from
Equation (D.24) we get that the right-hand side of Equation (D.28) is O(1/T"). Hence,

1 _ .
T Z Yit—rYi' t—s — E[yi,tfryi’,t—s] = Oms (T 1/2) \V/’L, ’L,, r,Ss. (D29)
t=1

Corollary D.5 (Moment estimation) Under the assumption of Lemma D.4,

N

1 _ ..
T Zyi,tfruiﬂt—s — Elyit—rttir t—s) = Oms(T Y2 i, il 7, s. (D.30)

Proof of Lemma D.5. The proof is very similar to the proof of Lemma D.4 where in Equation
(D.28) some of the +’s would be zero.

Proof of Theorem 4.1. We first introduce some additional matrix norms:

I'B'Bl
1Bl = sup—7—, (D.31)
1#£0
IBlls = max Z\bm (D.32)
IBlloo = max Zrbm (D.33)

where (D.31) is the largest eigenvalue of B’ B. Useful inequalities relating these norms are given in



Horn and Johnson (1985, p. 313):
IAB|? < | AIZIBI*,  ABIP <[IAIZ1BI3 . 1Bl3 < |Bl1]Blcw- (D.34)

In the first step estimation, we regress

nyr K
Vit = 3> ik iUkt + €t (D.35)
j=1k=1
when in fact
oo K
Vit = D> ik iUkt + Uit - (D.36)
j=1k=1
On setting
T
~ Y’i (nT)Yt_l(nT)
B — t—1 D.37
(nr) =) Eer— (D.37)
t TLT+1

OLS applied to (D.35) yields:

ﬁ(nT) = [ﬁio,ly coes Tie nT]/

T (nr)’
N _ Y Y;
= B(np)™' D 7;_171;

t=np+1 7j=1
(nr) | 7 RN L
" + Bnp)™ ) ra— D mieYig b (D38)
t=nr+1 j=nr+1
Rearranging the elements,
T (nr)’ 00 T (nr)’
. Y . Y U
(nT) (nr) _ -1 t—1 o ) -1 t—1 Wit
™ — ™ = Bng) ™t Y i Z TiejYioj ¢ +Blnr)™ Y T
t=np+1 j=np+1 t=np+1
X (D.39)
Using inequalities (D.34) and the fact that B(nr) is symmetric,
™ — 0| < ([ Bor) " ol Vaz | + [Bor) ™ ]| Var | (D.40)
where
T ) 00
nrt)!
Vir = T nr Z Y Z TiejYt—j, (D.41)
t=np+1 Jj=nr+1



T
> Y (D.42)
t= nT+1

V2T—

First, | Var||? can be expanded into

K nrT 2
j Ui
IVarl* = tr (VarVar) ZZ (Zt np+1 Ykt—j t)

k=1 j=1 T =nr
K nr 2
= Y N | Elyk—jua] +0,(T73) | (D.43)
k=1j=1 \ 5
It follows that ||Var ||> = O, (y/ng/T). Similarly, for ||Vyr||?
K nr ZT 00 K o 1\ 2
1 Ykt =i D5 g1 Dopi—1 Wik Yk =]
IVirl® = tr (VirVir) ZZ( T
k=1 j=1 T
J
K nr 2
SyY (e v it S ey
k=1j=1 \k'=1j'=np+1 t=np+1
K nr oo 2
= Z Z Z Tik! 5 [Cov[yk,tfj;yk’,t—j’]+OP(T71/2) . (D44)
k=1j=1 \k'=1j'=nr+1
From Lemma D.3, we know that Z;’OnTH\ il = o(T71) and it follows that
Zo?—nT.H ik, ’Cov[ykt 3 Yk t— ]]_0( ) _Op(nTT )

For || B(ng) |1, the existence of B(ny)~ ! is guaranteed by a lemma that can be found in Tiao
and Tsay (1983). The argument is the following. It is clear that B(nr) is a symmetric non-negative
definite matrix. To show that it is positive definite take any arbitrary vector ¢ = [c1, ... ckxn,|" and

consider )
T nr K

- 1
C’B(TLT)C = m Z Z Z C(j—l)K-‘rk‘ykﬂf—j . (D45)
t=np+1 \ j=1 k=1
If ¢ B(ny)c = 0, then
ny K
Z Z Ci-nK+kUkt—j =0 for t=mnp+1,... T, (D.46)
j=1k=1

which, since T' > (K + 1)ng, is a system of linear equations of K ny unknowns and more than
K np equations. Since Y; is real-valued and non deterministic, this implies that ¢ = 0 (except for a
set with measure zero). This proves that B(nr) is positive definite.
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The final step is to show that || B(nr) !> is bounded. We first see that
1B(nr) Hl2 < | B(ng) 2 + | B(nr) ™ = B(nr) |2 (D.47)

where B(nr) denotes the (K np x K np) matrix of the corresponding covariances instead of the
empirical covariances. As in the univariate case Berk (1974, p. 491), || B(ny)~!||2 is uniformly
bounded above by a positive constant F' for all np since Y; is stationary and invertible. Next,
using a similar argument as in the proof of Theorem 1 in Lewis and Reinsel (1985), we show that
|B(nr)~* = B(ng) "2 T& 0. From previous results,

— 00

E[|B(nr) — B(nr)|3] < E[|B(nr) — B(nr)|’] < co %T =0 (D.48)

for some positive constant cg. Since

IB(ng)™ = B(ng) M2 = ||B(nr) '[B (nT) B(n7)|B(nr) 2
< F(|B(nr)™" = B(nr) 2 + F)||B(nr) — B(ng)||AD.49)
e IB(nr)~ = B(ng) Y|
— B(nr)™" — B(nr) |2
Znp = Iy < D.50
0< P Bt — Blar)-L]s - F) < |B(ng) — B(nr)|2 (D.50)
so that
Eng 2 0, |B(nr) ™ = B(ng) e = F2 50, /(1= FZu,) 5 0 (D.51)
hence

1™ — 1™ = 0,(v/nr/T). (D.52)

Proof of Theorem 4.2. If we denote by Z; ; the equivalent of Z,_1 which contains the true inno-
vations uy; instead of the residuals 4y,

T T

yo= Z 21 25t Zia Z i 1 5 (Ziay + Uy)
L t= I
rT 1l

= D225 2% Y 4Ly L v+

L t=l I
T T 11
NZ S5 | D Zasyt (D.53)
L t=l |
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First, we show that >, 2 X;;. We can write the residual U; as

U, = HO"(L)Y, =" (L)¥(L)U,

= [Ix + (II" (L)W (L) — Ix)]U;

= [Ix + (II"" (L) — (L)% (L)]U;

= U+ (II""(L) — II(L))Y;. (D.54)

Using the results from Lemma D.4, Theorem 4.1 where we showed that %} ||ﬁl("T) — 1] =
Op(y/nr/T), combined with 372 [|1T;|| = o(T~) if log(T)/nr — 0as T — oo, we can
conclude that

T
~ 1 ~A o~
Sy = UU! = U U]+ 0,(T7Y2) 2 57 (D.55)
T _ t — t
nT t:TLT—l-l t 7LT+1

Toshow that & 3"/, Z/_, X' Z,_1 convergeto J = E[Z]_, ¥;" Z,_1] in probability, since Xy 2
Xy we only have to show:

1 T p

© T i1 Yit—iYkt—i' — ElYit—iYri—j],
1

* T t 1 Yit— jukt ]’_>E[y2t ]ukt]]

o g 2 Bl g )

The first is proved in Lemma D.4. The second can be proved in a similar manner. Start by
writing

T T T
1 . 1 1 N
T Z Yit—jUkt—j = 7 Z Yit—jUkt—j + T Z Yit—j Uk p—jr — U p—j1)
t=l
= *Zyzt jUkt—j + Z Z Z (Thok? m = Tk ;m ) Yit—5 Yk t—m
t | m=1k'=1

o0

T
+%Z > Zﬂ'kk’myzt FYR t—m (D.56)

t=l m=nr+1k'=1

Proving that the first term in (D.56), % EtT:, Yi,t—jUkt—j, CONverges in quadratic mean to
Ely;—jug—j] is very similar to the proof in Lemma D.4 where we express y;;—; as an infi-
nite MA so we omit the details to shorten the exposition. Proving that the second and third term
converge to zero in probability is also similar; combine the results of Lemma D.4 and Theorem 4.1
for the second, Lemmas D.3 and D.4 for the third. Combining all these results we can conclude that
v e .

For the asymptotic distribution, since £, 2 X, the limit distribution of —& Zt 2 35t
will be the same as that of % ZtT:l nglx(}lUt. For the latter, we can prove the asymptotic
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normality using an argument similar to the one used in Francq and Zakoian (1998, Lemma 4).
The argument is the following. Neglecting the constants in X!, % EtT:l Z{_lzllet contains

terms such ﬁ ZtT:l Wi Ykt—; Withd, bk =1,..., K and j = 1,...,max(p, q). Using the MA(c0)
representation of Y3,

1 T 1 T K oo
ﬁ ZI Ui tYkt—j = ﬁ ZI Us ¢ Z Z wkk’,j’uk’,t*j*j’
t= t=
>
t

k'=13'=0

1L a0, L 5,
— S A4 YAl (D.57)
T — t \/T tZ::l .t

where for any positive integer r,

r K
1
AL = SN v i e, (D.58)
§'=0k'=1
00 K
2
A$7t) - Z Zwkk’,j’ui,tuk’,t—jfj’- (D.59)
Jr=r+1k/=1

First note that Aﬁ}Q is a function of a finite number of values from the process {U; }. Therefore, the

stationary process {A§}2} satisfies a mixing property of the form (2.3). Lemma D.2 implies that
% Ztsz Af,lt) has a limiting distribution A/(0,%,) and as r — oo, 7, — 1.
Now we will show that E[-1 (Zt lAft))z] converges to 0 uniformly in 7" as » — oo. It will

follow that the I|m|t|ng distribution of f ZtT 1 Wi tYkt—; 1S the same as the limiting distribution

Zt ! Tt ) from a straightforward adaptation of a result given in Anderson (1971, Corollary
7 1 1 p. 426). We have

T T o) K
1 S A =y 1 DI 4
ﬁ T,t — ar ﬁ wkk,,j,uz)tuklvtijij/
t=1 t=1 j'=r+1k'=1
J
00 0o K K
< T DT Wk s ] TZZ’COU Wi Wky t—j—jy 5 Wit/ Uk t/—j—j3 )|
J1i=r+1jo=r+1k1=1ko=1 t=Il t'=l
00 0o K K
< E § E § ‘wkkl,gl Wkkg,gz T § § |cou( (wi,ptugy b —j—g13 Wit/ Ukg t'—j— J2)|
j1:7‘+1j2:7’+1k1:1 ko=1 t=Il t'=I

o)

00 K
SIS Z > [y gy [k, o] (D.60)

J1=r+1jo=r+1ki=1ko=1
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for some positive constant C following a similar argument as in the proof of Lemma D.4. Thus,

T
1 (2)]
—=> A% -0 (D.61)
v T t=l

sup Var
T

asr — oo.
We can extend this asymptotic normality to all the elements of % ZtT:l Z;,lxglUt to con-
clude that

T
\% N7 55 -5 N0, 1) (D.62)
t=l

with I defined in Equation (4.22). From this,
VT (5 — ) -4 N (o, J*lijfl) . (D.63)

From the preceding results, it is obvious that .J can be consistently estimated by J; as defined
in Equation (4.24) and using Theorem 2 of Newey and West (1987) or more explicit results from
Francq and Zakoian (2000) for weak ARMA models, we know that I 2 T if we take m4/T — 0
with mpr — oo as T — oo.

Proof of Theorem 4.3. First we can rewrite X;, W; and V; as

Xi=0(L) Yy, Wi=0(L)'U;, Vi=6(L)"Z (D.64)
We can also rewrite U; + X; — W; as

U+X,—W, = OL) 'Y, +U,—O6(L)"'U,
= é(L)il [Zt_l")/ + Ut] + Ut — é(L)ilﬁt
= é(L)_lzt_l’)/ + é(L)_lUt + Ut - é(L)_lUt

= Viery+ Ui + (U = Uy) — O(L) " (U: — Uy)]

= Vioiy + Up + O, (T7Y2). (D.65)
With this, the regression becomes
T T “lrr o i
yo= Z th—lzﬁlvt—l Z Vt/_lzﬁl (Ut + X — Wt)]
Lt=l’ J Lt=1’
A ~ ~ _ 117 T ~ ~
= ZWlez;lm—l thl,lzal‘/%_l v+
Lt=1/ i
o 1trr
> V5 i S VLS U+ op(T7H). (D.66)
Lt=l’ J Lt=l’
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Just like in the proof of theorem 4.2 we see that 4 — v = Op(T—l/Q). With a similar application of
Ibragimov’s central limit theorem as in the proof of Theorem 4.2, we conclude that

VT =) 5 N (0, j—lfj>

where I and .J are defined in Equation (4.26). As in the proof of theorem 4.2 the matrices / and .J
can be consistently estimated respectively by I and Jp as defined in Equations (4.27) and (4.28).
Proof of Theorem 4.4. The variance of MLE for i.i.d. Gaussian innovations is given in Liitkepohl
(1993):

I = plim

Z oY ,1aUt

5 (D.67)

We can transform this expression so as to obtam an equation more closely related to our previous re-
sults. First, we split ~ in the same two vectors ~; (the AR parameters) and -y, (the MA parameters),
then we compute 90U, /v and U, /dv4. We know that

U; = — 1Y — — @pY;gfp +6Ui_1+---+ @qUtfq. (D68)

So taking the derivative with respect to v/:

aUt 8Ut71 8Ut_q
= —Zel-di D.69
67,1 el:dim(y,),t—1 + 61 87,1 + + Qq 87’1 , ( )
oU,
(L) 67’t = _Zolzdim('yl),t—l ) (D.70)
1
U, _
It = _Q(L) 1Z01:dim(’y1),t—1’ (D?l)
2%}

Where Zg1.dim(y, ),t—1 IS the first dim(~,) columns of Z;_;. Similarly, the derivative with respect to
75 is

aUt 8Ut 1 aUtf
87/2 Zodnn(wl)—‘rl :dim(y),t—1 + 64 PN / +ot @q a,YIQq

- _@(L)_lzodim(’yl)—i—l:dim('y),t—l (D72)

Combining the two expressions we see that

=—Vi1 (D.73)

so the variance matrix for the maximum likelihood estimator I is equal to the matrix ng from the
third step estimation. Moreover if U, is i.i.d. we see that we have the equality J3) = I(3 so that
the asymptotic variance matrix that we get in the third step of our method is the same as one would
get by doing maximum likelihood.
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Proof of Theorem 4.5.
For the weak VARMA case, from the results in Boubacar Mainassara and Francq (2011) we
know that the asymptotic covariance matrix of the QMLE estimator of ~ is equal to J~17.J~! with

o0 !
I=4 Z Cov |U, ¥71 %; U 271 Uk ., J=2E Ut 1 O . (D.79)
v oy 07 oy
k=—oc0
In the proof of Theorem 4.4 we established that 90U, /0+' = V;_;. From this we see that J = 2J(3),
I = 413 and our third-step estimator has the same asymptotic variance-covariance matrix as the
non-linear least squares estimator if the innovations are only uncorrelated.

Proof of Theorem 5.1.

Let us denote by Xy (p, q) the value taken by Xy for given orders p and . The true value of p
and ¢ is denoted by pg and go. The difference between the information criterion for given values of
the orders p and ¢, and the true values pg, qg is equal to

(log T)1+6

- (D.75)

log (det S (p, g) ) ~log (det Lo (po, go) ) +[dim y(p, ) — dimy(po, 40)]
First, consider the case where p < pg Or ¢ < qqg. Inthis case, as T" grows to infinity, uniformly across
the orders (p, ¢), eventually det Xy (p, q) > det Xy (po, qo) because of the left-coprime property.
As argued for example in Hannan and Rissanen (1982, p.90) if this result does not hold, then it
would mean that a model with smaller orders would be giving the minimum prediction error. So
while the penalty is increasing with the sample size, (D.75) would become positive as " — oco. So
eventually we must have p > pg and ¢ > qo.

Next, to discuss the case where p > py and ¢ > qo, We can start by writing the residuals of the
second step estimation as

O = ®(L)Y,— (6(L) - Ix) U,

= [8() - (6(L) - 1) 1) ()] v
= [8) - (8(1) — i) 1) (L)] wo(L)T
- (L) — O(L) [T (L) + 1) (L) | wo(L)U;
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= [(B(2) = @o(L)) wo(L) + (O0(L) = (L)) = X(L) + C(L) + Ix | U, (D.76)
where . )
(L) = 6(L) (H("T)(L) - HO(L)) Wo(L) (D.77)
C(L) = (ﬁ(”T)(L) - HO(L)) o (L). (D.78)

For the case where p = pg and ¢ = qo, from the results of Theorems 4.1 and 4.2, it follows that with
an obvious abuse of notation®

I(@(L) = Bo(L))¥o(L)]| = Op(T~?), (D.79)
IX(L)]| = Op(v/nz/T), |C(L)| = Op(v/nr/T). (D.80)
Using the above representation of the residuals U;, we get
N 1 &
Su(po.qo) = = > U+ Op(npT ™). (D.81)
T t=nr+1

Next, we discuss the case where p > pg and g > g with p > pg or ¢ > ¢o. To put a lower bound
on det(Xy(p, q)) across (p, q), we re-arrange equation D.76 as

Uy = [Y(L)Bo(L)*Wo(L) — x(L) + C(L) + Ix] Uy, (D.82)

where
T (L) = &(L)Oo(L) — O(L)Po(L), (D.83)
X(L) = O(L) (ﬁ(”T)(L) — HO(L)> Wo(L), (D.84)

with ¢(L) and ©(L) of orders p and ¢ respectively that would satisfy Assumption 2.1. We can first
point out that the term C'(L) does not vary with the orders (p, ¢). Also, uniformly across the orders
IX(L)|| = Op(y/n7/T). Now, We can minimize det X/ (p, q) with respect to 7" freely and then
with respect to @. This will give a minimum no greater than the true minimum obtained from the
minimization over ¢ and ©. Through the minimization with respect to 7" we see that uniformly
across the orders

T
det(i’U(p, q)) > det (; ; UtUt'> + Op(nr/T) . (D.85)

3For example, by [|(©(L) — O(L))||* we mean >/ =0 | 377, (Bk 5 — Oin5)*.
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Thus eventually

= = ) ) (log T')'+9
log[det Xy (p, )] — log[det X7 (po, qo)] + [dim y(p, ¢) — dim y(po, qo)] 7
145
> [dim(p.q) — dimy(po. )] LET 4 0, (/7). (D.86)

If we choose ny = O((log T)'+°1) with §; > 0 and 6; < &, the above lower bound is positive
unless p = pg and ¢ = qo. and the probability that p = py and ¢ = ¢ converges to one as T' — .

Proof of Theorem 5.2. The proof is similar to the proof of Theorem 5.1.
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