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ABSTRACT

The authors propose inference methods for endogeneity parameters in linear
simultaneous equation models allowing for weak identification and missing
instruments. Endogeneity parameters measure the impact of unobserved
variables which may be correlated with observed explanatory variables, and
play a central role in determining the “bias” associated with endogeneity and
measurement errors in structural equations. These results expand, in several
ways, the finite-sample theory in Doko Tchatoka and Dufour (2014) for
this problem. The latter theory relies on relatively restrictive assumptions, in
particular the hypothesis that the reduced form is complete (e.g., contains all
the relevant instruments), which is questionable in many practical situations.
While the new proposed inference methods retain identification robustness,
they also allow the reduced form to be incomplete, for example, due to missing
instruments. The authors propose easily applicable inference methods for
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endogeneity parameters — in particular, two-stage procedures (similar to
those in Dufour, 1990). An application to a model of returns to schooling is
presented.
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1. INTRODUCTION

In a linear model where some explanatory variables are correlated with the error
term, least squares yield inconsistent estimators of model coefficients. One pop-
ular solution consists in using instrumental variables (IV), which are uncorre-
lated with the error term, but correlated with explanatory endogenous variables.
However, when this correlation is weak, IV estimation can be very imprecise and
yield unreliable tests and confidence sets. This is the weak-instrument problem
which has attracted considerable attention (e.g., see Bound, Jaeger, & Baker,
1995; Dufour, 1997; and Staiger & Stock, 1997; for reviews, see Dufour, 2003 and
Mikusheva, 2013).

An important objective of the weak-instrument literature is the development
of identification-robust inference procedures, which remains valid even when the
instruments are weak. This literature, however, has focused on the coefficients of
the explanatory variables. In contrast, we are interested in the parameters that
give rise to the source of endogeneity in the first place: the covariances between
the (possibly) endogenous variables and the error term.

As argued in Doko Tchatoka and Dufour (2014), there are several reasons
to study endogeneity parameters. First, these provide a measure of the impor-
tance of latent variables, which are unobserved but can influence the (observed)
endogenous variables. Second, they give information on the estimation bias of
least-squares estimation. Understanding this bias is helpful in interpreting least-
squares estimated and related statistics. Third, knowledge of the degree of endo-
geneity can help the investigator select the appropriate estimation method: it is
known that IV can be less efficient than least squares when endogeneity is small,
and this is true even when the instruments are strong (see Doko Tchatoka &
Dufour, 2014; Kiviet & Niemczyk, 2012; and Kiviet & Pleus, 2017).

In this chapter, we develop three new inference approaches for the covari-
ances between the endogenous variables and the error term. All three approaches
are robust to missing or unobserved instruments. This constitutes an important
extension of the previous work (Doko Tchatoka & Dufour, 2014) which also takes
interest in endogeneity parameters, but assumes that the reduced-form equation
is complete (i.e., includes all relevant instruments). This latter assumption is sus-
pect in many practical situations.
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1. The first approach (Section 4) is asymptotically robust to weak instruments.
It is based on the following insight: if we knew the regression coefficients of
the endogenous variables, there would be a natural plug-in estimator for the
covariances of the endogenous variables and the error term. Since we do not
know the endogenous-variable coefficients, we construct a two-stage inference
procedure, using the Anderson and Rubin (1949) test for the first stage and
Dufour (1990) for the second stage. As we allow for weak instruments, this
approach is an extension of the results of Dufour (1987), whose assumptions
exclude weak instruments.

2. The second approach (Section 5) modifies the inference from Doko Tchatoka
and Dufour (2014) for the total effect, that is, the sum of the direct and the
indirect effects of the endogenous variables on the dependent variable. Our
modification yields another two-stage procedure which is robust to both unob-
served (or missing) and weak instruments. By considering inference from the
perspective of the total effect, we extend a procedure in Dufour and Jasiak
(2001), who study the total effect in the context of a different model.

3. The third approach (Section 6) is inspired by the literature on exogeneity test-
ing, which focuses on the difference between least squares and IV estima-
tors; see Durbin (1954), Wu (1973), Revankar and Hartley (1973), Hausman
(1978), and Doko Tchatoka and Dufour (2016, 2020). On observing that
this difference can be viewed as a measure of the OLS bias, which is directly
related to the endogeneity covariances, we develop an alternative approach to
the problem.

The chapter is organized as follows. In Sections 2 and 3, we state and discuss
the assumptions of our framework. The assumptions in Section 2 focus on speci-
fication, algebra, and notation, and those in Section 3 are statistical in nature.
In Sections 4-6, we develop the three inference approaches for the covariances
between the endogenous variables and the structural error. In Section 7, we dem-
onstrate how to implement our theory to returns to education. Finally, in Section
8, we summarize the results and discuss some ideas for future work. Proofs are
available in an (online) Appendix.!

2. FRAMEWORK AND NOTATION

In this section, we describe our general framework, and we introduce relevant
notation. Asymptotic assumptions are discussed in Section 3.

2.1. Basic Structural Framework

Assumption 1 ( Structural equation).
y=YpB+Xy+u E@u)=0, 2.1)

where yisa T x1 vector of dependent variables, Yisa T xG matrix of (possibly)
endogenous variables, and X, is a T x k; matrix of exogenous variables.
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Assumption 1 is maintained throughout the chapter. Here, the word “exogenous”
may mean “strictly exogenous,” “weakly exogenous,” or “predetermined.” In
particular, X does not have to be nonstochastic or strictly exogenous. Explicit
asymptotic assumptions are stated in Section 3.

We next consider several alternatives for the reduced-form equations for Y in
(2.1). Any new notation is immediately clarified after these alternatives.

Assumption 2 ( Reduced-form equation. general form I).
Y =g(XILV). (2.2)
Assumption 3 ( Reduced-form equation: general form II).
Y =g(X,ID)+V. (2.3)
Assumption 4 ( Linear reduced-form equation I).
Y=X1II, + X,IL, + X,II, + V. (2.4)
Assumption 5 ( Linear reduced-form equation I1).
Y =XII, + X,II, +V. (2.5)

Above, V'is a T x G matrix of “reduced-form errors,” while X, and II,
are Txk, and k,xG matrices of exogenous variables and fixed coefficients,

respectively, where i =1, 2, 3. The matrix II=[IT}, II,, II;] has dimension
k xG and contains unknown coefficients. For convenience, we set:

Y =[Y.X\], X=[X.X,], ki=k+k, (2.6)
X =[X,X,,X,), k=k+k +k, (2.7)
for gin (2.3): g:=g(X,I). (2.8)

Here, := means “equal by definition.”

In Assumptions 2-5, X, represents instruments excluded from the structural
equation of interest but used for IV estimation, and X, represents missing or
unobserved instruments. It is clear that Assumptions 2-5 go from most general
to most specific. The combination of Assumptions I and 5 is the most popular
one in studies of simultaneous equation models. If (2.5) is assumed but the actual
reduced-form equation follows (2.4), this constitutes a misspecification in which
the variables in X, are omitted. Similarly, if (2.5) holds but the actual reduced-
form equation follows (2.2) or (2.3), the misspecification entails both the omission
of X, and arbitrary deviation from the correct form.

To ensure the validity of many algebraic manipulations below, we also make
the following assumption. Below, the matrices P() and M (-) =1 — P(-) yield the
orthogonal projections onto and off the column space of the input matrix.
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Assumption 6 (Column rank). X,[Y,X] and [P(X)Y,X,] have full-column rank
with probability one (conditional on X).

In this chapter, we focus on inference for endogeneity parameters which cap-
ture the covariances between Y and u when Assumption 3 holds. In our framework,
the covariances between Y and u (for each row) are the same as the corresponding
covariances between J and u. By allowing missing instruments (X), our frame-
work also accommodates various forms of heteroskedasticity.

In this context, identification-robust (IR) inference on 3 can be achieved by
using the Anderson and Rubin (1949) (AR) statistic for testing = (,:

(y=YB) M(y-YB)I(T—k)’

where M, = M(X,), M := M(X) and 3, € R®. However, we focus here on the
link between u and Y. For this purpose, we consider the decomposition

u=Va+e, (2.10)

where a (the “regression endogeneity parameter”) is a fixed vector, and e is, in
some sense, uncorrelated with ¥ and X. The coefficient a can represent the effect
of V on u which then gets transmitted to y. The unobserved variable V also affects
y through Y, so that the “total effect” of V" on y is given by

0:=B+a. @.11)

Under Assumption 5, 0 may be estimated by considering the “orthogonalized
structural equation”

y=YpB+Xy+Va+e=YO0+X,(v—1l,a)+ X,(—Il,a)+e (2.12)
and values of 6 can be tested by the corresponding AR-type F'statistics for 6 =0, :

F(O,) = (y—qu)'[M—M(Z)](y—Y%)/G’ 2.13)
yM(Z)y (T -G —k)

where Z:=[Y,X,,X,] and 6, € R®; see Doko Tchatoka and Dufour (2014).

In this chapter, we do not wish to be restricted by the assumption of a com-
plete reduced form (Assumption 5). When Assumption 4 or Assumption 3 holds,
the strategy above for 6 does not work. In Section 5, we show how to use Fin the
presence of missing or unobserved instruments to obtain inference on the covari-
ance between Y and u.

2.2. Notation

We collect here several definitions used throughout the chapter. The motivation
for some of these will be become clearer when the asymptotic framework will be
introduced (Section 3). We start with those that have already appeared but are
reproduced here for completeness:
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endogenous variables: y,Y (dimensions 7' x1, T xG);
exogenous variables: X, X,,X; (dimensions T xk,, T xk,, T xk;);

Y=[Y,X, X=[X,X,], X=[X,X,.X;l, Z=(V.X.X,); @14
k=k+k, k=k+k +k, T=[I.IL,I,].
From these, we consider the following projection-based matrices:
P:=P(X,), M, :=M(X,), P=P(X), M:=MX), (2.15)
N,:==PM,=M,P=M,—M=P—P, (2.16)
B=Y'MY)'YM, B :=XNY)'YN,. (2.17)

P, M, P and M are useful abbreviations, while N, and B, are used in the
second-stage regression in estimating 3 (as opposed to ) using IV. B, is the OLS
counterpart of B, when one estimates 3 using least squares. It is easy to verify

BY=I,=BY, BX,=0=DBX,. (2.18)

In this context, the OLS estimator ( B) and the IV estimator (3 ) of 3 are
given by:
3=By, B=By. (2.19)
_ We also consider matrices related to the asymptotic covariance matrices of
B and S :
S N N
Qous =Y MY, Q= YNY - Qo= ¥ MY, (2.20)

where QOLS*Z corresponds to estimating the (asymptotic) covariance of the OLS
estimator of # in (2.12). Further,

C,=B,—B, N, =I,—MYB,, A=0.-Q, (2.21)
A, = %MIN;NZMI, A, = %M[Y] = %MIM(MIY)Ml. (2.22)

The equality of the two equivalent expressions for A, follows from the Frisch—
Waugh-Lovell (FWL) theorem. The matrices C, and N, are associated with the
difference 3—0:

5 Al
B-B=Cy=Cu= —QO'LS[?Y M N,u]. (2.23)

A appears in the (asymptotic) covariance matrix of 5— 3, while A, and A, are
associated with the estimation of the variance of u:
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&=y ANy, 6 :=yAy X=6A r=T—-k-G. (2.24)

& is the OLS estimator of the (structural) error variance. We note also that

the IV residuals y=YB—X7. belong to the column space of M, [where
7=(X,X,)"'X,(y—PYp) is the IV estimator of ], hence

y*YB*Xl’?:Ml(y*YB*Xl’?):Ml(y*YB):Nley- (2.25)

Consequently, &° gives the IV estimator for the variance of the structural
error. We use (2.24) to define

T =w(B-B)S(B-B), K =(TIkr)7. (2.26)

The statistic 7 was originally proposed by Wu (1973), while 77" is a variant
of the Hausman (1978) statistic conwsidered by Hahn, Ham, and Moon (2011).

Finally, let ¢ be the binary relation indicating both terms having the same lim-
iting variable. For any symmetric matrices 4 and B, define 4> B(A=B) to
mean that 4— B is positive (negative) semidefinite. Lastly, = and < are defined
analogously.

3. ASYMPTOTIC ASSUMPTIONS

In this section, we describe general asymptotic assumptions for studying the
behavior of inference procedures when instruments are missing. We also discuss
their meaning and derive a useful dominance lemma.

Assumption 7 ( Convergence, I). For g = g(X,II) in (2.8), we have :

2
1z [uV] 200 xS o Luviu S s=l T % G
T8 T T T T o, %,
%, %
I . 1 12 lg s, EXg
) R = 21 2 26 | T > .
[X.g][X, gl - X=Xy X (3.2)
T EgX Zg
S, %, N,

where &, ¥ and ¥,,%;'S,, are positive definite.

Assumption 7 entails we can use laws of large numbers in our context. It
encompasses cases with a set of “missing” instruments in g. It is easy to see that
Assumption 7 entails the following convergence properties:

Qors = plimQOLS’ Q0Lsi,z = plimQOLS,Z’ (3.3)

Q= plim%Y’NlY, Y, = plim%Y'Y. (3.4)
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We have the following identities:

5y =%,4%, Qus=%,+%,-5,5'% (3.3)

1g>
QOLs,z = ZV + Zg _ngz;(lzxg > le = EgXZ;(IEXg _Zglelzlg' (3.6)
Further, the following lemma gives a number of useful related inequalities.

Lemma 1 (Upper and lower bounds for ¥,). Under Assumptions 1, 3, 6, and 7,
we have:

Oy (‘712« )71‘7141/ =3, = QOLS,Z = Qs XXy, (3.7)

) . .
where the parameters o, Qg5 ,, o5, and X, can be estimated consistently.

The consistent estimation of o7, Qq;5,, Qos, and T, is obvious. Lemma 1
represents the price we have to pay to have the flexibility of Assumption 3 or
Assumption 4. The (matrix) bounds on ¥, can be consistently estimated, but not
¥, itself. As a result, we design our inference approaches so that they do not rely
on a consistent estimator of ¥,. Even when a consistent estimator of ¥, is avail-
able (e.g., under Assumption 5), we need to use it judiciously (this will be discussed
below.)

Under Assumption 7, we can define a and e as follows:

a=%'o,, e=u—Va. (3.3)

Then, it is not difficult to show that

—ee= %(u—Va)/(u—Va)T;;c ot —o 5o, =0l (3.9)

To state results regarding convergence in distribution, we need an additional
assumption. We consider here the following one.

Assumption 8 ( Convergence, II).

' ' d \ L _
Loyee| X XV L ]| xe ~N(02®T).,  (3.10)
JT gu gV ||To= v, Y,
1. d
VT Va0, ] = W, ~ N10.9,,) (3.11)

where Q,, :=0.%, +0,,0,,. Moreover, Wy ¥y, ¥, ¥, ) and VU, are
independent.

As with Assumption 7, Assumption 8 can readily accommodate unobserved
instruments, as well as both strong and weak-instrument asymptotics. The
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multiplicative form of the covariance matrix in (3.10) follows from the asymptotic
orthogonality between {X,g} and {u,V'} (Assumption 7). When

7= XTI, + X,IL, + X,II,, (3.12)

(3.10) is implied by Assumption 4.1 in Doko Tchatoka and Dufour (2020). The
same asymptotic orthogonality between {X,g} and {u,}’} motivates the inde-
pendence specification on the last line of Assumption 8. The additive form of the
asymptotic covariance matrix in (3.11) is suggested by Isserlis’s Theorem (Isserlis,
1918), also known as Wick’s Theorem (Wick, 1950).2 The intuition here can be
seen by considering the case where the vectors (u,,V,) are i.i.d. with covariance
matrix ¥ (defined in Assumption 7). Then, (3.11) holds with Q,, = E[«’V,V}].

Note that (x,,V,) do not have to be multivariate normal, but if they are so
asymptotically, then we can use Isserlis’ Theorem to compute E(u’VV,) as if
(4,,V;) is multivariate normal.

Assumptions 7 and 8 hold in cases where the vectors (u,,V,) are i.i.d. (with
appropriate finite moments), but they also allow for some error heteroskedastic-
ity and autocorrelation in finite samples. However, the influence of these features
disappear in the asymptotic distribution of the statistics we consider below.

4. TWO-STAGE INFERENCE FOR ENDOGENEITY
COVARIANCES

In this section, we discuss inference methods based on a two-stage process which
makes joint inference on the structural parameter § and the endogeneity covari-
ances o,,. Due to the possibility of identification failure (or weak identification),
this turns out to be important for building identification-robust inference meth-
ods. We rely on the fact that identification-robust inference on 3 is already known
to be feasible. This feature is then ported to joint inference on 3 and o, and
finally to inference on o, alone.

4.1. Inference for Structural Parameter (3

We discuss inference for the structural parameter 3, which can be viewed as a first
step in the process considered here.
Proposition 1. Suppose that Assumptions 1, 3, and 6-8 hold. Then,

d
AR(ﬁ)Tj%Xzz Ik,. 4.1)

This asymptotic convergence holds regardless of whether the instruments are
strong or weak. The null distribution of the AR statistic does not depend on the
form of the reduced-form equation. Using (4.1), we can construct an asymptotic
confidence set for g

I3*(a)=1{8, € R" : AR(5)) < Q. (xi, )/ k. }. (4.2)
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This confidence set can be unbounded, which indicates identification is weak.
In this case, the unbounded confidence set remains useful as it should lead to
searching for other instruments or changing the model.’

4.2. Conditional Point Estimation of Endogeneity Covariances

We now develop the first inference approach to o, . On setting
. 1,
Oy, =plim, FY u 4.3)

and using Assumption 7, it is easy to see that
OYu = UVLl' (44)

An advantage of viewing o, as o, is that Y is observed. If # is an estimator
of u, then

u

s, :%m (4.5)

is an estimator of o . In particular, for any candidate value 3, for the true 3, we
can form

7,,(3))=0y,(5,) = Y u(By), u(By):=M,(y—Yp5). (4.6)

One can verify that

0y, (By) =0y, = Qg (é By — ) olLsUVu) 4.7)

This closely links the conditional estimator of o, (“conditional” in the sense
that &,, entails havinga candidate for (3) to a bias- corrected estimator 3 — QOLSO'Vu
for (3. In the next subsection, we look at this bias-corrected estimator.

4.3. Joint Inference for Structural Parameters and Endogeneity Covariances

The bias-corrected estimator (3— QB'LSJVM satisfies the following convergence
result.
Lemma 2. Suppose that Assumptions 1, 3, and 6-8 hold. Then,

\/—(ﬁ B- QOLSUVIA) - N[O g Q01_s + QB}.SUWUWQB}_S ] (4.8)

In our context, a candidate for o, will be supplied by a hypothesis test. To use
(4.8), we need a consistent estimator of o>. We know that 6 underestimates o
asymptotically, and while & is consistent for o7, though convergence may be
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slow when the instruments in X, are weak. Given for 3 and o, (both with dimen-
sion G x1), we consider:

62(6,) = %(y—Yﬂo)/Ml(y—mo), 4.9)

V(By00) =02 (8)%1s + Qo500 Qots (4.10)
W(By,04)i=T(B— By — Qors00) [V (Bys 0 I (B— B, —is0,). (4.11)

We can then prove the following convergence properties.

Theorem 1. Suppose that Assumptions 1, 3, and 6-8 hold, and let 5>, V, and W
be defined as in (4.9) and (4.10). Then,

‘7,12, (B)Ti’ Uja V(B’O-VM)TL‘O—I’;)Q 61Ls +Q E)ILSUVuauVQ E)lLs: (4.12)
d
W(5.0,,) X (4.13)

Theorem I can be exploited in two ways. First, (4.13) allows one to perform an
asymptotic test for the joint hypothesis 5=, 0, = o, by comparing W (5,,
0,) with the appropriate quantile of x;. Second, (4.13) allows one to perform
an asymptotic test for o, given 3. Under the assumptions of Theorem 1, we have:

d
T [6,,(8)=0v,] = N[0.020015 + 01,0, ] (4.14)

Then, the function W — which is originally defined as a function of B— B,
— has the interpretation:

W(B00) = TG, (8) =) [62 (B)R o5 +040 | (61 (By) —0,). (4-15)

This perspective of inference for o, conditional on 3 induces the application
of the results of Dufour (1990) in the next subsection.

4.4. Projection-based Inference for Endogeneity Covariances

Let 1—a be the nominal level for the desired confidence set for o, . Let o and a,
be any positive real numbers such that o, +a, = .. Define: V3, € R,

I (:8,):={o, € R :W(B,,00) <O, (X&)} (4.16)
G (01.00) :={(By,00): By € 13" () and 0, €T}, (,35,)},  (4.17)
I, (a.00):={0, € R :(By.0,) € Gy, (ay,) for some 3, € I}% (o)}, (4.18)

These can be interpreted as follows: (1) ]I:,VN (a3 5,) 1san asymptotic confidence
set for o, given 3= 3;; (2) G('M/”)(al, o,) is a joint confidence set for (3,0)
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obtained by taking the graph of the set-valued map [, '_’Hlm (a,;8,) for
By €17 (y): (3) T, (ey.n) is corresponding the projection-based confidence
set for o. The validity of these confidence sets is established by the following
theorem.

Theorem 2. Suppose that Assumptions I, 3, and 6-8 hold, and let 1—« be any
nominal coverage probability and let T5%(,) be as constructed in (4.2). Then,

forall oy >0 and a, >0 such that o, +a, = @, Gy, ,(ay, ) and I, (o, )
are asymptotic confidence sets of nominal confidence level 1—« for (5, 0y,) and
o, respectively, that is,

lim Pr((5,0,,) € G, (a,00)] > 1—a, (4.19)

}im Pr{o,, € ]ILV” (a,0,)] > 1—0u (4.20)

This confidence set for o, does not rely on any specification of g other than
the general regularity assumptions stated in Assumptions 7 and 8. In particular,
we allow for nonlinearity, missing X,, and no obvious candidate as a consistent
estimator for X,.

5. INFERENCE FOR TOTAL EFFECT

In this section, we provide a second approach for inference on o,,,. We do this by
extending Doko Tchatoka and Dufour (2014) to allow for missing or unobserved
instruments. Like with ]Ifm , the confidence set built in this section (]Izw below) is
also robust to weak instruments.

These authors observe that, under Assumption 5, (2.12) is correct, and, under
regularity assumptions similar to those in Assumptions 7 and 8, it follows that

[—Y(B+a) M -MZ)y-Y(B+a)]lG

Fp+a)= M2y (T —G—k)

d
= xe/G. (5.)

d
Since a=Y,'0,,, we have: F(ﬁ‘i’E;lUVu)T*) Xe /G . This suggests the

following definitions: for any G x G positive definite matrix ¥, and any G x1
vector 3,

]Ii,,u (385,25 ) =10, € R : F(B, +E(;10'0) < Ql—o2 (Xé)/G},
G{ oy (1,003 50) = {(8y,04) : By € I5% (o) and 0, € T2, (013 5,.3,)},
I (4,00:5,) ={0, €R® :(8,.0,) € G{, ,, (1,03 %,) for some 3, € I3 (o)}
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If Assumption 5 holds, then

lim Prfo,, € 2 (ay,0,:%,)] > 1—a whenever o; +a, = o

The performance of the confidence set Hi depends on the strength of X, as

Vu
instrument. However, it is clearly vulnerable to misspecification of (2.5). Another
issue is that X, is unavailable.
When (2.5) holds, a natural candidate for estimating ¥, is

. 1 T 4
EV = mY MYzmQOLS,Z‘ (52)
However, F(3+Y%,'0,,) does not have the same asymptotic distribution as

F(B+%,'0,,). For 0:= (Y MY)'Y' My, we have:

T (6-8-3"0,)=NT (- B—a)+5,'NT (S, -5, )a. (5.3)

In the latter equation, the second term contributes to the asymptotic distribu-
A ~ ~ P
tion of VT (0—3-%,'a,,), evenif X, = Y, . The problem is more unpredict-

able when (2.5) is misspecified because i,, TL ¥, no longer holds. In the present

framework, it is easy to rectify the situation using the following lemma.
Lemma 3. Suppose that Assumptions 1, 3, and 6-8 hold. Then,

A N d
ﬁ(@ —B- E;IO—VM ) e N[O’O—LZtQE);‘S,Z + QBILs,nguUztvgz)lLs,z ] (5.4)

Under Assumption 5, ]Ifm (3 3,3) would treat the left-hand side (LHS) of (5.4)
as if its asymptotic covariance matrix were

21 _ 201 -1 -1
UeQOLS,Z = auQOLS,Z — 0,2 JVuQOLS,Z (5.5

where ¢’ is defined in (3.9). It is clear that the quantity in (5.5) is smaller than
the actual asymptotic covariance matrix in (5.4). Thus, even when Assumption 5 is
true, the joint test for 5=, and o,, = o, asusing F(f, —Q—i;lao) and a critical
value of x_ /G will overreject asymptotically, thus failing to achieve asymptotic
level control.

On the contrary, for the same joint hypothesis, we can use (5.4) to achieve
asymptotic level control with:

W(By,0,) =T =3, —5,'0,) 3(B,.0,) (0— 3, -5, 0,), (5.6)
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where
E(ﬂwao )= ou (ﬂo) QOLs )+ QE)[LS,ZUOU(/)Q(;ILS;' (5.7)
Even if Assumption 5 is not satisfied, we have (under the null hypothesis):

— d
W(B.00,) = X (55)

and valid confidence sets for o, [denoted ]I* (ay;53,) and ]I3 (ay,0,)] can be
built on replacing Wby W in (4 16) (4.18). Thls is formally stated in the follow-
ing theorem.

Theorem 3. Suppose that Assumptions I, 3, and 6-8 hold, and let a<€(0,1),
o, >0 and o, >0 with oy +, = «. Then,

lim P (B,0,)> 0. ()] = o, lim Pifo,, €L (a,0)]>1-a (5.9)

where ]If% (a,,,) is defined by (4.16) —(4.18) with W replaced by W .

6. EXOGENEITY TESTS

In this section, we present a third approach for inference on o, . Its rationale
derives from the observation that §— ﬁ can be interpreted as a measure of the
OLS bias, which in turn depends on the endogeneity covariances o,,. Under
Assumption 7, we have:

Ly Nu=LypPi-Lypu 5 0—0=o, (6.1)
T T T i

Ly mu=Lgivyu—Lypu L 6.2
7 qu? g+ )M*T luTj;o'Vu' (6. )

We can then take the probability limit of the difference in (2.23):

B_ p=-Cu=Bu— Bz“T%OC QBILSUVu - Q;\}O = QE)LSUW' (6.3)

This suggests to consider 3—3—g; 0, as for inference on o ,.

Theorem 4. Suppose that Assumptions 3 and 68 hold, and set

Wi(o,):= T[(B - B) - QBILSUO ],[QE)ILSUOU(/)QBILS + C~72A]71 [(/é - B) - QE)ILSC’O ]5 (6.4)
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where (2, and €, are as defined in (3.4). Then,
R A s d ) »
\/T[QOLS(ﬁ -B)— UVu]Tj; N[0,0y,0, + 0, (Qos2vQos —Qois)l - (6.5)
A~ A d
IT[(B3=B) = Qols01,] = N10.061601,0, Qols + 00 (U = i)l (6.6)

Further, for any G x1 fixed vector o, 0 <a <1, and

I (@)={o, R : W (o)) <O, (xo)}, (6.7)
we have:
d 2
W(on) — X (6.8)
}im Pr{o,, € I[:W ()]=1-a. (6.9)

We note that W (0) coincides with the Hausman statistic .7 = (T /k)7 .
Moreover, the confidence set I!  does not rely on a consistent estimator for %,
and is robust to general spec1ﬁcat10ns of g.On the contrary, as § and &° are
involved, ¢ -, 1s vulnerable if X, contains weak instruments. However, when X, is
strong, then H“ () should exhlblt better size control in finite samples as it is a
direct confidence set for o, that does not go through any two-stage construction.

7. APPLICATION TO RETURN-TO-SCHOOLING MODEL

In this section, we illustrate the theoretical results with an empirical example
using return-to-schooling data provided in Hayashi (2000). In turn, this data set is
a subset of that from Blackburn and Neumark (1992). A motivation for our selec-
tion of this application is that it has been studied in the related works of Kiviet
(2020) and Kiviet and Pleus (2017). This should give us comparability.

We begin by describing the data, the variables, and performing some prelimi-
nary calculations. We will compute ]IAR and ]Il . To simplify the presentation,
we do not compute I’  because, as we have seen in our simulation experiments,

performs very smnlarly to I », - On the contrary, while H ’ is generally not as
rehable as I! , the exogeneity-test based confidence set is easier to compute, so it
is included for comparison. Along the way, we also provide remarks on computa-
tion implementation.

A deep dive into this data set is within neither the intention nor the scope of
this chapter. Indeed, the objective here is to demonstrate the practical applicabil-
ity of the tools developed in this chapter. We will, however, provide a short discus-
sion at the end of the section.
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7.1. Data

Hayashi’s data contain a panel on nonblack men, each of whom appears in the
data two times, one before 1980 and one in 1980. We focus on the earlier appear-
ance. The dependent variable is log wage (Iw) and the explanatory variables are:
constant, dummy of residence in the southern states (rns), dummy for residency
in metropolitan areas (smsa), tenure in years (tenure), experience in years (expr),
iq (iq), age (age), schooling in years (s), and year dummies for the years 1967-
1971 and 1973 (there is no observation for 1972 and the year 1966 is excluded as
a constant is already included). There is also kww (score on the test “knowledge
of the world of work™), which is used as an excluded instrument, along with its
square and the squares of age and exp. Overall, there are T'= 758 observations.
In our notation, the above translates to:

T=75, y=1lw, X,= [kww,kww?, age®,expr’], k, =4. (7.1)

As for Y and X, Kiviet and Pleus (2017) consider:

G=2, k=12, Y =[s,iq],
v : , (7.2)
X, =[t, expr, rns, tenure, smsa, age, year dummies],

G=1, k=13, Y=igq,
v, : (7.3)

X, =, s, expr, rns, tenure, smsa, age, year dummies],

G=1, k=13, Y=s,

v, :
2 . .
X, =[1, iq, expr, rns, tenure, smsa, age, year dummies].

(7.4)

For brevity here, we focus on IV configuration. The working chapter version
of this work provides additional results for IV, and IV,.

7.2. Results

When ]IIM has to be computed in two stages, there are two complications: ]Ilg,,,,
is conservative and may be unbounded. In our example here, Y =[s, ig], the
eigenvalues of ¥ M(q,)Y are both positive, so the AR confidence set for 3 will
be bounded (Dufour & Taamouti, 2005), so constructing ! ., isalmost as easy as
constructing I .

In Fig. 1, we show both the ]Il and H4 confidence sets for o, in (6.7). By
comparing panels (a) and (b), we see that, desplte its inherent conservatlveness
]Il is not always larger than H4 . Kiviet and Pleus (2017) warn of “slightly
weak” instruments when both lq and s are treated as endogenous, but this is
not an issue for us as ]Ilm is identification robust.
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Fig 1. Confidence Regions for o,

8. CONCLUSION

In this chapter, we take an interest in endogeneity parameters: the covariances
between the endogenous variables and the error term. We have developed three
new inference procedures for these, all of which are robust to missing instruments.
Two of the procedures are robust to weak instruments, whereas the third proce-
dure can have better size control when the excluded instruments are strong.
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A venue for future work is the bootstrap implications of our results. The plug-
in estimator of Section 4 naturally suggests bootstrap inference. And, as we have
computed various asymptotic covariance matrices, it is easy to enjoy bootstrap
refinement by working only with pre-pivoted statistics.

NOTES

1. See also the discussion paper version of the article Dufour and Nguyen (2020).
2. The variant sufficient for our purpose can be stated as follows.

Theorem [Isserlis]. If (Z,,2,,2,,2,) is a zero-mean multivariate normal random
vector, then

E(2,2,2,2,)= B(2,2,)E(Z, )+ E(Z, 2, )E(2,2,)+ E(2,Z,)E(2, Z,)

where the indices 1<i,,i,,i;,i, <4 can be equal to one another.

3. As pointed out at the end of Section 3, Assumptions 7 and 8 do not preclude a certain
level of heteroskadasticity (or autocorrelation) in the error vectors, but these complica-
tions are asymptotically negligible. Allowing for stronger forms of heteroskedasticity or
autocorrelation would require modifications of the test statistics (along with the corre-
sponding confidence set procedures). But this would go beyond the scope of the current
chapter.
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