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LINEAR WALD METHODS FOR INFERENCE
ON COVARIANCES AND WEAK EXOGENEITY
TESTS IN STRUCTURAL EQUATIONS

ABSTRACT

Inference about the vector of covariances between the stochastic explana-
tory variables and the disturbance term of a structural equation is an im-
portant problem in econometrics. For example, one may wish to test the
independence between stochastic explanatory variables and the disturbance
term. Tests for the hypothesis of independence between the full vector of
stochastic explanatory variables and the disturbance have been proposed
by several authors. When more than one stochastic explanatory variable is
involved, it can be of interest to determine whether all of them are inde-
pendent of the disturbance and, if not, which ones are. We develop simple
large-sample methods which allow us to construct confidence regions and
test hypotheses concerning any vector of linear transformations of the co-
variances between the stochastic explanatory variables and the disturbance
of a structural equation. The main method described is a generalized Wald
procedure which simply requires two linear regressions. No nonlinear estima-
tion is needed. Consistent tests for weak exogeneity hypotheses are derived
as special cases.

1. INTRODUCTION

Inference about the vector of covariances between the stochastic explana-
tory variables and the disturbance term of a structural equation is an impor-
tant problem in econometrics. For example, one may wish to test whether
a set of stochastic explanatory variables are statistically independent of the
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disturbance of a structural equation, i.e., whether the stochastic explanatory
variables considered can be treated as “exogenous” (or “predetermined”).
In particular, it is well known that independence between explanatory vari-
ables and disturbances is usually needed to ensure that standard inference
procedures, like ordinary least squares or F-tests, are appropriate in linear
models. Furthermore, a number of economic hypotheses can be formulated
in terms of the independence between stochastic explanatory variables and
disturbances.?

Tests for the hypothesis of independence between a vector of stochas-
tic explanatory variables and a disturbance term were proposed by sev-
eral authors; see Durbin (1954), Wu (1973, 1974), Revankar and Hartley
(1973), Farebrother (1976), Hausman (1978), Revankar (1978), Kariya and
Hodoshima (1980), Richard (1980), and Holly and Sargan (1982).% These
articles deal especially with the problem of testing whether the full vector
of stochastic explanatory variables is independent of the disturbance. When
more than one stochastic explanatory variable are involved, it is often nec-
essary to determine whether all of them are independent of the disturbances
and, if not, which ones are. This can be useful, for example, to check the
specification of a simultaneous equation model (e.g., block recursiveness as-
sumptions) and to get more efficient estimators for such models.

Tests for the hypothesis of independence between a subset of stochastic
explanatory variables and the disturbance in a structural equation have been
proposed by a number of authors: Hwang (1980) and Smith (1984) studied
likelihood ratio (LR) tests, Hausman and Taylor (1981a), Spencer and Berk
(1981) and Wu (1983b) proposed extensions of the tests previously studied
by Wu (1973) and by Hausman (1978), while Engle (1982) derived Lagrange
multiplier (LM) tests.

Each of these procedures has important drawbacks, either practical or
theoretical. Some of them require nonlinear estimation, e.g., LR tests and
certain forms of the LM tests. All of them require a separate estimation for
each null hypothesis tested. It is difficult to construct confidence intervals
for the covariances of interest because covariance estimates or their standard
errors are not typically produced.

2 See Wu (1973). For an example of a structural equation where the stochastic
explanatory variables can be treated as “exogenous”, see Zellner et al. {1966).

3 Further useful discussions and extensions of these tests are provided by Bron-
sard and Salvas-Bronsard (1984), Engle (1982, 1984), Gouriéroux and Trognon
(1984), Hausman and Taylor (1980, 1981a,b), Holly (1980, 1982a,b, 1983), Holly
and Monfort (1982), Nakamura and Nakamura (1980, 1981), Plosser et al. (1982),
Reynolds (1982), Riess (1983), Ruud (1984), Tsurumi and Shiba (1984), Turking-
ton (1980), White (1982), and Wu (1983a).
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Hausman-type tests are better viewed as consistency tests. By com-
paring an efficient estimator under the null hypothesis with a consistent
estimator under the alternative hypothesis, one checks whether the con-
strained estimator is consistent (see Holly, 1982a,b; Hausman and Taylor,
1980, 1981b). When testing exogeneity, this is not equivalent to testing inde-
pendence between possible endogenous variables and the disturbance term:
the condition tested is weaker (unless special assumptions hold) and the test
may not be consistent. (This is easy to see from Hausman and Taylor (1980,
1981b) and Wu (1983b).) Even though this condition may be sufficient to
ensure the consistency or the efficiency of the constrained estimator, it is
not generally sufficient to guarantee the validity of inferences obtained from
the model by treating the regressors whose exogeneity is in doubt as being
exogenous: tests and confidence intervals pertaining to the various coeffi-
cients of the model may not have the correct levels, even asymptotically.*
In many if not most practical situations, the relevant hypothesis is whether
one can treat some stochastic explanatory variables as being exogenous for
all purposes of inference (i.e., the independence assumption).

In this paper, we consider a single linear structural equation and develop
a class of linear Wald-type procedures which allow us to construct confidence
regions as well as to test any set of linear restrictions on the vector of covari-
ances between the stochastic explanatory variables and the disturbance term
in the equation. Besides a set of instrumental regressions, all that is needed
is a simple linear regression which yields consistent estimates of both the
structural coefficients in the equation and the relevant vector of covariances.
The asymptotic covariance matrix of the coefficients is then easily obtained.
Using these results, one can test any set of linear restrictions on the co-
variances and construct confidence regions. Cross-restrictions between the
structural coefficients and the covariances may also be tested. Special cases
of this family of tests include tests of zero restrictions on the covariances,
either for individual covariances or subvectors of covariances. In particular,
one can compute in a routine way asymptotic “t-values” for each covariance,
an especially convenient instrument to explore the recursiveness properties
of a model. All the tests suggested are consistent.

Because they are based on consistent asymptotically normal estimators
different from the maximum-likelihood estimators (Wald, 1943), the tests
developed here should be viewed as generalized Wald tests rather than Wald
tests in the usual sense (see Stroud, 1971; Szroeter, 1983). We will not need
the information matrix associated with the maximum likelihood estimators.
As we shall see below, the tests proposed can be obtained as a byproduct of

4 See White (1982, p. 16), and Breusch and Mizon (comment to Ruud, 1984, p.
249).
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the estimation of a structural equation by any instrumental-variable method
(including two-stage least squares). They thus have a natural complemen-
tary with the latter estimation method.

In Section 2, we formulate the model considered and the assumptions
used. In Section 3, we describe the procedures proposed and formulate
the theorems underlying them. In Section 4, we examine three important
special situations: the case where we want to test independence between the
full vector of stochastic explanatory variables and the disturbance term, the
one where a subset of stochastic explanatory variables is taken a priors as
being exogenous and the case where the matrix of instruments includes all
the fixed (or exogenous) regressors in the equation considered. In Section 5,
we discuss econometric applications. Finally, in Section 6, we provide the
proofs of the theorems.

2. FRAMEWORK

We consider the model described by the following assumptions.
ASSUMPTION 1:
y=YB+2Zi1+uy, (2.1)

where y is a T x 1 random vector, u is a T x 1 vector of disturbances, Y
is a T x G matrix of stochastic explanatory variables, Z; is a T x K; non-
stochastic matrix of rank K;, # and v are G x 1 and K; X 1 vectors of
coefficients.

ASSUMPTION 2:
Y =2I+V, (2.2)

where Z is a T x K non-stochastic matrix of rank K, IT is a K X G matrix
of coefficients and V' is a T X G matrix of disturbances. Furthermore, we
will denote by yi, IIx and wy the kth columns of the matrices Y, IT and V
respectively (1 < k < G):

Y= [yl,...,y(;'], = [Hl,...,l'IG], V= [wl,...,wG]. (23)

ASSUMPTION 3: The rows (u¢,v;), t = 1,...,T, of the matrix [u : V]
are independent and normally distributed with mean zero and non-singular
covariance matrix
J00 §'
= , (2.4)
§ I

where
6 = (001,002, --,00¢);, L2z = [0jk] j, k=1,....G. (2.5)
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ASSUMPTION 4: Let Z = [Zy; : Z,) and II = [II}; : II}}!, where Z,
is the T x K, matrix of non-stochastic variables excluded from equation
(2.1), II, is the G x K, corresponding matrix of coefficients, Z;; is a set of
variables included in Z;, so that Y = Z11I13; + Z,II; + V, rank(Il;) = G
and T > 2G' + K;.

[This condition ensures identification of the coefficients of equation (2.1); see
Fisher {1966, p. 53). Note also that Z; is not constrained to be a submatrix
of Z.|

ASSUMPTION 5: The matrix —._}—.Z’Z converges, as T' — oo, to a positive
definite matrix Q,.

ASSUMPTION 6: The matrices +2{Z; and %Z’Zl converge, as T — oo,
to the matrices Q11 and @; respectively, where Q1; is positive definite.

We want to test some set of linear restrictions on the parameter vector
8, i.e., a hypothesis of the type

Ho cHé = do, (26)

where H is an r X G matrix of rank r < G and dj is a fixed r X 1 vector. Since
the vectors (u,v;)’,t =1,...,T, are i.i.d. normal, we obtain by regressing
Up On v;:

u=Va+e, 2.7

where a = 23,6 and the vector e is N[0,02Ir] independent of all the ele-
ments of V.5 Then, substituting (2.7) into (2.1), we get

y=YB+Z1v+Va+te, (2.8)

where the disturbance vector e is independent of all the regressors. The lat-
ter formulation illustrates clearly that the existence of correlation between
some of the regressors and the disturbance term in an econometric relation-
ship, as generated, for example, by simultaneous equations, may be viewed
as a problem of omitted variables. If the matrix V' were observed, we would
test any set of linear restrictions on the coefficients 8, v and a in equation
(2.8) by standard F-tests, and these tests would be exact in small samples.
In particular, linear hypotheses regarding the parameter vector a could be
tested by using the least squares estimate & obtained from (2.8). Further-
more, if Yg, were also known, the transformation § = X334 would allow
one to test Hy : H§ = dy by a standard F-test. The difficulty, of course, is
that neither V nor X3, are known. We also note that, although hypothe-
ses regarding & have relatively direct and intuitive interpretations (e.g., in

5 This transformation is also used by Revankar (19783), Revankar and Hartley
(1973) and Reynolds (1982).
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terms of independence), the auxiliary parameter vector a = 2;216 itself may
be of interest. One may wish to test linear restrictions on a directly in the
reparameterized model (2.8). In any event, we will deal with both problems.

We will first consider the problem of testing arbitrary linear restrictions
on the parameter vector a = (8',4',a')’ and then restrictions on the covari-
ance vector §. In each case, we will first define a vector of linear consistent
asymptotically normal estimators, derive the asymptotic covariance matrix
and propose generalized Wald tests. In particular, we will derive the asymp-
totic distribution of the covariance estimator 5 under both the null and the
alternative hypotheses. As a special case, it will be straightforward to test
zero restrictions on §, for example, Hp : §; = 0 where § = (6{,63)’. In the
context of the model considered here, the hypothesis §; = 0 is equivalent
to the independence between Y; and u, where Y = [Y;:Y3], or the weak
exogeneity of Y; inside equation (2.1).® Further, from the same results, it is
easy to construct a confidence region for any element or subvector of § or a.

3. DESCRIPTION OF THE TESTS

In equation (2.8), replace the disturbance matrix V' by the corresponding
ordinary least squares (OLS) residuals

V=Y -2z, (3.1)
where I1 = (2'Z)~12'Y. We obtain in this way the equivalent equation
y=YB+Ziy+Va+e =Xa+e', (3.2)
where X =[Y : 2, : V], a = (8,7, ')’ and
e =2Z(M-Ma+e. (3.3)

Also let
i)gg = V’V/T (34)

Under Assumptions 2 through 6, we have

v .
plimgT— =0, plim Xy =X, (3.5)

6 For a general discussion of exogeneity and related notions, see Engle et al.
(1983).
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(where plim refers to the probability limit as T — 00}, hence

MQ.I+3X;; II'Qy Zo2

. X'X
Q. = plim T = Qi Qu 0 (3.6)
DY) 0 Ya2
and 7%
Q.z = plim T = [QI1:Q,:0], (3.7

where rank(Q;) = L = 2G + K;. Consider the OLS estimate of a obtained
from (3.2):
a=(X'X)"'X'y. (3.8)

Under the assumptions made, this estimate is unique with probability one.
Further, the asymptotic distribution of & is given by the following theorem.
(The proofs of the theorems are given in Section 5.)

Theorem 1. Suppose that Assumptions 1 through 6 are satisfied, and let
matrix Q, defined in (3.6) be non-singular. Then the estimator & given in
(3.8) is consistent for a and v/T'(& — ) has a normal limiting distribution
with mean zero and covariance matrix

Lo =Q;' [07Q: 4 pQ5.Q5 ' Qac] Q51
= GZQ;I +PQ;1Q;xQ;1QwQ;1, (3'9)

where @, is given by (3.7) and

p=a'Sya=06%G6 (3.10)
Further, the statistics
&7 =(y-X8&)'(y - Xa)/T (3.11)
and
& _(X'X (XX L5 (X2 (22 trzx\ | (xx\7?
«=\T ‘\'t )7°\'T T T T
(3.12)

are consistent estimators of 62 and Z,, where p = 8’8558, B4y = V’V/T
and & is the estimate of a from &.
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We can test any set of linear restrictions on the vector a, such as Ma =
mo, where M is a v x L matrix of rank » < L and my is a v x 1 fixed vector,
by using a critical region of the form {S(M, mo) > c}, where

S(M,mq) = T(Mé& — mq) (ME,M")~}(Mé& - mo) (3.13)

and c is a constant which depends on the level of the test. The asymptotic

distribution of the test statistic S(M, mg) is chi-square with v degrees of
freedom under the null hypothesis.

Since the coefficient a is of special interest here, it will be useful to
summarize the asymptotic properties of & by the following corollary.

Corollary 1.1. Under the assumptions of Theorem 1, the subvector & of
&= (8,44 a@')’ is a consistent estimator of a and /T (a — a) has a normal
limiting distribution with mean zero and covariance matrix:

Ta = A; [02Q. + pQ.Q5 ' Qiz] 45, (3.14)

where Az = plim(C;) and C; is the G x (2G + K;) matrix such that

x'x\"' |©
(T) = . (3.15)
C

Further, the submatrix

$.=C, [&3 <XT£) +p (XT'Z> (%Z) N (Z;,X)] o (3.16)

n (3.12) is a consistent estimator of I,.

Of course, tests of linear restrictions on a are special cases of the tests
given by (3.13). However, if our interest lies in § rather than a = £;,'6, the
estimator directly relevant to us is not 4. We need an estimator of §. Since
a and $,, are consistent estimators of a and Ya2, 6= 2220 is a consistent
estimator of 6. The asymptotic distribution of § is given by the following
theorem.

Theorem 2. Under the assumptions of Theorem 1, the estimator 6= $a2d
is consistent for § and the vector /T (6 6} hasa normal limiting distribution,
as T' — oo, with mean zero and covariance matrix

25 = 22220222 -+ pzzg + 66’, (317)
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where X, is given by (3.16). Further, a consistent estimator of ;5 is provided
by

D5 = BgaXaap + pSag + 66, (3.18)
where p and $,2 are defined in Theorem 1.

Consequently, we can test the hypothesis Hy : H§ = dp, where H is a
r X G matrix of rank r < G and dy is a fixed r X 1 vector, by using a critical
region of the form {W(H,dy) > c}, where

W(H,do) = T(Hé — do)'(HEsH') " (Hb - do) (3.19)

and ¢ depends on the level of the test. The asymptotic distribution of the
statistic W (H, do), under Hy, is chi-square with r degrees of freedom. Again,
this test is valid for large samples.

Concerning the power of the above tests, we can make the important
observation that they are consistent whenever Ma # mg or H§ # dy (see
Section 6.5).7 Besides, by considering complements of the critical regions
described above, we can obtain confidence regions for Ma or Hé, for example
confidence intervals for the individual covariances in §.

3. SPECIAL CASES

We will now examine three cases of special interest. First, consider the
situation where the null hypothesis is Ho : § = 0 or equivalently, Hf : a = 0.
Under Hy, we can rewrite equation (3.2) as

y=YB+Z1v+Va+e, (4.1)
where e follows a N[0,02 7] distribution and is independent of both ¥ and
V. Then the standard F-statistic for testing a = 0 is

_@(V'MYV)a/G

~&¢/(T - Ky - 2G)’
where M = It — X1(X{X;) 1 X{ and X; = [Y : Z,|; under Hy, F follows a
Fisher distribution with (G, T — Ky — 2G) degrees of freedom. The resulting

test is exact rather than asymptotic.® It is not equivalent (gven asymptot-
ically) to the test of a = 0 based on the statistic Sy = T'4'S;14, obtained

(4.2)

7 This property is especially important in view of Holly’s (1982a) discussion of
Hausman-type tests.

8 One can see easily that this test is equivalent to a test suggested by Wu (1973,
T statistic) and, in a different form, by Hausman (1978, eq. 2.23), except that
Zy is not necessarily a submatrix of Z. On alternative forms of the Wu-Hausman
test, see Nakamura and Nakamura (1981).
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from (3.13). The main difference is that 5 is set to zero in the estimator of
2, in (3.16). This restriction is justified under Hy, for then p = a’E35a = 0.
If we write F in the form

F= Z:l" (T&'i;‘&) , (4.3)
where

Ba=82(V'MV/T)Y, 6% =¢¢/(T - K, - 2G), (4.4)

we see easily that the statistics F and So/G are asymptotically identical
under Hy (since 3 — 0). Nevertheless, under the alternative, this equivalence
does not hold because j does not, in general, converge to zero.

The second problem we wish to examine is to test whether a subset of
the variables in Y are independent of u, conditional on the assumption that
the others are independent of u. More precisely, given Y = [¥7 : V3], we
want to test whether Y; and u are independent, knowing that Y; and u
are independent. To do this, we can simply include Y, in Z; and reshape
equation (2.1) accordingly:

y=Y1$1+ Zsy13 + u, (4.5)

where Z3 = [Y2 : Z,], vs = (B3,7')’, and B = (B4, B)' is the partition of 8
corresponding to [Y; : Y3]. We then proceed as previously on the transformed
model.

Finally, consider the important case where the matrix Z; is a submatrix
of Z,say Z = |Z, : Z,]. This is probably the most frequent situation
when (2.1) is viewed as a “structural equation” (presumably inside some
system of equations) and (2.2) represents the “reduced-form equation” for
the endogenous variables appearing on the right-hand side of (2.1). In this
case, the estimates ﬁ and 4, obtained from the regression given by (3.3), are
the two-stage least squares (2SLS) estimates of 8 and «. To see this, rewrite
equation (3.2) as X .

y=YB+ Ziy+Va*+e¢", (4.6)
where a* = a + f. By the orthogonality relations V'Y = 0 and V'Z; = 0,

the estimates of 8 and 4 obtained by OLS from (4.6) are identical to those
obtained from the regression

y=VB+ Zyyv+e. 4.7

They are thus identical to the 2SLS estimates of 8 and v, showing clearly
that the linear Wald tests described above have a natural complementary
with the estimation of a structural equation by 2SLS.
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In the same special case, the estimate 6 used in Theorem 2 may be
derived in a second interesting manner. Using again the orthogonality rela-
tions, we see that

hence

and 1
b==V'y -3
T Y 228
Further, substitute (2.2} into (2.1) to get the reduced-form equation for y:
y=ZIB + Z17v + vo,

where vo = V8 + u. If we denote the tth element of vo by vo; = vi8 + u;
and define wo = E[vsvq:], we have

6 = wp — Xa2B.

Since wg can be consistently estimated by & = 71.47' 99, where 0 is the vector
of residuals from the regression of y on Z, this suggests the following estimate
of 6: . .

6 =@ — Y228,
where B is a consistent estimate of 8. Then, if we take /§ = f3, the 2SLS
estimate of 8, we see that

g= %V’y - 2223 = 5, (48)

which shows that the estimator 4 can be generated in a second natural
manner.

5. ECONOMETRIC APPLICATIONS

As previously indicated, assumptions concerning the independence of
various stochastic explanatory variables in a structural equation and the dis-
turbance term can have important implications for the appropriate choice
of method of inference. On the one hand, if all the stochastic explanatory
variables are correlated with the disturbance term, OLS does not usually
provide consistent estimates of the structural coefficients in the equation
and, even more generally, standard inference techniques (like F-tests) are
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not valid; one should use a simultaneous equations technique (e.g., instru-
mental variables). On the other hand, if they are all independent of the
disturbance term, standard linear regression techniques (OLS, F-tests) are
appropriate. Furthermore, between these two extremes, several intermediate
cases are possible. If some but not all stochastic explanatory variables are
independent of the disturbance term, standard inference techniques are not
generally valid. However, we can exploit this information to get a more effi-
cient method. In particular, if we split the matrix of stochastic explanatory
variables into two submatrices Y = [Y; : Y3], where Y; is independent of
u, we can get more efficient consistent estimators and more powerful tests
by treating Y, as exogenous: in particular, this can be done by using Y; as
an additional set of instruments or, at least, by not replacing Y; by ¥, (see
Maddala, 1977, pp. 477-478).

The procedures developed above allow one to test the exogeneity of each
stochastic explanatory variable included in a given equation by looking at
asymptotic t-values. It is easy to compute these in a routine way while
estimating the equation by an instrumental-variable method. In this manner,
one can get automatic indications on the simultaneity properties of a model
and possible ways of improving estimation efficiency.

Finally, we may observe that a number of economic hypotheses can be
formulated in terms of the independence between certain stochastic explana-
tory variables and the error term in an equation. Wu (1973) described a
number of such cases, such as the permanent income hypothesis, the ex-
pected profit maximization hypothesis, and the recursiveness hypothesis in
simultaneous equation models.

6. PROOFS
6.1 Proof of Theorem 1

First, from (3.2), (3.3) and (3.8), we have the identity:

VT(a-a)= (XTE) - er, (6.1)

where . X'z
= —X'e+ 22 V/T(l - N)a.
er 75 e+ — VT(I1 - M)a

Moreover, we can see that

({1l -Ma=(2'2)"12Vq;
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hence E[(IT — II)a] = 0 and
E[({I - M)aa'(T1 - T)'] = p(2'2) 7},

where p = a'Zjqa, for, from Assumption 3, it is easily verified that
E[Vaa'V'] = pIr. Consequently,

VIl —T)a~ N [0, ) (Z;,Z ) _1] . (6.2)

Also, since e is independent of Y, the distribution of \/LTX 'e, conditional on
Y, is N[0,02(X%)].
Consider the characteristic function of er,

é7(r) = E {explir’er|}

-F {exp [ir'\/LTX'e +ir! (XT'Z) V(i - n)a] } ,

where 7 € R?6+X1 and { = /—1. In order to get an explicit expression for
é7(r), we first compute the expected value of exp{ir’er} conditional on Y.
Since ﬁX ‘e is normal for given Y, we have

Rr(r) = Elexp(ir'er) | Y] = R;‘I)(T)R?)(r),

2 /
R (r) = exp [— %r' (XTX> r]

where

and )
RP(r) = exp [i’r' (ETE) VT(I1 - H)a] .
Then, using (3.6) and (6.2), we see that
1
plim Rg‘l)(r) = exp {—EUZT’Q:,T} .
Also, from (3.7), (6.2) and Assumption 5, we have

RYP (1)L exp{ir'B},
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where B ~ N[0, pQ",Q; Q2] and L, refers to convergence in distribution
as T — oo. Consequently,

RT(T)—L—+ exp (—%azr'er) exp(i7' B);
hence, by the Helly-Bray Theorem,
Jim B(Rr(r)} = exp (—%afr’er) E{exp(ir’ B)}
= oxp {3 (202 +1Q1uQ7 Q) 7}

for all 7. Since ¢1(r) = E{Rr(r)}, it follows that ¢r(r) converges to the
characteristic function of the N[0,02Q.+pQ",Q ~1Q .| distribution. There-
fore,

er — N[O:UEQz + PQ;;Q;IQ.J] (6'3)
and, using (6.1),
VT (& - a) — N[0,Z4], (6.4)

where I, is given by (3.9). The consistency of & follows from (6.4). Con-
cerning the estimator 42, we can write

57 = e*'e* 1 (X'e‘)' (X’X>_l (X’e‘)
=7 "T\yr)\T JT )’

e.lel

T
Moreover, by the definition of e* in (3.3), we have

hence

plim 62 = plim

e ee N ,2'e Z2'Z
= t2a a'(I1 -1y’ = te a'(Il - H)<T)(H M)a;

hence, since plim (Z'¢/T) = 0 and plim ({1 ~ )a =

e e
plim 62 = plim ce = a2,
T
which shows that 62 is a consistent estimator of o2. Finally, we can see that
34 18 a consistent estimator of 2 by considering the deﬁnitions of @, and
Q 2z, and by noting that 5 and &2 are consistent for p and ¢%. Q.E.D.
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6.2 Proof of Corollary 1.1

The consistency of a follows from the consistency of & The asymptotic
distribution of v/T'(& — a) follows from the identity

VT(a~a)=C, (%X’e‘) (6.5)

and from (6.3). The consistency of 3, follows from the consistency of £,
and the definition of A;. Q.E.D.

6.3 Lemma

In order to obtain the asymptotic distribution of 6 = ﬁzzd, we will need
the following lemma.

Lemma 1. Suppose that Assumptions 2, 3 and 5 are satisfied. Let o} and
&! be the ith rows of £3; and $,, respectively (t=1,...,G),and

— ’ / AY A (ol Al at !
o= (01,0%,...,05) , 6=(61,6%,...,6¢

Then, the vector v/T(4 — ¢) has a normal limiting distribution, as T — oo,
with mean zero and covariance matrix

Vin - Vig
Yo = , (6.6)
Va1 - Veg
where V;; = 04;3522 4+ 0;0]. Furthermore, the vector \/T(f)zz — X32)c, where

c is any fixed G X 1 vector, has a normal limiting distribution with mean
zero and covariance matrix

e = (c'T22¢) Taz + (B22¢) (B2ac) . (6.7)

Proof. Let w; = M,w,;, where w; is the sth colunr}n of the matrix V' and
M, = It — Z(2'Z)~*Z'. The (i,7)th element of X3, has the form 4;; =
Wiw;/T; hence

bigm s L (Zwi\' (2T (2w
VT TA\VT/\T VT )

e ey e e s - .o .
Let 6;; = wiw;/T,6; = (6q1,042,...,0c), 1, 7 = 1,...,G, and 6 =
(61,8%,...,6%)". Then, using Assumptions 3 and 5, we get

plim {\/T (055 — 045) — \/—7—‘(6'4]' - J,'j)] =0, ¢, J5=1,...,G.
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Thus, the vectors V(4 — ¢) and VT( — o) have the same limiting distri-
bution.

Let w;; be the tth element of w; and define S;; = (W wie, WitWae, . . ., Wit
wge), § = 1,...,G, S¢ = ({4, S34s--»S&e) > t = 1,...,T. It is clear that
the vectors S;,t = 1,...,T, are independent and identically distributed with
mean o. Furthermore, since

E [(Ss‘ - 0) (Sje - UJ')'] = [0ijoke + 0itd5k] &, t=1,..G
= 0’,'_,‘222 + 0’_1'(7:, ‘l,] = 1, .. .,G,
for all t (see Anderson, 1958, p. 39), the covariance matrix of S; is £,, as
given in (6.6). Thus, since

T
VI3 -0)= Z= 3 (5~ o)

and using the Multivariate Central Limit Theorem (see Anderson, 1958,
Theorem 4.2.3), we can conclude that the limiting distribution of vT'(¢ — o)
is N[0,%,]. Furthermore, for any G x 1 fixed vector ¢,

\/T(f:zz - 222)6 = (IG ® cl)\/T(& - 0’) s

where I is the identity matrix of order G and ® refers to the Kronecker
product. Since \[T(& — o) is asymptotically N[0, E,], we can conclude that
the vector \/T(Egz — ¥33)c is asymptotically normal with mean zero and

covariance matrix ,
Y. =(Icg®c)E, (Ig ®¢)
= ["'Viicli, j=1,....G"
We see easily that 1, reduces to the expression in (6.7). Q.E.D.

6.4 Proof of Theorem 2
First, note that the vector v/T(5 — §) can be decomposed as follows:

VT(5 - 6) = VT522(a - a) + VT (Z22 — Za2)a
= $5,C; [%X'H (X:,I,Z) VT(I1 - H)a]
+VT (222 - 222) a,

where we have used (6.5) and (3.3). Let

1 N A
_TX'e + wa\/f(ﬂ - H)a] + \/T (222 - 222) a.

WT = EzzAg [\/_
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Since plim(f_‘,an) 9242 and plim(X'Z/T) = Q’,,, we have phim[vT (6 —
§)—Wr] = 0; /T (4 —6) and Wy must have the same asymptotic distribution
(see Billingsley, 1968, p. 25, Theorem 4.1). Consider now the characteristic
function of W,

é7(r) = E {exp [ir'Wr|},
where 7 € RS. Since e is independent of Y, ﬁX 'e ~ N[0,02(XX)] for Y

fixed and, by taking the expected value of exp(si7'Wr) conditional on Y, we
get

Sr(r) = E {exp (ir'Wr) | Y} = SO ()52 (),
where
!
51(})(7') = exp {-—10' lezzAz (XT.X-) A;E"T}
and

S:S‘z) (T) = exp {l.lengzqu\/T(ﬁ - l'I)a + iTI\/T (222 - 222) a} .

Furthermore, using (3.6),

1
plim ST )(r) = exp {——a T Enggquz)Dnr} = S(l)(r). (6.8)
Consequently, by the Helly-Bray Theorem,
. . 2
Jim E[sz(r)] = SW(r) lim B [sP(7)], (6.9)

where the expectatjon Eis taken over Y.

Each column II; of II is independent of each column t; of V, since
E[(T1;~T;)%}] =0, 5, k=1,...,G. Therefore, Il and £, are independent
and

E {s;z)(r)} =E {exp i’ B2 AQ VT (1 - n)a] }
x E {exp [i’r'\/T (222 - En) a.] }

= exp [—%pr'EzzAzQ'" (zTi) - Q,,A’zznr]
x E {exp [ir’\/f (222 - 222) a] } , (6.10)

where the second identity comes from (6.2). By Lemma 1,

VT (£22 - B22) a-5oN 0, 9],
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where ¢ = (a'S33a)Z33 + (X22a)(X22a)’. Since p = a’L32a and § = jaa,
we see that ¢ = pZaz + 66'. Thus, the limit characteristic function of

VT(£32 — Ta3)a is
1}er:° E {exp [ir'\/f (f)n - 233) a] } = exp [—%r'd)r] . (6.11)
Using (6.8)-(6.11), we obtain

Jim_E[Sz(r)]
= exp {—%T' (22243 (02Q2 + 1Q%.Q5 ' Qaz) A3T2z + ) T} ,

which implies that the asymptotic distribution of v/T'(5 — §) is normal with
mean zero and covariance matrix X5 = Xz33,¥23 + ¢, where 3, is glven
by (3.14). Finally, the consistency of 6 = 554 follows from that of )P
and a for X33 and a respectnvely, and the consistency of $5 follows from the
consistency of £33, $, and 1/) for X23, X, and ¢ respectively. Q.E.D.

6.5 Asymptotic Power

We will now show that the tests discussed above are consistent. The
statistic S(M, mo) used to test Ma = mo, where M is a v X L matrix of
rank v, can be decomposed in the following way:

S(M,mo) = 81(M, a) + VTS (M, a, m),

where .
51(M,a) = T(M& — Ma)'(ME,M")"(M& - Ma)

converges to a chi-square distribution with v degrees of freedom and
SZ (M: a, mO)
’ . -1
= [2\/TM(& - a) + VT(Ma - mo)] (MEM') ™ (Ma - mo).
We will show that plim S;(M, a, mg) = +00, whenever Ma # mo.
Consider first the case where all the elements of the vector Ma — my
are different from zero. In the sum [2VTM(& — a) + VT (Ma — my)), the

second term always dominates as T — oo and v/T'(& — a) has a limiting
distribution. Consequently

R -1
plim S3(M, a,mo) = plim VT(Ma-mo)' (MEaM') " (Ma=mq) = +oo



where the fact that plim (ME,M’)~1 = (MZ,M’)~! is positive definite
has been used. Second, for the case where Ma # mg but some elements of
(Ma — mg) are zero, we can assume without loss of generality that these
constitute the lower vector of (Ma — my):

Ma — mg = (dy,0)',

where all the elements of the vy x1 vector d, are different from zero. Further-
more, let us partition (& — a) and (MX,M’)~! conformably with (d},0')":

A [(&-—a)l] o [Au Alz-]

T l(&—a)zJ » (Eadey - l_AZI AzzJ ’

where (&—a); is a ¥; X 1 vector and Ay, is a v; X v, positive definite matrix.
Then '

S2(M, &, mo) = 2VT(&—a)| M’ A11d1 +2VT (86— )y M' Ag1 dy+VTd, Ay dy.

Since plim (A;;) is a positive definite matrix and v/T(& — ) has a limiting
distribution, we have

plim S;(M, a, mg) = +o0. (6.12)

Thus, (6.12) holds whenever Ma # my,
plim S(M, mo) = plim [SI(M, @) +VTS;(M,a, mg)] = +o00,
whenever Ma # mg, and

g, f Ma=myg

1, if Ma % mo, (6.13)

. > o=
Jim P [S(M, mg) > ] {
where ¢ is the level of the test. This proves the consistency of the tests pro-

posed for linear hypotheses regarding o. The consistency of tests regarding
6 can be shown in a similar way.
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