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Let X andY be real random variables, and teénds be real positive constan{s >
0, s > 0). The distribution functions oX andY are denoted”x(z) = P[X < z] and
Fy(z) =P[Y < zl.
1. Existence of moments

1.1 EXISTENCE OF ABSOLUTE AND ORDINARY MOMENTS E(|X|) always exists in
the extended real numbeRs= RU {oco} U {—o0} andE(|X|) € [0, oo]; i€, eitherE(] X|)
is a non-negative real numberBf| X|) = co.

1.2 E(X) exists and is finite= E(| X|) < oo
1.3 E(|X]|) < 00 = |[E(X)| < E(]X]) < .

1.4 If 0 <r <s,then
E(|X]*) < 00 = E(|X]|") < c0. (1.1)

1.5 MONOTONICITY OFL,. L, C L,for0 < s <r.

1.6 E(|X|") < oo = E(X") exists and is finite for all intege#ssuch that) < k < r.

2. Momentinequalities

2.1 ¢,.-INEQUALITY.

E(IX +Y]) < & [E(X]) +E(Y])] (2.1)
where 1 ifo<r<1
T o iteot 22)
2.2 MEAN FORM OF¢,-INEQUALITY .
E(3(X +Y)[") < (3) [E(X|) +E(Y])], fo<r<1, 23
< HE(X|) +EQYP), i1 |
2.3 CLOSURE OFL,. Leta andb be real numbers. Then
XelL.andY € L, = aX +0bY € L,. (2.4)
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2.4 HOLDER INEQUALITY. If r >1and- + - =1, then
T S

E(IXY]) < [E(IX)]Y[E(Y )] (2.5)
2.5 CAUCHY-SCHWARZ INEQUALITY.
E(IXY]) < [E(X?)]V?[EQY)]V2, (2.6)
2.6 MINKOWSKI INEQUALITY. If r > 1, then
E(IX + Y)Y < [E(X[)]1Y" + [E(Y )]V 2.7)
2.7 MOMENT MONOTONICITY. [E(|X|")]*/" is a non-decreasing function ofi.e.
0<r<s=[E(X[]Y" < [E(X]). (2.8)

2.8 Theorem LIAPUNOV THEOREM. log[E(|X|")] is a convex function of, i.e. for any
A€ 0,1],

log[E(|X [ 7*)] < Mog[E(|X|")] + (1 — A) log[E(|X|*)]. (2.9)

2.9 LOWER BOUNDS ON THE MOMENTS OF A suMIf E(]X|") < oo, E(]Y|") < o0 and
E(Y|X)=0,then
E(|X +Y[) > E(X]|"), forr>1. (2.10)

2.10 JENSEN INEQUALITY. If g(x) is a convex function ofR andE(|X|) < oo, then,
for any constant € R,
9(c) < E[g(X — EX +¢)] (2.12)

and, in particular,
9(EX) <E[g(X)]. (2.12)
3. Markov-type inequalities

3.1 MARKOV INEQUALITIES. Letg: R — R be a function such that(X) is a real
random variablek(|g(X)|) < oo and

P[0 < g(X) < M] =1 (3.1)



whereM € [0, oo]. If g(z) is a non-decreasing function @& then, for alla € R,

Elg(X)] —g(a) E [g (X)]
i <P[X >a] < “g@) (3.2)
If g(z) is a non-decreasing function ot co) andg(z) = g(—=x) for any x, then, for all
a >0,
Elg (X)] —g(a) E [g (X)]
i < P[|X|>a] < 4 (@) (3.3)
where0/0 = 1.

3.2 CHEBYSHEV INEQUALITIES. If P[|X| < M] =1, whereM € [0, o], then, for all
a >0,
E(X]) —a"
Mr
3.3 Theorem REFINED MARKOV INEQUALITIES. Letg: R — R be a function such
thatg(X) is a real random variablg(|g(X)|) < oo and

<Plx| > q < EED (3.4)

aT

0 g(x) < My forz > Ay, (3.5)

<
< g(x) < My forx < Ap, (3.6)
where) < My < 00,0 < My < 00,0 < Ay < occandd < A; < oo . Letalso
Cuyl(g, a) = / g(x)dFx(z), Cr(g,a)= / g(x)dFx(x). (3.7)
[a, 00) (—00,a]

(a) If g(x) is nondecreasing d\;;, o), then, fora > Ay,

CU(gv CL) OU(Q? a)
TUSP[XEG]SW' (3.8)

(b) If g(x) is nonincreasing ofi-co, Ay, then, fora < Ay,

I (3.9)

(c) If g(x) is nondecreasing o, co) and nonincreasing of+-oco, Ay|, then, fora >



maX{|AU|7 |AL‘}7
a)

PIX| = d]

IN

Cils.
g(&) g(—a)
Cu(g, a) +CL(g, a)

min{g (0), 9 (~a)} (3-10)

IN

CU(Q? a) + CL(g> &)
My My,
CU(Q? a) + CL(g> &)
max{ My, M}

P[IX] = a]

v

(3.11)

4. Moments and behavior of tail areas

4.1 Lemma RIEMANN-STIELTJES INTEGRATION BY PARTS Letf : R — R and
g : R — R two real-valued functions andoo < a < b < +oc0. If the (Riemann-Stieltjes

integral ff g(z) df (x) exists, then the integraﬁab f(z) dg(x) and fab[A — f(z)] dg(x) also
exist and

/ o) df(z) = g(B)f(®) - ga)f(a) - / f(x) dg(z)
— (A f(@)lg(a) — gB)A — )] + / A~ f()] dg(), (4.1)

for any real constant, with

/ £(x) dg(a / e (4.2)

and

b b
[ 1A= f@dga) = [1A- (@) g @)z (4.9
if 9 is continuous ona, b| as well as differentiable ofu,b) and the Riemann integral
f f(z) ¢'(z)dzx exists(whereg' can take arbitrary real values@atndb).

4.2 Lemma CENTERED RIEMANN-STIELTJES INTEGRATION BY PARTS Letf: R —
R andg : R — R two real-valued functions andoo < a < ¢ < b < +o0. If the integrals
[P g(x)df (), [ g(x)df(x) and [’ g(x) df (z) exist, then the integralf’ f(x) dg(x) and



fcb f(x) dg(x) also exist, and

L/ﬂ@#@)=-@®%%dNA—ﬂM+m®ﬂ®}

b
+/WA—f@ﬂ@@»— f(x) dg(z) (4.4)

for any real constant, with

/ (@) dg(a) = / (@) g(x) de (4.5)

if g is continuous ona, c] as well as differentiable ofu,c) and the Riemann integral
[ f(z) ¢'(x)dx exists(wherey' can take arbitrary real valuesaandc), and

/ﬁA—f@ﬂ@uaz/ﬁA—f@ﬂymwm (4.6)

if g is continuous oric, b] as well as differentiable ofr,b) and the Riemann integral
fcb [A — f(z)] ¢'(z)dx exists(whereg' can take arbitrary real values@aandb).

4.3 Lemma BOUNDED MONOTONICITY CONDITION FOR TAIL CONVERGENCE OF AN
INTEGRABLE FUNCTION. Letf:R — R andg : R — R two real-valued functions, and
letm, M be two real constants.

(a) If f(x) is monotonic nondecreasing on the interfrabo, m) with finite limit asz —
—o0, and ifg satisfies the inequality

lg(a)| < Br(z), for  <a<m 4.7)

whereB,(x) is a real-valued function such that' By (z) df (x) exists, then

a

0 < lg(a)|[f(a) — f(—o00)] < / By(2)df(z), fora<m,  (48)

— 00

wheref(—oco) = lim f(z) > —o0, and

r——00

lim g(a)[ f(a) — f(=o0)] = 0. (4.9)

a—0o0

(b) If f(x) is monotonic nondecreasing on the intefid] co) with finite limit asz — oo,



and if g satisfies the inequality
lg(b)| < |g(x)| + By(zx), for x >b> M (4.10)

whereBy (z) is a real-valued function such thRf’ By (z) df (z) exists, then

0 < |g(b)| [f(o0) — F(B)] < / CBy(x)df(x). forb> M, (411)

wheref(oo) = lim f(z) < oo, and

r—00

lim g(b) [f(c) — f(B)] = 0. (4.12)

b—oo

It is easy to see that (4.7) holds wheneyéf |g(x)| df () exists and one of the fol-
lowing conditions holds: for some real constdht

lg(a)| < |g(x)|+ B, for x <a < m; (4.13)
lg(x)| is nondecreasing on the inter@l/, oo) ; (4.14)
g(x) is bounded on the interval/, ~o) . (4.15)

Further, in case (4.13), we have:

a

0 < lg(a)|[f(a) = f(=o0)] < / ()| df (x) + B [f(a) — f(=00)]. (4.16)

— 00

Similarly, (4.10) holds whenever one of the following caimehs holds: for some real
constantB,

lg(a)| < |g(x)|+ B, for x >b> M ; (4.17)
|g(x)| is nonincreasing on the intervehoo, m) ; (4.18)
g(x) is bounded on the intervél-oo, m) . (4.19)

Further, in case (4.17), we have:

0 < Jg(B)] [f(c0) — F(B)] < / " 9@)] df (@) + BLf(o0) — F(B)] (4.20)

4.4 Proposition MOMENT EXISTENCE AND TAIL AREA DECAY. Letr > 0. If
E(|X|") < oo, then

lim {z"P[X >2]} = lim {|Jz|" P[X <z]}

Ir— 00 T——00



= lim {2" P[IX| > 2]} =0. (4.21)

In particular, ifE(|X|) < oo, then

lim {zP[X >} = lim {[z| P[X <z}
= lim {zP[|X]|>z]} =0. (4.22)

r—00

4.5 Theorem DISTRIBUTION DECOMPOSITION OF-MOMENTS. Foranyr > 0,

/00 2"dFx(z) = r/oo "1 — Fx(x)]dz, (4.23)

E(X|") = 7‘/ IP(X] > o)da
0

[ee]

_ ., /0 oY1 = Fy(x) + Fx(—2)lde, (4.24)

and

E(|X|") < 0o & 2" 'P(|X| > z) is integrable orf0, +oc)

& |z| 1 = Fx(z) + Fx(—2)] is integrable orf0, +oc0)

0o 0
& / 21 = Fx(x)]de < oo and/ || Fx(a)dz < oo (4.25)
0

—00

4.6 Proposition DISTRIBUTION DECOMPOSITION OF THE FIRST ABSOLUTE MOMENT
/ rdFx(x) = / 1 — Fx(z)ldz, (4.26)
0 0

E|X\:/ P(X| > 2)dz, (4.27)
0
and

E(|X]|) < o0 < P(|X| > x) is integrable orf0, +oc0)
& [1 — Fx(z) + Fx(—=x)] is integrable on0, +o0)

= /000[1 — Fx(z)]dx < o0 élnd/_io Fx(z)dr < c0. (4.28)

4.7 Proposition MOMENT-TAIL AREA INEQUALITIES. Let g(x) be a nonnegative



strictly increasing function oft), oo) and letg~'(z) be the inverse function af. Then,
SPIXI 2 )] <EG(X)] < SOPXI > g ] (429)
n=1
In particular, for any- > 0,
STP(X| =) < E(XP) < YOP(X] > nlh)
n=1
< 1+ ) PX >nln). (4.30)
4.8 Corollary MEAN-TAIL AREA INEQUALITIES. If X is a positive random variable,

iP(X >n) <E(X) <1+ f:P(X >n). (4.31)

5. Moments of sums of random variables

In this section, we consider a sequence ..., X, of random variables, and study the
moments of the corresponding sum and average:

So=>Y X;, X.= Su/n. (5.1)

=1

5.1 Proposition BOUNDS ON THE ABSOLUTE MOMENTS OF A SUM OF RANDOM VAR
ABLES.

E(S.7) < SE(X|),  ifo<r<1,
= (5.2)
<n" Y E(|IXGT), ifr>1,
=1
and .,
E(X.") < (2) S E(X]), fo<r<1,
o 1 (5.3)
<ISE(X), el



5.2 Proposition MINKOWSKI INEQUALITY FOR n VARIABLES. Ifr > 1, then
[E(|Sa )" < Z (1| (5.4)

and

n

LS EGX

=1

[E(|Xa"

IN

n

[y exn} 55)

=1

IN

5.3 Proposition BOUNDS ON THE ABSOLUTE MOMENTS OF A SUM OF RANDOM VAR
ABLES UNDER CONDITIONAL SYMMETRY. If the distribution ofX;, givensS; is sym-

metric about zero fok = 1, ... , n— 1, andE(|X;|") < oc0,i =1, ..., n, then
E(|S,|") ZE\X| for1 <r <2, (5.6)
and .
E(|X,|") g( ) > E(IXi|T) fori<r<2, (5.7)
=1

with equality holding whem = 2.

5.4 Proposition BOUNDS ON THE ABSOLUTE MOMENTS OF A SUM OF RANDOM VAR
ABLES UNDER MARTINGALE CONDITION. If

E(Xk+1\5k):0 as., k=1,..., n—1, (58)
ande(|X;|]") < c0,i=1, ..., n, then
E(IS.]") <2) E(IX,|"), forl<r<2, (5.9)
=1
and .
E(|X,[") ( ) > E(X"), fori<r<2. (5.10)
=1



Furthermore, for = 2,

E(S,%) = > E(X}). (5.11)

5.5 Proposition BOUNDS ON THE ABSOLUTE MOMENTS OF A SUM OF RANDOM VAR
ABLES UNDER TWO-SIDED MARTINGALE CONDITION. Let

m—+1

Smiy = »_ Xi, 1<k<m+1<n. (5.12)
i=1, i#k
If
E(Xk|Smuy) =0 as., forl <k<m+1<n, (5.13)
ande(|X;|") < oo,i=1, ..., n, then
1 n
E(1S, )< (2 - = E(|X;|"), forl<r<2, 5.14
1= (2-3) SE0XD), fort <7 (514
and
_ 1\" 1\
E(|X,|") < [ — 2—— E(|X;|"), forl1<r<2. 5.15
s (7) (2-5) LEwn), mrisrs (5.15)
5.6 Proposition BOUNDS ON THE ABSOLUTE MOMENTS OF A SUM OF INDEPEN
DENT RANDOM VARIABLES. Letthe random variableks, ... , X, be independent with
E(X;) =0andE(|X;|") <oo,i=1,...,n,andlet
D(r) = [13.52/(2.6m)"| I'(r) sin(rm/2) . (5.16)

If D(r) < 1andl <r <2, then

E(1S.]") <[1 = D)™ > E(Xi"), (5.17)

=1

and

n

B0 < (1) - LER), forisrs2 a9

=1
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6. Proofs

1.1t0 3.2 See Loéve (1977, Volume |, Sections 9.1 and 9.3, pp. 15)-1&#® Jensen
inequality, see also Chow and Teicher (1988, Section 4.3108-106). Hannan (1985),
Lehmann and Shaffer (1988), Piegorsch and Casella (198BKhari and Casella (2002)
discussed conditions for the existence of the momentg &f

2.9. See von Bahr and Esseen (1965, Lemma 3).

PROOF OFTHEOREM 3.3  (a) Forz > a > Ay, we havey (x) > g (a) andg (x) < My,
hence

am%wzz/g@»ﬂ&@»zgm>/dEA@=g@ﬂwxz@

[a, 00) [a,00)

and
g(x) dFx () < MyP[X >a],
[a, )

from which we get the inequality

CYU (g’ &)
T, SRR T

(b) Forx < a < Ay, we havey () > g (a) andg () < My, hence

c&@wwzn/gm»w&@»zmw /cWﬂ@=QWH%X§M

[— o0,a) [—o0,a)
and
/ g(x) dFx () < M P[X < d

[7 oo,a)

from which we get the inequality

CYL (ga a)
My,

Cy (97 a) .

=PH=d="0 0

(c) Fora > max (|Ay|, |AL|) , we havea > Ay and—a < Aj, hence

PlX|2a = PIX>d+P[X<—d
Cu(g.a) , Culg. a)

1) 4(@)

11



Cv (g, a)+Cr(g, a)
min{g(a),g(—a)}

and

Cy (97 a) + Cr, (gv a)
My My,
Cy (97 a) +Cp (ga a)

max (My, M)

P(IX|>a] >

Y

O

PROOF OFLEMMA 4.1 The first identity in (4.1) part is given by Devinatz (1968,eFh
orem 5.4.8, page 213) and Protter and Morrey (1991, Theoeth®? lpage 320), while the
second follows from the latter on observing that

b b b b
- [ s@idg@) = [1a-pe) - Adglo) = [ 14 @)dote) - A [ dgla)
b

— [1A- s@)dglo) - Alg(t) - 9(@) 61
and rearranging the terms of the sum. Equation (6.1) alsailerihe existence of the
integral f;’[l — f(z)]dg(z). The identities (4.2)-(4.3) follow on observing that we can
write dg(z) = ¢'(x)dx whenyg is differentiable [see Devinatz (1968, Theorem 5.4.7, page
213)]. O

PROOF OFLEMMA 4.2 Using Lemma&4.2, we get:

/abg(x) df(z) = /acg(:r) df(x)+/cbg(x) df ()

— g(f(e) - gla)f(a) - / " f(@) dg(2)

A = F(0)g(e) — gB)A — FB)] + / A~ f(x)] dg(x)
= Ag(e) — [gB)A— FO)] + 9(a) f(a)}

+ [l - / F () dg(a 6.2)

12



PROOF OFLEMMA 4.3  (a) The existence of the IimiﬂiIP f(z) entails that the integral

J°_df(x) = f(a) — f(—o0) also exists. Sincg(x) is monotonic nondecreasing on the
interval (—oo, m) and [ B (z) df (x) exists, we get from (4.7): far < m,

0 < / " g(@)] df() < / " Bu(a) df(x) 6.3)
hence a
0 < lg(a)| [f(a) — f(—o0)] < / By (x) df (). (6.4)
Lettinga — —oo, this yields
0< tim lg(@)|[f(@) ~ f(—oo)] < lm [ Bu@)df@)=0  (6.5)
and
lim g(a)[ f(a) — f(—00)] = 0. (6.6)

a—00

(b) The existence of the limifim f(z) entails that the integraf,” df (z) = f(oc0) —

f(b) also exists. Since(x) is monotonic nondecreasing on the interyal, oo) and
[ Bu(z)df () exists, we get from (4.10): fdr> M,

0 < / )] df () < / Bu() df (=) (6.7)
hence oo
0 < Ig(b)] [f(o0) — (b)) < / Bu(x) df (x). (6.8)
Lettingb — oo, this yields
0< Tim lg()] [f(00) ~ F(B)] < Jim b°° Bu(x) df (x) = 0 (6.9)
and
lim g(b) [f(00) — £(5)] = 0. (6.10)
|

4.4t04.6. See Feller (1966, Section V.6, Lemma 1), Chung (1974, 8e68ti2, Exercises
17-18), Serfling (1980, Section 1.14, pp. 46-47) and ChowTaicher (1988, Section 4.3,
pp. 103-106). For other inequalities involving absolutenmeats, the reader may consult

13



Beesack (1984).

4.7. See Chow and Teicher (1988, Section 4.1, Corollary 3, p. 90)

4.8 The inequality (4.31) is given by Chung (1974, Theorem13.and Serfling (1980,
Section 1.3, p. 12).

5.1 See von Bahr and Esseen (1965), Chung (1974, p. 48) and GltbWescher (1988,
p. 108).

5.2 See Chung (1974, p. 48).

PROOF OFPROPOSITIONS.2  The first inequality follows by recursion on applying the
Minkowski inequality for two variables. The first part of tsecond inequality is obtained
by multiplying both sides of the first one iy /n). The second part follows on observing
that the function:!/" is concave inc for z > 0 whenr > 1. O

5.3 See von Bahr and Esseen (1965, Theorem 1).
5.4 See von Bahr and Esseen (1965, Theorem 2).
5.5 See von Bahr and Esseen (1965, Theorem 3).
5.6. See von Bahr and Esseen (1965, Theorem 4).

14



References

BEESACK, P. R. (1984): “Inequalities for Absolute Moments of a Disfition: From
Laplace to von Mises,Journal of Mathematical Analysis and Applications, 98, 435—
457.

CHow, Y. S., AND H. TEICHER (1988): Probability Theory. Independence, Interchange-
ability, Martingales. Second Edition. Springer-Verlag, New York.

CHUNG, K. L. (1974): A Course in Probability Theory. Academic Press, New York, sec-
ond edn.

DEVINATZ, A. (1968): Advanced Calculus. Holt, Rinehart and Winston, New York.

FELLER, W. (1966): An Introduction to Probability Theory and its Applications, Volume
[1. John Wiley & Sons, New York.

HANNAN, E. J. (1985): “Letter to the Editor: "Sufficient and Necegdaonditions for
Finite Negative Moments" The American Satistician, 39, 326.

KHURI, A., AND G. CASELLA (2002): “The Existence of the First Negative Moment
Revisited,"The American Statistician, 56, 44-47.

LEHMANN, E. L., AND J. P. $1AFFER (1988): “Inverted Distributions,The American
Satistician, 42, 191-194.

LOEVE, M. (1977):Probability Theory, Volumes | and I1. Springer-Verlag, New York, 4th
edn.

PIEGORSCH W. W., anD G. CASELLA (1988): “The Existence of the First Negative
Moment,” The American Statistician, 39, 60—62.

PROTTER, M. H., AND C. B. MORREY (1991): A First Course in Real Analysis, Under-
graduate Texts in Mathematics. Springer-Verlag, New Ysecond edn.

SERFLING, R. J. (1980)Approximation Theorems of Mathematical Satistics. John Wiley
& Sons, New York.

VON BAHR, B., AND C.-G. ESSEEN(1965): “Inequalities for theth Absolute Moment
of a Sum of Random Variables,< r < 2,” The Annals of Mathematical Satistics, 36,
299-303.

15



