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1. General distributional results

1.1 Suppose we havE observationsX;, X,, ... , Xy from a realization of a second-order stationary process. Th
natural estimators of the first and second moments of theepsoare: for the mean,

1T
— X, ,
T; K

for the autocovariances -
1 — _ _
ck:T;(Xt—XT) (Xepr —X7) , 1<k<T-1,
and for the autocorrelations

rr=ck/co, 1<k<T-—1.

1.2 Theorem DISTRIBUTION OF THE ARITHMETIC MEAN. Let{X;:t € Z} a second-order stationary process
with meanu, and letX, = 3. X,/ T. Then

(1) E(Xr) = pandXr is an unbiased estimator pf

(2) Var( ) TZk— (T-1) < W)’Yx (k)
(3) ifvy, (k) — 0,

k—o0
Var (YT) — 0andXr o [T
T—o0 T—o0
(4) ifthe seriesy_,- _ ~, (k) converges, then
lim T Var (X7) = Z v (k) ;

T—o00
k=—00

(5) if the spectral density, (w) exists and is continuous at= 0 , then

lim Var (XT) =27 f, (0) ;

T—o00

(6) if
X, =pu+ i Yu_j;, where{u, : t € Z} ~ 11D (0,07) ,
j=—00
and o0
Z ;| < o0,
j=—o00
then

T—o00

VT (Xp—p) 2 N[O, i %(k)]

k=—o0



and )
Z V. (k) =0 (Z ﬂh) .

PROOF. See Anderson (1971, Sections 8.3.1 and 8.4.1) and Brocén@Davis (1991, Section 7.1). O

1.3 Theorem DISTRIBUTION OF SAMPLE AUTOCORRELATIONS FOR A LINEAR STATINARY PROCESS Let
Xe=p+3000 ¥juw—;, wherey 22 || < oo and{u, : t € Z} ~ 11D (0,0°). If

(@) > ik} <o

j=—o0

or
(b) E (u}) < 00, Vt,

then the asymptotic distribution of the vector

VT (= p) VT (2= ps) o VT (7 = )

isN [0,W,,] asT — oo, wherep,, = v, (k) /v, (0) , W, = [wjk]j,kzly___’m and

[o¢]
Wi = Z (ph+jph+k + Ph—iPhik — 2 PuPrPhtj — 2 PjPrPhik T 2 pjpkpi)

[ee]

h
= Z (s + Py = 2 3Pn) (Phore + Prer — 2 Prpn)
h

=1
47 T .
= [ Jeos(e) = ) eos () = il o ) d
P)/:c (O) )
PROOF. See Anderson (1971, Theorem 8.4.6, p. 489) and BrockwdlDavis (1991, Theorems 7.2.1 and 7.2.2).

O

1.4 The expressions;, are called Bartlett's formula for the covariances of theoaatrelations. The formula;
may also be written

Wi = Nk + Nk — 205 M — 2005 + 20,06N0) /75

= Nk + j\j—k —2p; Ae — Qij\j - ijpkj‘o

where



2. Special cases

2.1 ASYMPTOTIC VARIANCE. Under the conditions of Theorein3, the asymptotic distribution of/ T (r), — p;,)

is N [0, wyy], where

o0

Whke = Z sk + PhtPhik — 4 PrePrPrs + 2 PROY)

h=—c0
oo

= Z (P + Prorsor — 4 PrPrPrr + 2 PROL)

h=—o00
)

2
= Z (ph+k + Ppf — 2 Pth) .
h=1
ForT large,v/T (1 — pp.) ~ N [0, wy] .
2.2 WHITE NOISE. If

pp = 1,fork=0,

= 0,fork#0,
we find
= 0,ifj#k.

For T large, the sampling autocorrelations are mutually un¢aed and
VTr, A N0,1] , fork >1.

2.3 MA(q) PROCESS If p, =0, for |[k| > ¢ + 1, we find

Wik = Z Ph—jPh—k = Z Pj—hPk—hn = Zpkchr(jfk)pkfh
h=1 h=1 h=1

k—1 q—(j—Fk)
= Z PrPht(—k) = Z PrPhi(—k)» TOFj >k >q+1,

h=—0oc0 h=—q

hence _
wi, =0, ifk>qg+1landj >k+2¢+1
—(i—k . .
= z:(jq)phph—i—(j—k)a fg+1<k<j<k+2q.

In particular,

a q
Wik, = Zpizl—%QZpi, ifk>q+1.
h=—q h=1

(2.1)



3. Exact tests of randomness

3.1 Theorem EXACT MOMENTS OF AUTOCORRELATIONS FOR AN:i.i.d. SAMPLE. Let the random variables

Xy, ..., Xr be independent and identically distributéd.d.) according to a continuous distribution. Then
T—k
E =———— for1<k<T-1
and _
Var (rg) < Vi,
where

T — (k+7)T% + (Th + 16) T? + 2 (k* — 9k — 6) T — 4k (k — 4)
T (T —1)*(T-2)(T-3)

VkE

if 1<k<T/2andl >3, and
T —k)[T?—-3T —2(k —2)]

V= :
T(T - 1)*(T —3)

if T/2<k<Tandl>3.

PROOF. See Dufour and Roy (1985). O

3.2 Fork =1, we find

E(T1> = —1/T,
T-—2
Var (r) < m )

By Chebyshev’s inequality, o
Var (ry) Vi
JEEEI v
3.3 Theorem EXACT MOMENTS OF AUTOCORRELATIONS FOR AGAUSSIAN 7.i.d. SAMPLE. LetX,,..., Xp be
i.i.d. randomvariables following a distribution N [y, 02| distribution. Then

Pllry = E(ri)] = A <

("~ k)

E(ry) = —m

,foril <k<T-1,

T — (k+3) T3+ 3kT? + 2k (k + 1) T — 4k?
(T4 1) T2 (T — 1)

Var (ry) =

forl1 <k <T/2andT > 3,and

(T — k) (T —2) (T*+ T — 2k)
(T4 1)T2(T — 1)

Var (ry) =



forT/2 <k < T andT > 3. Furthermore, fot <k <h<T —1,

2[kh (T — 1) — (T — h) (T? — k)]

Cov (g, 1) =
(rie;7) (T +1)T2(T — 1)
ifl<h+k<T,and
2(T—h)2k—(k+1)T
Cov (rg, ) = ( )1 ( +2) ]
(T+1)T?*(T-1)
ifh+k>T.
PROOF. See Dufour and Roy (1985). O
3.4 ForT large, we have
Tk—E(Tk;) a

[Var (Tk)]1/2 ~NOD -

In small or moderately large samples, the normal approxana much more accurate when the formulaeAofr)
etVar (r;) given by Theoren3.3are used, rather thafi (r,) = 0 etVar (1) = 1/T ; see Dufour and Roy (1985).
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