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ABSTRACT

We study the invariance properties of various test critehigch have been proposed for hypothesis
testing in the context of incompletely specified modelshsas models which are formulated in
terms of estimating functions (Godambe, 1988n. Math. Staj.or moment conditions and are es-
timated by generalized method of moments (GMM) procedutasigen, 198 conometricy and
models estimated by pseudo-likelihood (Gouriéroux, Mdanémd Trognon, 1984Econometrica
and M -estimation methods. The invariance properties considerdude invariance to (possibly
nonlinear) hypothesis reformulations and reparamet#iza. The test statistics examined include
Wald-type, LR-type, LM-type, score-type, add{ «)—type criteria. Extending the approach used
in Dagenais and Dufour (199Econometricg we show first that all these test statistics except the
Wald-type ones are invariant to equivalent hypothesisrmefitations (under usual regularity con-
ditions), but all five of them araot generally invariantto model reparameterizations, including
measurement unit changes in nonlinear models. In othersyoedting two equivalent hypothe-
ses in the context of equivalent models may lead to compleliffierent inferences. For example,
this may occur after an apparently innocuous rescaling wfesmodel variables. Then, in view
of avoiding such undesirable properties, we study regiristthat can be imposed on the objective
functions used for pseudo-likelihood (or M-estimation)vesl as the structure of the test criteria
used with estimating functions and GMM procedures to obiramriant tests. In particular, we
show that using linear exponential pseudo-likelihood fioms allows one to obtain invariant score-
type andC'(a)—type test criteria, while in the context of estimating fuant(or GMM) procedures

it is possible to modify a LR-type statistic proposed by Newad West (1987Int. Econ. Rey.to
obtain a test statistic that is invariant to general repatanzations. The invariance associated with
linear exponential pseudo-likelihood functions is intetpd as a strong argument for using such
pseudo-likelihood functions in empirical work.

Key words: Testing; Invariance; Hypothesis reformulation; Repandra&on; Measurement unit;
Estimating function; Generalized method of moment (GMM3e&do-likelihood; M -estimator;
Linear exponential model; Nonlinear Model; Wald test; Lilkeod ratio test; score test; Lagrange
multiplier test;C'(«) test

Journal of Economic Literature classification: C3; C12
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1. Introduction

Model and hypothesis formulation in econometrics andsttesi typically involve a number of ar-
bitrary choices, such as the labelling of i.i.d. observaior the selection of measurement units.
Further, in hypothesis testing, these choices often haweamdence on the interpretation of the null
and the alternative hypotheses. When this is the case, éaapplesirable that statistical inference
remaininvariantto such choices; see Hotelling (1936), Pitman (1939), Letm{4983, Chapter 3),
Lehmann (1986, Chapter 6) and Ferguson (1967). Among diegs, when the way a null hypoth-
esis is written has no particular interest or when the patamnzation of a model is largely arbitrary,
it is natural to require that the results of test proceduresat depend on such choices. This holds,
for example, for standardand F' tests in linear regressions undigiear hypothesis reformulations
and reparameterizations. monlinearmodels, however, the situation is more complex.

It is well known that Wald-type tests are not invariant to igglent hypothesis reformulations
and reparameterizations; see Cox and Hinkley (1974, p., Bd2juete, Gallant and Souza (1982, p.
185), Gregory and Veall (1985), Vaeth (1985), Lafontaing ¥hite (1986), Breusch and Schmidt
(1988), Phillips and Park (1988), and Dagenais and Dufd@®@X). For general possibly nonlinear
likelihood models (which are treated as correctly spedifiae showed in previous work [Dagenais
and Dufour (1991, 1992), Dufour and Dagenais (1992)] thag f@w test procedures are invariant
to general hypothesis reformulations and reparametarizat The invariant procedures essentially
reduce to likelihood ratio (LR) tests and certain variarftsanre [or Lagrange multiplier (LM)]
tests where the information matrix is estimated with eiduerexact formula for the (expected) in-
formation matrix or an outer product form evaluated at tratrited maximum likelihood (ML)
estimator. In particular, score tests are not invarianefarameterizations when the information
matrix is estimated using the Hessian matrix of the loglilied function evaluated at the re-
stricted ML estimator. Furthe€;(«) tests are not generally invariant to reparameterizatiohsss
special equivariance properties are imposed on the nestrigstimators used to implement them.
Among other things, this means that measurement unit ckanile no incidence on the null hy-
pothesis tested may induce dramatic changes in the coostusbtained from the tests and suggests
that invariant test procedures should play a privileged mokstatistical inference.

In this paper, we study the invariance properties of vari@ss criteria which have been pro-
posed for hypothesis testing in the context of incomplesplgcified models, such as models which
are formulated in terms of estimating functions [Godami#6Q)] — or moment conditions — and
are estimated by generalized method of moments (GMM) prresdHansen (1982)], and mod-
els estimated by/-estimation [Huber (1981)] or pseudo-likelihood metho@s{iriéroux, Monfort
and Trognon (1982 1984%), Gouriéroux and Monfort (1993)]. For general discussiofisference
in such models, the reader may consult White (1982), New885)l Gallant (1987), Newey and
West (1987), Gallant and White (1988), Gouriéroux and Manfb989, 1995), Godambe (1991),
Davidson and MacKinnon (1993), Newey and McFadden (1994), (#999) and Matyas (1999);
for studies of the performance of some test procedures lmes€&#MM estimators, see also Burnside
and Eichenbaum (1996) and Podivinsky (1999).

The invariance properties we consider include invariamc€possibly nonlinear) hypothesis
reformulations and reparameterizations. The test statiekamined include Wald-type, LR-type,



LM-type, score-type, and’'(«)-type criteria. Extending the approach used in Dagenaiarfiour
(1991) and Dufour and Dagenais (1992), we show first thahalié test statistics except the Wald-
type ones are invariant to equivalent hypothesis refortinla (under usual regularity conditions),
but all five of them ar@ot generally invarianto model reparameterizations, including measurement
unit changes in nonlinear models. In other words, testirgeaguivalent hypotheses in the context
of equivalent models may lead to completely different iaferes. For example, this may occur after
an apparently innocuous rescaling of some model variables.

In view of avoiding such undesirable properties, we studirigtions that can be imposed on the
objective functions used for pseudo-likelihood (or M-gmttion) as well as the structure of the test
criteria used with estimating functions and GMM proceducesbtain invariant tests. In particular,
we show that using linear exponential pseudo-likelihooacfions allows one to obtain invariant
score-type and’(«)-type test criteria, while in the context of estimating ftion (or GMM) pro-
cedures it is possible to modify a LR-type statistic propolsg Newey and West (1987) to obtain
a test statistic that is invariant to general reparamettorzs. The invariance associated with linear
exponential pseudo-likelihood functions can be viewedstsamng argument for using such pseudo-
likelihood functions in empirical work. Of course, the fabat Wald-type tests are not invariant to
both hypothesis reformulations and reparameterizat®by itself a strong argument to avoid using
this type of procedure (when they are not equivalent to giihecedures) and suggest as well that
Wald-type tests can be quite unreliable in finite samplesfudher arguments going in the same
direction, see Burnside and Eichenbaum (1996), Dufour{},3hd Dufour and Jasiak (2001).

In Section 2, we describe the general setup considerede wtel test statistics studied are de-
fined in Section 3. The invariance properties of the avaslabst statistics are studied in Section 4.
In Section 5, we make suggestions for obtaining tests tleaihaariant to general hypothesis refor-
mulations and reparameterizations. Numerical illustraiof the invariance (and noninvariance)
properties discussed are provided in Section 6. We condgfuBection 7. Proofs appear in appen-
dix.

2. Framework

We consider an inference problem about a parameter of stteére 2 C RP. This parameter ap-
pears in a model which is not fully specified. In order to idflgrd, we assume there existsrax 1
vector score-type functiol,, (6; Z,,) whereZ,, = [z1, 2o, . . ., z,]' is an x k stochastic matrix such
that

Dy, (9§ Zn) ni—sgo Do (9; 90) . (2.1)

D (-3 60) is an application fronf2 ontoR? such that:
Do (0560) =0 <=0 =10, (2.2)

so the value ofl is uniquely determined by, (¢;6,) . Furthermore, we assume that

Vi Dy (00: 20) = N{0.1 (6) (2.3)



and
0

~ o0
where! (0y) and.J (6y) arem x m andm x p full-column rank matrices.
Typically, such a model is estimated by minimizing with resiptod an expression of the form

Hyy (00 Zn) = 57 Dn (00 Zn) — J (f0) (2.4)

M, (97 Wn) = Dy (9; Zn), WnDy, (9; Zn) (2.5)

whereW,, is a symmetric positive definite matrix. The method of estingaequations [Durbin
(1960), Godambe (1960, 1991), Basawa, Godambe and Ta@er |}l the generalized method of
moments [Hansen (1982), Hall (2004)], maximum likelihopdeudo-maximum likelihood)/-
estimation and instrumental variable methods may all beigdisis setup. Under general regularity
conditions, the estimata, so obtained has a normal asymptotic distribution:

Vi (O — 00) == N[0, 2 (Wp)] (2.6)
where ) )
X (Wo) = (JoWodo)  JoWoloWodo (JoWodo) (2.7)
Jo=J(0o), Io=1(0g), Wo= plimW,, det(Wy) #0; (2.8)
n—oo

see Gouriéroux and Monfort (1995, Chapter 9).
If we assume that the number of equations is equal to the nuofhgarametergm = p), a
general method for estimatigalso consists in finding an estimatyy which satisfies the equation

Dy(Bn; Zn) =0 . (2.9)

Typically, in such cases),, (¢; Z,) is the derivative of an objective functios},(0; Z,,), which is
maximized or minimized to obtaift,, so that

oS, (0; Z, 0S, (0; 2,

This sequence is asymptotically normal with zero mean apchptotic variance

Q(00) = [J(66) T (86) " J (00)] " = (JpI3 " Jo) "

(2.10)
Obviously, condition (2.9) is entailed by the minimizatioh)/,, (#) whenm = p. Itis also interest-
ing to note that problems withw > p can be reduced to cases with= p through an appropriate
redefinition of the score-type functioP,, (6; Z,), so that the characterization (2.9) also covers
most classical asymptotic methods of estimation. A typisabf methods is the following.

a) Maximum likelihood. In this case, the model is fully specified with log-likelibdunction

L, (0; Z,) and score function

Dy (6:22) = 5 (6: 7). (2.11)



b) Generalized method of momerf@MM) method. ¢ is identified through an x 1 vector of
conditions of the form:
E[ht(H;zt)]zo, tzl,...,n. (212)

Then one considers the sample analogue of the above mean,

=I5 w0 (213)
n t=1
and the quadratic form

whereW,, is a symmetric positive definite matrix. In this case, thaadgpe function is:

Ohy (0)'

D, (6;7,) =2

Wb () (2.15)

C) M-estimator.d,, is defined through an objective functigp, of the form :

1 n
== &(6;2). (2.16)
n
t=1
The score function has the following form:
0Qn ., 1Ix=0.
Dy (0; Zn) = —g* (0 Zn) = ~ ; 555 (0522) (2.17)
3. Test statistics
Consider now the problem of testing
Hy:1 () =0 (3.1)
wherey (0) is ap; x 1 continuously differentiable function &f 1 < p; < p and thep; x p matrix
_ 9
P(0) = 50 (3.2)

has full row rank (at least in an open neighborhoodg) Let 6,, be the unrestricted estimator
obtained by minimizingZ,, (6), and@O the corresponding constrained estimator urnidgr

At this stage, it is not necessary to specify closely the aaynatrices (0p) andJ (6y) are es-
timated. We will denote by, and.J, or by I and.J the corresponding estimated matrices depending



on whether they are obtained with or without the restrictjof#) = 0. In particular, if
1 n
Dy (6 Zn) = — > hi(52), (3.3)
t=1

standard definitions of () and.J (¢) would be :

F0)= > ha (6520 b (6520 34
t=1
JO)= S (6) = o (6:7,) @9

wheref can be replaced by an appropriate estimator.
For I (9), other estimators are also widely used. Here, we shall dengieneral estimators of
the form

10) = 30D waln) he (6;2) he (05 2)

s=1t=1
= N (6; Zn) Wi(n)h (6; Zy,)' (3.6)

whereW;(n) = [ws(n)] is an x n matrix of weights (which depend of the sample sizand,
possibly, on the data) and

h (07 Zn) = [hl (07 Zl) ’ h2 (07 22) PRI hn (07 ZTL)] . (37)
Fore example, a “mean corrected” version ¢f) may be obtained on takirig’; (n) = I,, — Linth,
wherel, is the identity matrix of orden and.,, = (1, 1, ..., 1)/, which yields
—f(e) = Z [ht (0 2) — 5(9)] [ht (0;2) — E(é))]' (3.8)
t=1

—n

whereh(6) = L1 S"h; (0;2) . Similarly, so-called “heteroskedastic, autocorrelatimmnsistent
t=1

(HAC)” covariance matrix estimators can usually be rewritin the form (3.6). In most cases,
such estimators are defined by a formula of the type:

n—1

1O)= > r(j/S) L' 0) (3.9)

j=—n+1

wherex (-) is a kernel function,S,, is a bandwidth parameter (which depends on the sample size



and, possibly, on the data), and

o he(B32) heej (0520-5), if 5 >0,
rGgoy=q =3 (3.10)
= heyy (O z005) he (052) i 5 <0.
t=—7j-+1
For further discussion of such estimators, the reader magutbNewey and West (1987), Andrews
(1991), Andrews and Monahan (1992), Hansen (1992), andi@usihd McGarvey (1999).

In this context, analogues of the Wald, LM, score &ridx) test statistics can be shown to
have asymptotic null distributions without nuisance pagters, namely? (p;) distributions. On
the assumption that the referenced inverse matrices dg éxése test criteria can be defined as
follows:

(&) Wald-type statistic,

W () = nap(0,) [P(J TV P p(0,) (3.11)

whereP = P(0,), I = 1(0,) andJ = J(0,,);
(b) score-type statistic,

S () = n Doy Zo) I3 o (Jo 1 Jo) " Tyl D (Br; Z0) (3.12)
wherel, = 1(0 ) and.Jy = J(é)o);
(c) Lagrange-multiplier (LM) type statistic,

LM () = n X, By (Jo 15 0o) " ByAa (3.13)
where?y = P(.):
(d) C («)-type statistic,

PC(00;4) = n Dy (0y; Z,) WoDy (By; Z,,) (3.14)

Whereé?Z iS any rootn consistent estimator ¢fthat satisfiesp(é?l) =0, and

Wo = Iy Vo (Jo 15 o) " By [Bo (T4 154 Jo) " Py R

By (Tl o) Tyl !

with By = P(02), Io = [(8)) andJy = J(0.).

The above Wald-type and score-type statistics were disdusg Newey and West (1987) in the
context of GMM estimation, and for pseudo-maximum likebdoestimation by Trognon (1984).
The C (a)-type statistic is given by Davidson and MacKinnon (19936p9). Of course, LR-type
statistics based on the difference of the maxima of the @ifsgetunction.s,, (6; Z,,) have also been



considered in such contexts :
LR () = Sn(Bn: Zo) — Su(8): 2,,) . (3.15)

Itis well known that, in general, this difference is distribd as a mixture of independent chi-square
with coefficients depending upon nuisance parametersffaasxample, Trognon (1984) and Vuong
(1989)]. Nevertheless, there is one “LR-type” test statisthose distribution is asymptotically
pivotal with a chi-square distribution, namely thestatistic suggested by Newey and West (1987):

Dw = n [My (B, To) — My (8. Io)] (3.16)

where ) )
M, (0,1y) = Dy, (6; Z,)' I, ' Dy, (6; Z,) (3.17)

I, is a consistent estimator of(0o), 0, minimizesM,, (0, fo) without restriction an(@?Z minimizes
M, (0, Iy) under the restriction) (§) = 0. Note, however, that this “LR-type” statistic is more
accurately viewed as a score-type statisticDjf is the derivative of some other objective function
(e.g, a log-likelihood function), the latter is not used as théeotive function but replaced by a
quadratic function of the “scoreD,,.
Using the constrained minimization condition,
~0 1= ~0 N

Hy, (0,5 Zy) 15 "D (0,5 Z0) = P(6),) An s (3.18)

we see that
S(y)=LM (¥) , (3.19)

i.e., the score and LM statistics are identical in the preseoumstances. Further, it is interesting
to observe that the score, LM add(«)-type statistics given above may all be viewed as special
cases of a more gener@l(«)-type statistic obtained by considering the generalizedres-type”
function :

500, W) = v Q [Wa) Dy (8r: Z0)

whered.. is consistent restricted estimatefafsuch thats(d.) = 0 and+/n (6., — 6o) is asymptot-
ically bounded in probability,

Q [Wy] = Po(JWido) L IW,

By = P(ég)  Jo = j(éi), and W, is a symmetric positive definite (possibly random)x m
matrix such that
pllm W, = W() R det (W()) 75 0.

n—~o0

Under standard regularity conditions [see Appendix A], \&eeh

s(O; 2,) 2 N[0,Q (80) I (60) Q (60)]

n—~o0



where ~
Q (00) = plim Q [W,] = P (6o) [J (60) WoJ (60)] " T (60) Wo

n—oo

andrank [@ (Ap)] = p. This suggests the following generalizéd «) criterion :
C (B0, Wa) = 1D (8 Za) QW) {Q (Wl ToQ Wl } ™" QW] D (813 Z,)  (3.20)

where I, = f(é?l). Under general regularity conditions, the asymptotic tiatron of

( n,w, ) is x2 (p1) under Hy. Indeed, in the following proposition, we provide the asymp-
totic distribution of an even more general statistic of therf:

PO(By: 0. W) = 1Dy (B Z,)' QW) {Q Wl 6@ Wl }~ QW) Du(Br: Z,) . (3:20)

where the matrice§ [W,,] and P(6,) may not have full row rank and the derivative Bf, (6; Z,, )
need not be continuous.

Proposition 3.1 ASYMPTOTIC DISTRIBUTION OF GENERALIZED C(«) STATISTIC. Under the

assumptionsA.1 to A.13 of Appendix A, leQ,, = Q[W,] = P,[J W, J,|~J W, where.J, =
Ho(0Y), B, = P(6") and[ -]~ refers to any generalized inverse. Then

V1 QD (003 Za) == N[0, Q(80)(80)Q(00)'] (3.22)
whereQ(8) = P(60)[J(00)' WoJ (60)] ~ T (80)' Wy , and
PC (B30, W) = 0D (03 Zn)'Qly [Qulon@y] ™ QnDn (0 Zn) 5 x*(r1)  (3.23)

where Q(6y) = P(HO)[J(Ho)’WOJ(HO)]_IJ(HO)’WO, ry =rank[P(6p)]. Further, the matrix
Q. [@nlon@,]” Q, is invariant to the choice of the generalized invef&s, 7o, Q'] ~

The proof of the latter proposition appears in Appendix AtéNitiat the numerical value of the
statisticPC (0 mw, ) is invariant to the choice of the generalized invef€eW,,] 1,Q [Wy]' )~
Itis cIearPC( »; ¥, W) includes as special cases various othée)-type statistics proposed in

the statistical and econometric literatutesn the sequel, we shall concentrate our discussion on
nonsingular cases, where rdik(6g)] = p;.

On takingW,, = fgl, as suggested by efficiency argumenﬁ@’(ég;w,Wn) reduces to
PC(ég;w) in (3.14). When the number of equations equals the numbearminpeter§m = p),

LFor further discussion af' () tests, the reader may consult Basawa (1985), Ronchettr{18&ith (1987), Berger
and Wallenstein (1989), Dagenais and Dufour (1991), Davidsnd MacKinnon (1991, 1993) and Kocherlakota and
Kocherlakota (1991)



we haveQ [W,,] = Py J; " and PC/(6°;, W,,) does not depend on the choiceld, :

PC(Bhi,Wa) = PC(0,;0)
— DBy Z,) (Jy Y B[P (JIs M o) By Pody D (B Z0) . (3:24)

In particular, this will be the case iD,, (¢;Z,) is the derivative vector of a (pseudo) log-
likelihood function. Finally, whenm > p, but 92 is obtained by minimizingM,, (§) =
D, (0; Z,) I, D,, (8; Z,,) subject toy (§) = 0, we can writed. = @2 and PC(ég;w,Wn) is
identical to the score (or LM)-type statistic suggested leyidy and West (1987). Since the statis-

tic PC(éz; 1, Wn) is quite comprehensive, it will be convenient for estaltigrgeneral invariance
results.

4. |Invariance

Following Dagenais and Dufour (1991), we will consider twpds of invariance properties: (1)
invariance with respect to the formulation of the null hypesis, and (2) invariance with respect to
reparameterizations.

4.1. Hypothesis reformulation

Let
O ={0e 2| ¢(0) =0} (4.1)

and¥ the set of differentiable function : 2 — R™ such that
{96(2|1Z(9):0}:@0. 4.2

A test statistic is invariant with respect foif it is the same for alk) € ¥. It is obvious the LR-
type statistics. R (¢) and Dy (Wwhen applicable) are invariant to such hypothesis reftations
because the optimal values of the objective function (iett or unrestricted) do not depend on
the way the restrictions are written. Now, a reformulatioesinot affect, J, I, and.J,. The same
holds for I, and.J, provided the restricted estimaté?; used withC' («) tests does not depend on
which functiony) € ¥ is used to obtain it. HoweveP, An and@b(én) change Following Dagenais
and Dufour (1991), if) € ¥, we have:

_ _ ) S
PO) = 2 -RwEO). @3)
PO = S =ROGH @4

where P; and P, are two squared invertible functions a6t6) is ap; x p full row-rank matrix.
Since PY \, = P}, whereP? = P,(0), P9 = P,(6.) and ), is the Lagrange multiplier



associated with), we deduce that all the statistics, except the Wald-typéstitat, are invariant
with respect to a reformulation. This leads to the followprgposition.

Proposition 4.1 INVARIANCE TO HYPOTHESIS REFORMULATIONS  Let ¥ be a family of

oY

p1 X 1 continuously differentiable functions 6fsuch thatw has full row rank wheny) () =

0 (1§p1 Sp)>and
(@) =0<=Y(0) =0V, p €V, (4.5)

Then, )
T () =T (¥) (4.6)

whereT stands for any one of the test statisti€$vy)) , LM (1), PC(@Z; V), LR (¢), Dyw (¥)
and PC(0,; 4, W,,) defined in(3.12) to (3.20).

Note that the invariance of th& (v)) , LM (), LR (v) and D (1) statistics to hypothesis
reformulations has been pointed out by Gouriéroux and Moif®89) for mixed-form hypotheses.

4.2. Reparameterization

Let g be a one-to-one differentiable transformation frdtn C RP onto 2, € RP : 6, =

g (0). grepresents a reparameterization of the parameter védtor new ond ... The latter is
often determined by a one-to-one transformation of the data= ¢ (Z,,) , as occurs for example
when variables are rescaled (measurement unit changesjt rBay also represent a reparameter-
ization without any variable transformation. Let= g~ be the inverse function associated with

g:

k(0.) = gil (0.) =0 (4.7)
St a5’ ok
G(0) = 8—% and (6.) = -7 - (4.8)

Sincek [g (0)] = 0 andg [k (6.)] = 0., we have:

Klg(9)]G () =1,andG [k (6,)] K (0,) =1, V0, € 2, , VO € 2. (4.9)
Let
¢ (0.) = g (0)] (4.10)
Clearly,

and H; : " (f.) = 0 is an equivalent reformulation af, : ¢ (f) = 0 in terms of6,. We
shall cally* (0,) = 0 the canonical reformulatiorof ¢ (§) = 0 in terms off,. Other (possibly
more “natural”) reformulations are of course possible,thatlatter has the convenient property that
¥* (0,) = 1 (). If a test statistic is invariant to reparameterizations mwitee null hypothesis is
reformulated as ag™ (6.) = 0, we will say it iscanonically invariant

10



By the invariance property of Proposition 1, it will be suiict for our purpose to study invari-
ance to reparameterizations for any given reformulatioth@ull hypothesis in terms @f.. From
the above definition of* (6.) , it follows that

oy" _ 9y 0
00" o8 00"

P, (0,) = = Pk (0,)] K (6,) =P (0)K[3(0)] . (4.12)

We need to make an assumption on the way the score-type danbtj (6; Z,,) changes un-
der a given reparameterization We will consider two casEse first one consists in assuming

that D,, (0; Z,,) = Zh (0; z¢) /n as in (3.3) where the values of the scores are unaffectedeby th
t=1
reparameterization, but are simply reexpressed in terfy ahdz,, (invariant scorek

ht (9*;2’75*) :ht (H;Zt) s t= 1,...,TL, (413)

whereZ,,. = g (Z,) andf, = g (0) . The second one is the one whébg (0; Z,,) can be interpreted
as the derivative of an objective function.
Under condition (4.13), we see easily that

Hips (9*; Zn*) = W = H, (9§ Zn) K (0*) = H, (0; Zn) K [g (9)] . (4.14)

Further the functiong (0) and.J (0) in (3.4) - (3.5) are then transformed in the following way :

L(0.)=1(0), J.(6.)=J(0)K[g(0)] .
If 7(0) and.J (9) are defined as (3.4) - (3.5), Wy, = W, and if 6., is equivariant with respect

to g [i.e, ég* = g(a‘;)], it is easy to check that the generallzéda) statistic defined in (3.20)
is invariant to the reparameterizatioh = g (#). This suggests the following general sufficient
condition for the invariance af’ («) statistics.

Proposition 4.2 C(a) CANONICAL INVARIANCE TO REPARAMETERIZATIONS. INVARIANT
SCORE CASE Lety* (6,) =+ [g~' (6.)] , and suppose the following conditions hold :

(a) By, = a6y,

(b) Dn*(ég*S Znx) = Dn@z% Zn),

(¢) Iow = IpandJo. = JoK,

(d) Wi = Wh,

wherely, .J, and W, are defined as i13.20), and K = K (., ) is invertible. Then
PCL(04i 0", Wae) = 0D, Qb (Qdox Qo) ™ QoD = PO(B, W)

Wheref)* - Dn*(en*a n*)7 QO* = -[50* (jé*Wn*jO*)_ljé*Wn*u -[50* = P*(é?l*) andP* (9*) =

11



o™ /90 .

It is clear the estimatorg, andé.. satisfy the equivariance condition, i.6,,. = g(6,) and
~0 ~0 , . , -
0,, = g(@n). Consequently, the above invariance result also appliesdeqor LM) statistics.

It is also interesting to observe thit, (¢*) = W (). This holds, however, only for the special
reformulationy* (6.) = ¢ [g~! (6.)] = 0, not for all equivalent reformulations, (6,) = 0. On
applying Proposition 1, this type of invariance holds far tther test statistics. These observations
are summarized in the following proposition.

Theorem 4.3 TEST INVARIANCE TO REPARAMETERIZATIONS AND GERERAL HYPOTHEIS RE
FORMULATIONS: INVARIANT SCORE CASE Lety, : £2, — 2 be any continuously differentiable
function off,. € (2, such that), (g (f)) =0 < ¢ (0) =0, letm = p and suppose

(@) Dns(g(0);2Zns) = Dn (05 Zn)
(b) ILg(®)] =1(0)andJ.[g(0)]=J(0)K[g(0)] ,
whereK (0,) = 9~ (6.) /00, . Then, provided the relevant matrices are invertible, weshav

T () =T. (¢ (4.15)

whereT" stands for any one of the test statisti€$y)) , LM (v), LR (v) and Dyw (¢) . If éﬁ* =

~0
g(0,,) , we also have

PO, (B, 9,) = PC(B:) . (4.16)

If ¥, (8) =+ [g7* ()] , the Wald statistic is invariant W, (¢,) = W (¢).

Cases where (4.14) holds only have limited interest bectingsedo not cover problems where
D,, is the derivative of an objective function, as occurs foregke when)M -estimators or (pseudo)
maximum likelihood methods are used :

185, (6; Z,,

. (4.17)
In such cases, one would typically have :
Spse (045 Zns) = Sn (05 Zn) + K (Zna)

wherex (Z,.) may be a function of the Jacobian of the transformafign = ¢ (Z,,) . To deal with
such cases, we thus assume that p, and

Dy (B4 Zne) = K (0:) Dy (85 Z3) = K [g(0)) D (65 Z0) - (4.18)
From (2.3) and (4.18), it then follows that

V1 Doy (0043 Zni) 25 N[0, I, (60,)] (4.19)
n—oo

12



wherefy,. = g (6y) and
L (0.) = K (6.) T [k(8.)] K (6.) = K [g(0)]' 1(8) K [3(9)] . (4.20)
Further,
s (0.3 Zn) = K (9 (0)) Ho (0; Z2) K [g(0)] + > Do (0: Z2) KV [9(0)) (4.22)
=1
whereD,,; (0; Z,,) ,i =1, ..., p, are the coordinates db,, (¢; Z,,) and

Ky
06,00,

20.
KW, = 070

v 06,00 (6.)

(0.) . (4.22)

By a set of arguments analogous to those used in Dagenaiswdodri§1991), it appears that all
the statistics [except the LR-type statistic] are basechuig and so they are sensitive to a repa-
rameterization, unless some specific estimatay &f used. At this generality level, the following
results can be presented using the following notatiods.f, P are the estimated matrices for a
parameterization i and I.,J., P. are the estimated matrices for a parameterizatiofi, inThe
first proposition below provides an auxiliary result on theariance of generalized'(«) statis-
tics for the canonical reformulation™ (6.) = 0, while the following one provides the invariance
property for all the statistics considered and generalvedgmt reparameterizations and hypothesis
reformulations.

Proposition 4.4 C(a) CANONICAL INVARIANCE TO REPARAMETERIZATIONS. Lety™ (6,) =
¢ [g7! (,)] , and suppose the following conditions hold:

~0 _,~0
(a) B, =g(0,),
() Dou(Bry; Zoe) = K [B,]' D(By; Z0)
(C) j()* = K/fof(, j()* = K/j()f( 5
!

(d) Wy = KW, (K1),

where Iy, Jy and W, are defined as ir(3.20, and K = K (f.,). Then, provided the relevant
matrices are invertible,

PO, " W) = PC(0s: 0, W)

Theorem 4.5 TEST INVARIANCE TO REPARAMETERIZATIONS AND GENERAL EQUIVAIENT HY-
POTHESIS REFORMULATIONS Let, : 2, — {2 be any continuously differentiable function of
6. € 2. such that), [g (0)] =0 < ¢ () = 0, letm = p and suppose :

(a) Pn* (g (9) ) Zn*) = KA[g (9)],Dn (9, Zn) )
(b) Llg®)]=Klg (9)]/IA(9)K[§ 0],
() Jlg@)=Kl[g®) J(0)K[g(0)],

13



whereK (6,) = dg~* (9) /90, . Then, provided the relevant matrices are invertible, weshav

T (¢) =T () (4.23)

whereT stands for any one of the test statisti€$y)) , LM (v)), LR () and Dyw (¢) . If éﬂ* =
3(8), we also have

PC, (B 0,) = PC(B;0) (4.24)
and, in the case where, () = v [g7' (9)] ,

It is of interest to note here that conditidn) and (b) of the latter theorem will be satisfied if
Dy, (0;Z,) = 231" | hy (65 2¢) and each individual “score” gets transformed after repatana-
tion according to the equation

Puse (g (0) ;zt*) =K[GO)] h(0;2),t=1,,...,n, (4.25)

where Dy, (5 (0) ; Zns) = L3711 his(9(0) 5 26). Consequently, in such a case, any estimator
I () of the general form (3.6) will satisfyb) provided the matri¥¥;(n) remains invariant under
reparameterizations. This will be the case, in particditarmost HAC estimators of the form (3.9)
as soon as the bandwidth parameigronly depends on the sample sizeHowever, this may not
hold if .S,, is data-dependent [as considered in Andrews and Monah&2)]19

5. Invariant test criteria

Despite the apparent “positive nature” of the invariancailts presented in the previous section,
the main conclusion is that none of the proposed test statistinvariant to general reparameteri-
zations, especially when the score-type function consitles derived from an objective functién.
In particular, this problem will occur when the score-typadtion is derived from a (pseudo) like-
lihood function or, more generally, from the objective ftion minimized by an M-estimator.

In this section, we propose two ways of doing this. The firg @based on modifying the LR-
type statistics proposed by Newey and West (1987) for GMMsetwhile the second one exploits
special properties of the linear exponential family in giemaximum likelihood models.

5.1. Modified Newey—West LR-type statistic
Consider the LR-type statistic

Dw = n[My (B, Io) — My (8, Io)]

2The reader may note that further insight may be gained omtfegiance properties of test staistics by using differen-
tial geometry arguments; for some applications to statsproblems, see Critchley, Marriott and Salmon (1996)Ka
and Voss (1997) and Marriott and Salmon (2000). Howeves, whiuld go beyond the scope of the present paper.
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where M,,(0, Iy) = D, (6; Z,) 1Dy, (0; Z,,) , proposed by Newey and West (1987, hereafter
NW). In this statistic [, is any consistent estimator of the covariance mdt(i¥) which is typically
a function of a “preliminary” estimata,, of ¢ : I = I (6,,) . The minimized value of the objective
function M, (0, I) is not invariant to general reparameterizations unlessiapeestrictions are
imposed on the covariance matrix estimakgr

However, there is a simple way of creating the appropriatariance as soon as the func-
tion I (9) is a reasonably smooth function @fInstead of estimating by minimizing M, (6, Iy),
estimatef by minimizing M, (e,f(e) ) For example, such an estimation methods was studied
by Hansen, Heaton and Yaron (1996). When the score vdgtoand the parameter vectér
have the same dimensigm = p), the unrestricted objective function will typically be zero
[Dy(0n; Z,) = 0], so the statistic reduces By = nMn(ég,fo). Whenm > p, this will
typically not be the case.

Suppose now the following conditions hold :

D (9(0), Zni) = K[?](@)]'{?n (0;Zn) , (5.1)
L(g(0) = Klg®)'1(0)K[3(0) . (5.2)

Then, forf, = g (9),

M, (9*7 f* (9*)) = Dps (g 9), Zn*) L (g (9))71 Dy (g 9), Zn*) (5.3)
= Dy, (97 Zn),I (9) Dy, (97 Zn) .

Consequently, the unrestricted minimal valug (8,,; (8,,)) and the restricted on&f, (6; I(9,)))
so obtained will remain unchanged under the new paramatieniz and the corresponding LR-type
statistic

D = n[My (00; 1(0,)) — My (05 1(0))] (5.4)

is invariant to reparameterizations of the type consideme@.18) - (4.20). Under standard reg-
ularity conditions on the convergence B%, (6; Z,) and I () asn — oo (continuity, uniform
convergence), it is easy to see thiatand Dy are asymptotically equivalent (at least under the
null hypothesis) and so have the same asymptetig;) distribution. For completeness, we state
this result in the following proposition. The proof is prdeid in Appendix B.

Proposition 5.1 ASYMPTOTIC DISTRIBUTION OF MODIFIEDNEWEY-WEST STATISTIC Under
the assumptionA.8, A.9 andB.1to B.7 [stated in Appendices A and Bith 7| = rank[P(0y)] =

p1, the statisticD vy = n [Mn(éz) — M, (6,,)] converges in distribution to &2 (p1) wheny (6y) =
0.

15



5.2. Pseudo-maximum likelihood methods
5.2.1. PML methods

Consider the problem of making inference on the parameté&hndppears in the mean of an en-
dogenous x 1 random vectoly; conditional to an exogenous random vecipt

E(y|xe) = f(x;0) = fi (0) , V(ye | 2¢) = Q0(4) (5.5)

where f,(6) is a known function and is the parameter of interest. (5.5) provides a non-linear
generalized regression model with unspecified variancenha likelihood function with a finite
number of parameters is not available for such a semi-paranneodel,f can be estimated through

a pseudo-maximum likelihood technique (PML) which corssistmaximizing a chosen likelihood
as it where the true undefined likelihood; see Gouriérouxpfdid and Trognon (198%.2 In partic-
ular, it is shown in the latter reference that this pseukelihood must belong to the specific class
of linear exponential distributions adapted for the meahese distributions have the following
general form:

U(y; n) = exp [A(n) + B(y) + C()y] (5.6)
wherey € RS andC/(u) is a row vector of siz&. The vectoru is the mean of if

04 L 00
o Ou r=
Irrespective of the true data generating process, a censiaghd asymptotically normal estima-

tor of & can be obtained by maximizing

[ L exp {A(:(0) + B(ye) + CLf: (0)]ye} (5.7)

t=1

or equivalently through the following equivalent progragim

Max 3 (AL (0] L1 (0} wit Gt g =0 (5.8)

The class of linear exponential distributions contains nebshe classical statistical models, such
as the Gaussian model the Poisson model, the Binomial mtigelGamma model, the negative
Binomial model, etc. The constraint in the programme (5r&uees that the expectation of the
linear exponential pseudo-distribution s The pseudo-likelihood equations have an orthogonal

3For further discussion of such methods, the reader may tto@ong and Samaniego (1981), Gouriéroux, Monfort
and Trognon (1984), Trognon (1984), Bourlange and Doz (1988), Trognon andri@oaux (1988), Gouriéroux and
Monfort (1993), Crépon and Duguet (1997) and Jorgensen/j199
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condition form:

a1t oC
zzj 50 5 1O = Ju) = 0. (5.9)

The PML estimator solution of these first order conditionsassistent and asymptotically normal
N[0, (J'I7'J)~!], and we can write:

0 = 2 {3 [won] (%) (5.10)
1(6) = E{(%ﬁ)[( (ﬁ())) (g—iw»)} (%)} (5.11)

These matrices can be estimated by :

J = —Z(aft >[ai(ft<é>)] <%—]g(9))/, (5.12)
I = EZst(é)st(é)/, (5.13)
e Si(0) = (%J;t( )) { ( ft(é))} (y — £:(0)). (5.14)

Slnce (ft( )) andy; — f+(#) are invariant to reparameterizationsand J are modified only

off
through%. Further,

i) =ol=r0). o= (%) (57) = (G ) Ko@) 619
and ) o X ) o R
L.=K[g®]IK[30)], J.=K[30)]TK[50)]. (5.16)

The Lagrange, score ard («)-type pseudo-asymptotic tests are then invariant to a aepeter-
ization, though of course Wald tests will not be generallyaimant to hypothesis reformulations.
Consequently, this provides a strong argument for usinggus&rue densities in the linear exponen-
tial family (instead of other types of densities) as a basisektimating parameters of conditional
means when the error distribution has unknown type.

The estimation of the/ matrix could be obtained through direct second derivatalewtus of
the objective function. For example, whgnis univariate(G = 1), we have:

A 2 A
Zaff 760 (%) - 13- W2 o (Lhior) - o)
t=1
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2 A~ A~
——Z )5 (7)o~ )

The first two terms of this estimator behave after repararzeteon asj, but the last term is
based on second derivatives f6ff) and leads to the same non-invariance problems bears the same
defaults as those presented in (3.5) and (4.21). The twadasis of.J vanish asymptotically,

they can be dropped as in the estimation method proposed byidBaux et al. (1984). For the
invariance purpose, to discard the last term is the corragttev proceed.

5.2.2. QGPML methods

Gouriéroux et al. (1989 pointed out that some lower efficiency bound can be achibyea two-
step estimation procedure, when the functional form of tbhe tonditional second order moment
of y; givenx; is known:

V(yelee) = Q20(xt) = h(zg, an) = hy(ag) -

The method is based on various classical exponential fesnliegative-binomial, gamma, normal)
which depend on an additional paramejeiinked with the second order moment of the pseudo-
distribution. If x and X' are the expectation and the variance-covariance matrikisfpseudo-
distribution: n = ¥(u, X'), where¥ defines for anyu, a one to one relationship betwegrand
2.

The class of linear exponential distributions dependingnuthe extra parameter is of the
following form:

I (y, u,m) = exp{A(p,n) + B(n,uw) + C(p,n)u} .

If we consider the negative binomial pseudo distributidfu, n) = —n In (1 + %) andC(u,n) =

In (1/(n + p)); if otherwise we use the Gamma pseudo distributiot{,7) = —nln(p) and
C(u,n) = — 7. Inthe former casey = ¥ (u,0°) = po*/(1—0?) and in the latter; = ¥ (u, 0?) =

2 2
neoe. R R
With preliminary consistent estimatods ¢ of «, 6 wheref anda are equivariant with respect
to g, computed for example as in Trognon (1984), the QGPML estind 6 is obtained by solving
the problem

T
m@ax;l (Y, f1(0), ¥ (f1(0), g:(&))) -
The QGPML estimatof of 6 is strongly consistent and asymptotically norme(f”f(?) — 0p) L

N[0, K] with
. off LOf T
K = {E:c%gt(ao) W s
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To = Jo = Ba | 22t 0)gu(0) " 2L 600)
00 o0y’ '
Iy andJy can be consistently estimated by:
i= 1Y 806,4,0)800,4,0),
ntzl
A_1”aftmao - oft
7= 250 G006 a0 50
where
Oft

51(0,.8) = 08 | S (0).00). @) | (o~ 0

Slnce (ft( ), W (f:(0),g:(&))), andy, — f;(6) are invariant to reparameterization®iénda are
equwarlant we face the same favorable case as before:

bl

= Klg(0
= K@)

and the Wald, Lagrange, score pseudo-asymptotic testawaeéant to a reparameterization. These
guasi-generalized pseudo-asymptotic tests are localle powerful than the corresponding pure
pseudo-asymptotic tests under local alternatives [segnbr (1984)].

Furthermore the quasi-generalized LR statistic (QGLR)waiiant provided, the first-step esti-
matorsf anda are equivariant under reparameterization. And shown igfoa (1984) the QGLR
statistic is asymptotically equivalent to the other pseaggmptotic statistic under the null and un-
der local alternatives.

>

*

6. Numerical results

In order to illustrate numerically the (non-)invariancelplems discussed above, we consider the
model derived from the following equations:

=7+ 513«’%\) + 521’2\) +u, (6.1)
w BN, 02, t=1,..., T, (6.2)
wherexw (2} = 1)/X, i =1, 2, x; > 0with 3:( ) = = log(z;) for A\ = 0, and the explanatory

varlablesmt andzq; are fixed. The null hypothesus to be tested is:

Hy:M=1. (6.3)
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The log-likelihood associated with this model is:

l= Zl[yta e ﬁlvﬁ% )‘ o ] (64)

l[yt; 7> ﬁbﬁ% A 02] = ut , t=1, , T (65)

2 202

It is easy to see that changing the measurement uniiscendzx; leaves the form of model (6.1)
and the null hypothesis invariant. For example, if beth and z; are multiplied by a positive
constantt, i.e.

Titx = kT1e,  Top = KXo, (6.6)

(6.1) can be reexpressed in terms of the scaled variablegndx .. as

t = Vs« + ﬁl*xlt* + 62*1'215* + Ut (67)

where the power parameteremains the same and

2
Ve =7 — k()\)kiAZBZW ﬂz* = Biki)\7 L= ]" 2. (68)

On interpreting model (6.1) - (6.2) as a pseudo-model art) & a pseudo-likelihood, we will
examine the effect of rescaling on GMM-based and pseudtiflitod tests. Moment equations
can be derived from the above model by differentiating thelikelihood with respect to model
parameters and equating the expectation to zero. Thissyielbwing five moment conditions:

T
E [Z ut] =0, (6.9)
Tt:l
E [Z utazg’t\)] =0, (6.10)
t;l
[Z ut:c%] =0, (6.11)
T 2
[Z% < By Inaiy — xt)>] =0, (6.12)
T
E [Z ] =0. (6.13)

t=1

These equations provide an exactly identified system oftemsa To get a system with moment
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equations (hence overidentified), we add the equation:

T
E [Z ut.l‘ltl'gt] =0. (6.14)
t=1

To get data, we considered the sample §ize 200 and generateg; according to equation (6.1) -
(6.2) with the parameter values= 10, 3, = 1.0, 8, = 1.0, A = —1.0, 0> = 0.85. The values of
the regressors; andxsy; were selected by transforming the values used in Dagendi®afour
(1991)4

Numerical values of the GMM-based test statistics for a remdb rescalings are reported in
Table 1 for the 5 moment system (6.9) - (6.13) and in Table @6 moment system (6.9) - (6.14).
Results for the pseudo-likelihood tests appear in Tablerapks of the non-invariant test statistics
are also presented in figures 1 - 4. In these calculationsfirgtestep estimator of the two-step
GMM tests is obtained by minimizing/,, (¢, W,,) in (2.5) with no weighting(\W,, = I,,,), while
the second step uses the weight matrix defined in (3.4). Nection for serial correlation is applied
(although this could also be studied).

These results confirm the theoretical expectations of therthpresented in the previous sec-
tions. Namely, the GMM-based test statistié3fy;-, Wald, score(”(«)] are not invariant to mea-
surement unit changes and, indeed, can change substa(diah if both the null and the alterna-
tive hypotheses remain the same under the rescaling coegditiere). Noninvariance is especially
strong for the overidentified system (6 equations). In astirtheD vy and score tests based on
the continuously updated GMM criterion are invariant. Thene holds for the LR and adjusted
score criteria based on linear exponential pseudo liketiso

7. Conclusion

In this paper, we have studied the invariance propertieypdthesis tests applicable in the context
of incompletely specified models, such as models formulatedrms of estimating functions and
moment conditions, which are usually estimated by GMM pdoces, or models estimated by
pseudo-likelihood and/-estimation methods. The test statistics examined indialel-type, LR-
type, LM-type, score-type, an@'(«)-type criteria. We found that all these procedures st
generally invarianto (possibly nonlinear) hypothesis reformulations andrameterizations, such
as those induced by measurement unit changes. This meansdtirag two equivalent hypotheses
in the context of equivalent models may lead to completdifigidint inferences. For example, this
may occur after an apparently innocuous rescaling of sondehvariables.

In view of avoiding such undesirable properties, we stud@strictions that can be imposed
on the objective functions used for pseudo-likelihood (eeMimation) as well as the structure of
the test criteria used with estimating functions and GMMcpadures to obtain invariant tests. In
particular, we showed that using linear exponential psdikgbhood functions allows one to ob-

“The numerical values of;, z1; andy; used are available from the authors upon request. It is itapbto note
that this isnot a simulation exercisaimed at studying the statistical properties of the testispbly an illustration of the
numerical propertie®f the test statistics considered.
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Table 1. Test statistics fdil : A = 1 for different measurement units
5 moment models

Two-step GMM CUP-GMM Pseudo ML
k Dyw | Wald Score C(a) Dyw | Wald Score| C(«) LR Mod. score
0.2 | 0.001 | 44.750| 84.810 | 33.972| 5.771 | 44.750| 5.771| 5.066 | 66.408| 31.060
0.4 | 0.000 | 44.746| 47.692 | 16.726| 5.771 | 44.746| 5.771| 0.922 | 66.408| 31.060
0.6 | 0.001 | 44.745| 42.983 | 14.106| 5.771 | 44.745| 5.771| 4.482 | 66.408| 31.060
0.8 | 0.010 | 44.744| 39.161 | 12.369| 5.771 | 44.744| 5.771| 5.282 | 66.408| 31.060
1.0 | 0.056 | 44.743| 35.676 | 10.593| 5.771 | 44.743| 5.771 | 5.3838| 66.408| 31.060
3.0 34.629| 44.743| 118.876| 42.124| 5.771 | 44.743| 5.771| 0.6720| 66.408| 31.060
5.0 | 1.641 | 44.743| 62.195 | 34.746| 5.771 | 44.743| 5.771| 2.5545| 66.408| 31.060
7.0 | 0.282 | 44.742| 61.766 | 34.953| 5.771 | 44.742| 5.771| 3.9336| 66.408| 31.060
10.0 | 0.068 | 44.739| 61.147 | 34.465| 5.771 | 44.739| 5.771 | 4.5010| 66.408| 31.060

Table 2. Test statistics fddy : A = 1 for different measurement units
6 moment models

Two-step GMM CUP-GMM

k Dnw Wald Score| C(a) | Dyw Wald | Score| C(«a)
0.2 0.016 | 416.546| 106.734| 54.462| 19.480| 359.380| 11.107| 3.189
04 0.036 | 221.829| 108.142| 54.852| 19.480| 83.743| 16.296| 7.318
0.6 0.248| 213.918| 107.764| 52.818| 19.480| 40.481| 18.637| 7.063
0.8 1.068| 178.757| 106.053| 47.539| 19.480| 34.101| 17.678| 0.661
1.0 3.562| 139.364| 103.364| 37.915| 19.480| 35.580| 17.769| 5.215
3.0 | 47.490| 46.214| 110.751| 7.960| 19.480| 45.146| 15.250| 4.650
5.0 1.651| 129.698| 48.704| 6.518| 19.480| 59.667| 13.367| 4.611
7.0 1.511| 384.944| 49.719| 9.978| 19.480| 118.911| 13.937| 5.639
10.0| 2.031| 905.870| 50.264| 10.747| 19.480| 406.974| 14.162| 6.136
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tain invariant score-type and(a)—type test criteria, while in the context of estimating fuant
(or GMM) procedures it is possible to modify a LR-type statiproposed by Newey and West
(1987) to obtain a test statistic that is invariant to gehesparameterizations. The invariance as-
sociated with linear exponential pseudo-likelihood fims is interpreted as a strong argument for
using such pseudo-likelihood functions in empirical wdrkirthermore, the LR-type statistic is the
one associated with using continuously updated GMM estiradiased on appropriately restricted
weight matrices. Of course, this provides an extra arguritersuch GMM estimators.
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A. Appendix: Distribution of the generalized C(«) statistic

In this appendix we derive the asymptotic distribution af tfeneralized” («) statistic defined in
(3.20) under the following set of assumptions. Niptef refers to the Euclidean distance, applied to
either vectors or matrices.

Assumption A.1 EXISTENCE OF SCORETYPE FUNCTIONS
Dy(0, w) = (D1n(8, w), ..., D8, w)) , weZ, n=1,2,...

is a sequence of: x 1 random vectors, defined on a common probability sge&eA z, P), which
are functions of @ x 1 parameter vectof, wheref € (2 C RP and {2 is a hon-empty open subset
of RP. All the random variables considered here as well in the feitey assumptions are functions
of w, so the symbolv may be dropped to simplify notatiofesg.,D,,(0) = D,,(0,w)].

Assumption A.2 SCORE ASYMPTOTIC NORMALITY. There is a valud, € {2 such that
Vi Dp(60) == Doo(60) where D (6g) ~ N [0, I(6y)] -
n—oo
Assumption A.3 SCORE ASYMPTOTIC NONSINGULARITY. I(fp) is nonsingular.

Assumption A.4 SCORE DIFFERENTIABILITY. D, (f,w) is almost surely(a.s) differentiable
with respect td@, for all n, in a non-empty open neighborhodd, of ,. The derivative matrix of
D, (6,w) is denoted

9Dy (0, w)
Ho(0, w) = =5 7

where the sequence of matricHs (0, w), n > 1, is well-defined forw € Dy and Dy is an event
with probability one(i.e., Plw € Dy| =1).

Assumption A.5 SCORE DERIVATIVE CONVERGENCE There is ann x p (nonrandom matrix
function J(#) and a non-empty open neighborhodd of 6, such that, for all > 0 andé > 0,

limsup P[{w : An(0o, 8, w) > e}| > <Un(d, ¢, bp)

n—~o0

where
Ap(0p, 5, w) =sup{||Hn(0, w) — J(0p)|| : 6 € Ny and0 < |0 — ]| <},

Un(d, e, 6y) > 0and %il%l Ur(0,¢€,6p)=0.

Assumption A.6 SCORE EXPANSION For 6 in a non-empty open neighborhodé of 6y, D,,(6)
admits an expansion of the form

Dn (0, w) = Dy (60, w) + J(00)(0 — 00) + R (6, 0o, w)
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for w € Dy, where the residue,, (6, 0y, w) satisfies the following condition: for ary> 0 and
6 > 0, we have
lim sup P[{w i1 (0, Oy, w) > 5}] < Up(9, ¢, By)

n—o0

where |Ra(0, 60, )l
w

rn(0, 0o, w) = sup{%

16— ol

UD(57 £, 00) 2 0 and 13111%1 UD((S, g, 00) =0.

:HeNgand0<H9—00||§5},

Assumption A.7 SCORE DERIVATIVE NON-DEGENERACY. rank[.J(#)] = p, for all 6 in a non-
empty open neighborhoadl, of 6.

Assumption A.8 RESTRICTION DIFFERENTIABILITY. () is ap; x 1 differentiable vector
function off.

Assumption A.9 RESTRICTION RANK. There is anon-empty open neighborhoods of 6, such

that () is continuously differentiable anchnk[P(0)] = r, for all § € N5, whereP(0) = %
and0 <nr; < P1-

Assumption A.10 ESTIMATOR y/n CONVERGENCE 92 = é‘;(w) is a consistent estimator 6f,
i.e.,
plim (8, —60) =0,

n—oo

such that( ?)SL — 6)) is asymptotically bounded in probabilitye.,
limsup P[{w : v/ |85 — 6o|| > y}] < U(y; 60) , ¥y > 0,

whereU (y; 6p) is a function such thalim U (y;6y) = 0.
Yy—o0

Assumption A.11 RESTRICTED ESTIMATOR w(éz) = 1(0p) = 0 with probability 1.

Assumption A.12 CONSISTENT ESTIMATOR OF SCORE COVARIANCE MATRIX I is a weakly
consistent estimator df(6y), i.e., plim Iy, = 1(6p) .

n—oo

Assumption A.13 WEIGHT MATRIX CONSISTENCY. W,, n > 1,is a sequence afr x m
matrices such thaplim W,, = Wy wherelV, is nonsingular.

n—~o0

PrROOF OFPROPOSITION3.1  To simplify notation, we shall assume all along that Dy (an
event with probability 1) and drop the symholfrom the random variables considered. In order to
obtain the asymptotic null distribution of the generalizé(y) statistic defined in (3.23), we first
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need to show thaP(Hg) andHn(eg) converge taP(fy) and.J(6,) respectively. The consistency
of P(0)), ie.
plim [P(@,) — P(60)] =0, (A1)

n—~o0

follows simply from the consistency cﬁfl [AssumptionA.10] and the continuity ofP(0) at 6,
[AssumptionA.9]. Further, since sincé’(#) is continuous in open neighborhood &f, we also
have

rank[P,] - rank[P(6)] = r1 . (A.2)

Consider nOV\Hn(é?Z). By the assumptioné.4 - A.5 andA.10, for anye > 0 ande; > 0, we can

choose); = (g1, €) > 0 and a positive integet (¢, d1) such that: (iU (d1, €, 0p) < e1/2, and
(i) n > nqi(e, 61) entails

P [An(ao, (5) > E] = P[{w : An(eo, (5, w) > E}] < UH(51, g, 90) < 61/2 .

Further, by the consistency @E [AssumptionA.10], we can chooses (e, 1) such thatn >
na(e, 01) el’ltaiISP[Hég — 06| < 61] > 1—(e1/2). Then, forn > max{ni (e, 1), na(e, 61)}, we
have, using the Boole-Bonferroni inequality,

» — b0l < 81 and | H,(8,) — J(60)|| < €]
> P[||d,, — 0ol < 6y and A, (6o, 61) < €]
> 1 - P[|6y — 00|l > 61] — P[An (B0, 61) > €]
> 1-— (51/2) - (51/2) =1 — &1 .

P[l|H. () — T(60)| <] > Pllf,

Thus,
lim inf P [||H,, (%) — J(80)|| <] > 1—¢; , foralle >0, &, >0,

n—oo

hence i
lim P[||H,(0,) — J(0o)|| <e] =1, foralle >0,
n—oo

or, equivalently,
plim [H,(8,) — J(6)] = 0. (A.3)

n—oo

By AssumptionA.6, we can write [setting/0 = 0] :

IV [Da(By) = Di(80)] = J(B0)Vn (B — 00)ll = /| Ra(B, 00)I|
|Rn (0. 00|~ 20

. — 6ol
162 — 6|
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where

~0
w < (8, 00) whend. € N3 and||6" — 6o|| < &
16, = ol
andlimsup P [r, (6, 0p) > ¢] < Up(9, €, 8). Thus, for anye > 0 andd > 0, we have:

n—oo

P

~0
w < s] > P[ra(8, 60) <¢,0, € N3 and||f, — 6| < 4]
16, — ol

> 1—P[r(5, 00) > =] — P8, ¢ N3 or |8, — o] > 0]
hence, using the consistencyé%f,

lim inf P [\|Rn(92, 80)[1/1165 — o] < 4 >1— limsupP [r,(3, 0p) > €]

n—00 -0 0
—limsupP|[ 6, ¢ Nsor |6, — 6ol > §]
> 1-— UD(é, g, 90) .
Sinceléiﬁr)l Up(d, €, 6y) = 0, it follows that lim P[HRn(é?ﬂ HO)H/Hé?l — 60|l < ] = 1forany
n—oo

€ > 0, or equivalently,
~0 ~0
1B (B, 00)11/116, = ol — 0.

Sincey/n (92 — 6p) is asymptotically bounded in probability (by Assumptidri0), this entails:

~0
~0 R,(,, 0 ~0
Vi R @, o)) = WinOus OO 0 gy 2
167, — 60l
and i "
IV [Dn () = Di(00)) = J (00)Vn (B, = bo)l| — 0. (A-4)

By Taylor’s theorem and assumptioAsS - A.9, we also have the expansion:
Y(0) = (o) + P(00)(0 — bo) + Ra(0, bo) , (A.5)

for 6 € N5, where
lim [|Ry(6, 0o) [|/[| 6 — 0ol =0,
6—0g

i.e, Ra(6, 60) = o(||@ — 6o]|), so that, using Assumptiofn.11,

0

Vi P(00) (8, — 00) = Vi [1(By) — $(80)] — Vi Ra(B, 60) = —v/n Ra(By., 60)  (A6)
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for 8 € N5, and

HR2(

Iv/n P(00)(8,, — 00)|| =
H9 — 6ol

0l 3, — o0 2 0. (A7)

By (A.1), (A.2) and (A.3) jointly with the assumptiods7, A.8, A.9, A.12andA.13, we .have:

rank[P,] > r1, rank[J,] = p, rank[lp,] =~ m, rank[W,] = p, (A.8)
n—oo n—oo n—oo n—oo

so that the probability that the matrlcég T IOn, and W, all have full row rank converges to

one as: — oo; in particular, for.J,,, IOH, andW,,, this follows on observing thaf,, Io,, andW,,

each converge to matrices with determinants strictly grethian zero and from the continuity of

determinants with respect to the elements of the correspgndatrices. Since plinP, = P(6,)

and plim.J,, = J(6), we can then write:
plim [J,W,J,]” = [J(eo)/WOJ(Ho)]fl, plim Q,, = Q(6o),
plim QuJ, = plim QuJ(60) = Q(60).J (60) = P(60) ,

whereQ,, = Q[W,,] = P,[J W,J,]~J, W,. Then, using (A.7) and (A.4), it follows that:

plim  {\/71 QuDu(B1) — Q(80)v/7 Du(60) |

- plim {1 Q. Dn(Br) — Q(B0) v/ Da(00) - <eo>f<92—eo>}
= plim {Qu [V [D(Br) — DalB0)] = (00) v/ (B, — 60)] |
+pim {[@n —Q(00)] v Do) + [Qul(00) — (0] (7, — 00)
= plim {Qu [V [D(Bh) — Da(b0)] 7 (60) v/ @, — 0] } = 0.

We conclude that the asymptotic distribution ¢fnQ,D, () is the same as the one of
Q(00)v/n Dy, (6p), namely by Assumptiol.2, a N [0, V,(6)] distribution where

has rankr; =rankKQ(0y)] =rankP(6y)] in an open neighborhood &f. Consequently, the esti-
mator

~ ~0 ~ ~ ~
converges td/, (o) in probability and, by (A.8),

rank [V, (0,)] - andP[rank[%(ég)] = 7“1] — 1. (A.10)

n—oo
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Further, when ranKo,,] =rank[W,] = m, rank[.J,] = p and ranKP,] = r, (an event whose
probability converges to one as — o), the matrixQ’, [Vw( )] Qn =Q, [QnIOnQ 1= Qn is

invariant to the choice of the generalized mve[kf@( 2)]*; see Harville (1997, Section 9.4, p.
119). Thus the test criterion

PC(By; b, W) = 0Dy (05 Z,)'Q (W) £Q W] IonQ [Wo]' }~Q (W] Dy (Br; Z,)

is (with probablllty converging to one) also invariant tcetichoice of the generalized inverse
{Q W] IonQ W]}~ Flnally, by Theorems 1 and 2 of Andrews (1987), it followsttlize as-

ymptotic distribution ofPC (6 n,w, ) is 2 (r1). O

It is of interest to note here that the assumptigns andA.6 do not require that the derivative
matrix of D,,(0y) [i.e., H,(0, w)] be continuous with respect #) even in an open neighborhood
of 6y. More usual assumptions would consist in assuming figlf, w) has a.s. a limit/(¢), at
least at every point be continuous in a neighborhooéyofand that bothH,, (¢, w) and J(0) are
continuous. We will now show that the assumptions made fiaéishing Propositior8.1 include
the standard assumptions as special cases. The latter ns¢égtée in the following form.

Assumption A.14 SCORE DERIVATIVE UNIFORM CONVERGENCE There is anm x p
(nonrandom matrix function./(#) and a non-empty open neighborhodd of 6, such that:

(a) Hy(#, w) is continuous with respect tofor all § € Ny, w € Dy andn > 1;

(b) sup ||Hn(0, w) — J(0)]| P.0.

96 > n—oo

Proposition A.15 SUFFICIENCY OF SCOREJACOBIAN CONTINUITY AND UNIFORM CONVER-
GENCE Suppose the assumptiofisl to A.4 hold. Then Assumptiofi.14 entails that:

(a) J(#)is continuous atl = 6;

(b) both the assumption&.5 andA.6 also hold.

PrRoOOF. Consider the (honempty) open neighborhdégl= N1 N N, of 8. For anyd € Ny and
w € Z,we can write

[7(6) = J(6o)| < [|Hn(0, w) = J(O)]| + [ Hn(bo, w) — J(60)]]
+ [[Hn(0, w) — Hy(0o, w)||
< 2 sup ||Hn(8, w) — J(O)| + [|Hn (6, w) — Hp(6o, )|

0Ny

By AssumptionA.14(b), we have

plim ( sup || H, (0, w) — J(O)] ) < plim ( sup [|Hn (0, w) — J(0)|| ) =

n—oo €Ny n—oo N feN>

33



and we can find a subsequence{df,,(0,w):t=1,2,...} of {H,(0,w):n=1,2,...} such
that
sup {||Hp, (8, w) —J ()|} — 0 a.s.

6e Ny t—o0

Let
CS={wes: lim ( sup || Hn, (6, w) — J(9)||) =0}

t—o0 0€ Ny

ande > 0. By definition,P [w € C'S] = 1. Forf € C'S, we can choosé (e, w) such that

t > t0(5>w) =2 Sup {HHnt(Hv w) - J(G)H} < 6/2 :
#€ Ny

Further, sinced,, (6, w) is continuous afly, we can findj(w) > 0 such that
|16 — 6o]| < 6(n,w) = ||Hp(0, w) — Hp(Op, w)|| <e/2.

Thus, takingn = ny,, we find that||§ — || < d(ny,,w) implies

3

170) = @)l < 5+

=¢£.
In other words, for any > 0, we can choosé = §(ny,,c) > 0 such that
16 = 6ol <& =J(0) = J(Bo)l| <e,

and the function/(#) must be continuous &. Part (a) of the Proposition is established.
SetA,(Ny, w) = sup {||Hn,(0, w) — J(0)| : 6 € N} . To getA.5, we note that

A0, 9, w) sup {||Hn (0, w) — J(0p)|| : 0 € Ny and0 < ||§ — 6y|| < 6}

S An(N27 w)
foranyé > 0, hence, by AssumptioA.14(b),
lim sup P[{w : An(6g, 0, w) > 5}] < limsupP [{w : Ap(Na, w) > 5}] =0

n—~o0 n—~0o0

UH(57 g, 90)

A

for any functionU (9, €, ) that satisfies the conditions of Assumptiaard. The latter thus holds.

To obtainA.6, we note thatA.14(b) entailsD,, (6, w) is continuously differentiable in an open
neighborhood o#, for all w € Dy, so that we can apply Taylor’s formula for a function of seVera
variables [see Edwards (1973, Section 11.7)] to each compbaf D,, (0, w) : for all § in an open
neighborhoodJ of 0, (we can takd/ C Nj), we can write

Din(6,w) = Din(6o, )+ Hy (3(w), ) (0~ o)

= Din(00, w) + J(60),.(6 — 60) + Rin(Op(w), b0, w), i=1, ..., m,
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whereH,,(0, w): and.J (). are thei-th rows ofH,,(#, w) and.J(#) respectively,

Rin (0, (w), 00, w) = [Ha(Br(w), @)i. — J(60):.]' (6 — 60)
and?é(w) belongs to the line joining andd,. Further, forf € U,

HHn(@i(w), w)i. — J(00)a|| 116 — boll

|Rin (6,,(w), 60, w)| <
< || Hu (@ (w), w) — J(@0)|| 116 — ol
<

16— Boll sup {||Ha(8, w) — JO)| : 0 € No} , i =1, ..., m,
hence, on definingvs = U,
Rn(eu 907 w) = [Rln(gi(w)a 907 w)a CRE Rmn(grzn(w% 907 w)]/7
we see that
m 3
IR0, 60, I <3| Rin (Bn(w), b0, )|
1=1
< m |6 — 6ol sup {||Hn (0, w) — J(O)[|}
0€No
and
(8, 00, w) = sup {W :0 € N3 and0 < || — 6| < 5}
— Yo

< msup{[|Hn(0, w) = J(0)] : 0 € N2}

Thusr, (8, 8, w) —— 0and

n—:o0

lim sup P[{w 21 (0, 6o, w) > 5}] < Up(d, ¢, ) (A.11)

n—oo

must hold for any function that satisfies the conditions ofuxaptionA.6. This completes the
proof. O

B. Appendix: Distribution of the modified NW LR-type statistics

The consistency and asymptotic normality of estimatoredam the optimization (minimiza-
tion in our case) of a random criteria/,,(f) say, rests upon various types of assumptions. Pakes
and Pollard (1989) gave conditions for criteria of the falilog types: D,, (6; Z,,)" D, (0; Z,)
or D, (0; Z,) I, (§) "' Dy, (8; Z,). Gouriéroux and Monfort (1995) gave general conditions for

35



0, = arg min M,,(0) to be consistent and asymptotically normal. These comtitaye listed here.
Assumption B.1 COMPACT PARAMETER SPACE 6 € ©, where© is a compact set dR?.

Assumption B.2 OBJECTIVE FUNCTION CONTINUITY. M, (0) = M, (0;w) is a real function
on @ x (2, such thatM,, (6; w) is a continuous function df for all w € (2.

Assumption B.3 OBJECTIVE FUNCTION UNIFORM CONVERGENCE There is a fixednon-
random) function M () such that

P{w: max | M, (0;w) — M(0) |— 0}) = 1.

Assumption B.4 ASYMPTOTIC IDENTIFICATION. M () has a unique minimum @t= 6 in the
interior of ©.

Assumption B.5 UNIFORM CONVERGENCE OF SECOND DERIVATIVES M, (0;w) is a twice
continuously differentiable function thand there is a fixed (non-random) functi6i{) such that

P[{w : sgp H%(Q;w) - G(9)

— O}] =1.

n—o0o

Assumption B.6 OBJECTIVE FUNCTION ASYMPTOTIC REGULARITY Forall § € ©,G(0) is a
nonsingular matrix.

Assumption B.7 OBJECTIVE FUNCTION ASYMPTOTIC NORMALITY.

oM,
00

Vin = (Bosw) - N[0, H(8))].

PI’OpOSi'[iOﬂ B.8 CONVERGENCE AND ASYMPTOTIC NORMALITY OF CONTINUOUSLY UPDAED

GMM ESTIMATOR.

(a) Under the assumptionB.1 to B.5, there is a sequenc®, = argmin M, (9) that converges
almost surely td.

(b) Under assumptionB.1to B.7,

Vi (B, — 80) == N[0, G(60) " H(00)G(00) '] (B.1)

If we consider the specific cas,, (/) = D,,(0)'I,(0)~'D, () assumptiorB.2 is fulfilled
when D,,(0) and I,,(#) are continuous vectors and matrices. AssumpBaBwill be verified if
D, (0) and I, () are strongly consistent for all Sincelim D,,(6g) = 0, the minimum of /()
is 0 and sincéim D,,(6) # 0 whenf # 6y, M(0) > 0 whend # 0, if 1,,(6) is bounded for all
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n andd. AssumptionB.5 requiresD,, () andI,,(6)~! are twice continously differentiable. And in
the present contexyn D, (6y) —— N0, I(6y)] andI,(6y) — I(6y) ensures assumptidd7.
n—oo n—oo

The unconstrained estimatéy; satisfies the first order conditions

OM, .\
320n) =0,

. , 20
while the constrained estimatéy, solves the system:

@) - @) = 0,

v(0) = 0,

oM,
00

wherey (6) = 0 is the null hypothesis tested.

If we add the assumption&.8 and A.9 of Appendix A toB.1 - B.7, 6, and9 are strongly
consistent and asymptotically normal vectors. We can n@wvePropositiorb.1
PROOF OFPROPOSITION5S.1  The consistency and normal limits éf andég yield the classical
developments :

oM, oM, 0*M,,

0 = 5 (0n) = =55~ (00) + 5557 (0) (On — b0) +ern (B.2)
2

0 — fg\gn (90)+gg69, (0o) (9 —6p) — %1/(;( ) A+ €2 (B.3)

0 = (0) = ¥ (80) + g7 (00) (3%~ 00) +esn (B.4)

o0’

wheree;,, i = 1,2,3 areo, (1/4/n). Taking into account the assumptions of sections 2 and 3
jointly with the convergence af,, (6y) to I (6y) = Iy, we see that:

oM, I 9% M,

vn 50 (60) —= N (0,Uo) , 7 (60) — Vo,

8000’ n—00

where
Up = 4TI Ty = 2V .

The latter identity can be shown as follows. We have:

oM, oD’
g (%0 =27,

where(,, (6y) is ap—dimensional vector with elements

vn (60) I (00) ' v/nDy, (60) + v/ ¢,y (60)

oIt
"0,

(QO)Dn(eo)Dn(eo)/, i=1,2,...,p.
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Since/nD,, (Ay) converges in distribution t&v (0, Ij)

Jo, v/n¢, (6) is o, (1) . Consequently,

oM,
00

Using similar arguments, we see that:

vn

86

(00) converges in probability to

(60) -2 N (0,TUp) with U = 4.JoI5 1T, -

O (9y) = 2205 (00 1, 00) 20 1) +
whereX, is ap x p matrix with elements :
Toet) 1 (o) D (00) + S0 (00) G (00) D, (00
+urlle ) [ff; (0 D, 00) + Do 0) G (90)]
+urlle ) [ff; (0 D, 00) + Do 0) G (90)]
bt S (00) D (00) D, 0

SinceD,, (0y) iso, (1), X, is alsoo, (1) and

82
0000’

7 (60) — Vo =2JpI,

IJO_

Uo

Under the null hypothesig (6y) = 0, equations (B.2), (B.3) and (B.4) can be rewritten:

X, + Vo(6

X, + Vo (6 — 0)

Py (6,

whereX,, = % (g

after some algebra :

0), VnXy —>N(0Uo)

) ’LTL’
—1
_‘/0 Xn + €1in

—AX, +e2, s
—CXn + E3n, y
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— 90) —|—€>{n =

—Pé;\n—l—e;n = 0,
—90)+€§n = 0,

(B.5)
(B.6)
(B.7)

=1,2,3 areo,(1//n). We can then write,

(B.8)

(B.9)
(B.10)



wheree;,,, i = 1,2, 3 areo,(1//n) and

A= ‘/E)_l _ ‘/O—IP(/) (PO%—IP(/))*l PO‘/O_I , C=— (PO‘/O—lpé)*l Po‘/o_l

Consider now the modified Newey-West statidligy = n &,,, where

&, = M, () — M, (6,,) .

Developingg,, up to order 2, we see that

oM, oM,
89/ (00) (0 00) - 89/ (

1

A0 9% M,
t3 {(9” —%0) 555 (00) (b — o)

—(0n—0 )/20?)49, (6o) (6, — 6 )} + e (B.11)

§n = 0o) (6 — 00)

wheree,, is 0, (1) . Using (B.8) and (B.9), (B.11) becomes :

& =X (V! - A+ %AVOA = %VO—I)XH +er (B.12)
with e, = 0, (1) . SinceAVpA = A, we have
6 = XV - A)Xate
- %X;zvoflpé (PoVy ' Py)  RoVy ' X e,
hence
Dyw =né, — Su LUV P (Vi P) T Py U 2, wherew ~ N (0, 1)

n—oo

UsingU, = 2V}, we see that

1 — _
Q = Ui B (v R T Ry O = R (R ) R
Q@ = Q,QQ=0,

so(Q is an orthogonal projector with rank = dim(%). Thus, under the hypothesis(6) =

L
Dnw — X*(p1) -
n—oo
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