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ABSTRACT

In this paper, we propose exact inference methods for autoregressive models of given order p
(p ≥ 1), which may be nonstationary and include a drift term. We study the problem of testing
any hypothesis that sets the complete vector of autoregressive coefficients. This is done by first
transforming the model to eliminate serial dependence under the null hypothesis, and then testing
whether autocorrelation remains present in the transformed data. Tests for dependence at different
lags are then combined using the methods proposed by Tippett (1931) and Fisher-Pearson [Fisher
(1932), Pearson (1933)] for combining independent tests. In view of the dependence among the dif-
ferent tests, the size of the combined procedures is controlled by using Monte Carlo test techniques.
The construction of valid confidence sets based on these tests is discussed. Numerical illustrations
based on simulated data are also presented.
Keywords: autoregressive process; exact inference; induced test; test combination; Monte Carlo
test.
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1. Introduction

Statistical inference (tests and confidence regions) on autoregressive (AR) models constitute a basic
problem in time series analysis, statistics and econometrics. Applied methods are generally based on
unreliable asymptotic approximations even under strong parametric assumptions (such as, Gaussian
innovations). But the actual level of asymptotically based tests can differ markedly from the posted
level even with reasonably large samples, especially for processes of order greater than one [see
Blough (1992), Dufour (2003) and Stock (1994)].

In this paper, we consider the problem of testing any hypothesis that sets the full vector of the
autoregressive coefficients. We propose tests which are applicable on both stationary and nonsta-
tionary processes including a drift term, with possibly non-Gaussian errors. Further, we consider
the problem of building exact confidence intervals and regions for the AR coefficients.

For that purpose, the data are first transformed under the null hypothesis so that the data become
independent. Then the filtered data are tested for the presence of serial dependence at several lags.
This raises the problem of combining tests against serial dependence at different lags. In Dufour and
Neifar (2001), we considered a combination technique based on the Boole-Bonferroni inequality.
This has the disadvantage of producing conservative tests, hence a power loss. Here, we consider
induced tests based on two approaches originally suggested for independent test p-values, namely,
the minimum criterion of Tippett (1931) and the Fisher-Pearson product criterion [Fisher (1932) and
Pearson (1933)]; for further discussion of induced tests, see Dufour and Torrès (1998) and Dufour
and Khalaf (2002). Since the tests are not independent, the overall size of the test is controlled by the
technique of Monte Carlo tests [see Dufour and Khalaf (2001) and Dufour (2002)]. The technique
of MC tests allows one to obtain provably exact randomized tests in finite samples using very small
numbers of MC replications of the test statistics under null hypothesis.

This paper is organized as follows. In section 2, we describe the model and test problems
studied. In section 3, the test statistics are derived. The implementation by the MC test technique is
explained in section 4. Numerical illustrations based on simulated data are presented in section 5.

2. Framework

We consider a parametric autoregressive model of order p [AR(p)]:

yt = β + ϕ1yt−1 + ϕ2yt−2 + · · · + ϕpyt−p + ut , (2.1)

ut = σεt where εt
i.i.d.∼ D , t = 1, . . . , T , (2.2)

where D is a completely specified distribution, the errors u = (u1, . . . , uT )′ are independent
of the initial values y0, y−1, . . . , y−p+1, the parameters ϕ1, ϕ2, . . . , ϕp, β and σ2 are unknown,
T ≥ p + 1 and p ≥ 1. Assumption (2.2) means that the errors are independent and identically
distributed (i.i.d.) according to a distribution which is specified up to an unknown scale parameter.
An important special case of (2.2) is the one where the errors are i.i.d. Gaussian:

ut
i.i.d.∼ [0, σ2], t = 1, . . . , T . (2.3)
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But other distributions could be considered, such as more heavy-tailed distributions (e.g., a Cauchy
distribution).

It will useful here to reparameterize this model as in Dickey (1976) and Beveridge and Nelson
(1981). This yields the equivalent form:

yt = β +
( p∑

j=1
ϕj

)
yt−1 +

p−1∑
j=1

(
−

p∑
i=j+1

ϕi

)
[yt−j − yt−(j+1)] + ut

= β + θ1yt−1 +
p∑

j=2
θj�yt−(j+1) + ut , t = 1, . . . , T , (2.4)

where θ1 = ϕ1 + ϕ2 + · · · + ϕp, θj = −
p∑

i=j
ϕi, and �yt−j = yt−j − yt−(j+1), j ≥ 2. Now,

unknown parameters are θ = (θ1, θ2, . . . , θp)′, β and σ.
We wish to study the problem of testing any hypothesis which sets the complete vector of

autoregressive coefficients θ in (2.4) at any specified value θ0 [in an admissible set S]:

H0(θ0) : θ = θ0 against Ha(θ0) : θ �= θ0 . (2.5)

3. Test statistics

In order to test H0(θ0) : θ = θ0, we consider the following transformation of the data:

zt(θ0) = yt − θ10yt−1 − θ20�yt−1 − · · · − θp0�yt−p+1 = β + ut , t = 1, . . . , T . (3.1)

Thus, under H0(θ0), the filtered variables zt(θ0), t = 1, . . . , T are distributed like ut , t =

1, . . . , T , except possibly for the addition of an unknown constant β. Under the alternative hy-
pothesis Ha(θ0), the same variables are autoccorrelated, following an ARMA(p, p) process. Con-
sequently, we can test H0(θ0) by testing whether the variables zt(θ0) , t = 1, . . . , T, are mutually
independent. Since the autocorrelation structure of an ARMA(p, p) process is completely specified
by its first p autocorrelations, it will be sufficient to test the independence of zt(θ0), t = 1, . . . , T,
against autocorrelations at lags 1, 2, . . . , p [see Neifar (1996) for more details].

To do so, we can use p statistics of the form:

Dj(θ0) =
z(θ0)′ Āj z(θ0)
z(θ0)′ B̄j z(θ0)

, j = 1, . . . , p , (3.2)

where Āj = MAjM , B̄j = MBjM , M = IT − 1
T ι′ι, ι = (1, 1, . . . , 1)′ and Bj is a positive

definite matrix. Dj(θ0) may be interpreted as a test statistic designed to especially sensitive to
serial dependence at lag j. Many commonly used autocorrelation tests – for example, tests based on
Durbin-Watson statistics and sample autocorrelations – involve statistics of the form (3.2). But the
null hypothesis we focus on is independence (which entails the absence of serial dependence at all
lags) between zt(θ0), t = 1, . . . , T.
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Under the assumptions (2.1) - (2.2) and H0(θ0), Dj(θ0) has a distribution which does not de-
pend on nuisance parameters (β and σ) and can be easily simulated by MC techniques [or calculated
for example by Imhof’s (1961) algorithm in the Gaussian case]. Further, this distribution does not
depend on θ0. Note that an error normality assumption is not required for this invariance to hold.

In order to test the hypothesis of independence, we will combine tests based on Dj(θ0), j =
1, . . . , p, in a way that will control the overall level of the procedure. Specifically, we consider
two methods for combining the tests (or p-values) without using a conservative bound, such as the
Bonferroni inequality: namely, the minimum criterion of Tippett (1931) and the Fisher-Pearson
product criterion [Fisher (1932) and Pearson (1933)].

For that purpose, we start by considering the survival function (or p-value function) of Dj(θ0)
under H0(θ0) :

Gj(x) = P[Dj(θ0) ≥ x] .

On evaluating this function at x = D̂j(θ0), the observed value of Dj(θ0), we get the marginal
significance level of the test of H0(θ0) based on Dj(θ0) :

pj = Gj [D̂j(θ0)] .

For one-sided tests, the critical region with level αj (0 < αj < 1) for each test Dj(θ0) has the form

pj ≤ αj ,

j = 1, . . . , p. Similarly, to get a two-sided test with level αj based on Dj(θ0), we can take

min{pj , 1 − pj} ≤ αj/2 . (3.3)

If the exact distribution of the statistic Dj(θ0) is unknown, we can also use an asymptotic approxi-
mation or simulate it through a Monte Carlo experiment independent of the data. For example, we
can consider tj = |

√
T rj(θ0)| which is asymptotically N[0, 1] under H0, where rj(θ0) is the lag

j sample autocorrelation based on the transformed data. To the extent that the joint distribution of
the statistics Dj(θ0), j = 1, . . . , p, is free of nuisance parameters and can be simulated (in the
present case, this is easy to do), the fact that individual p-values are only approximate can be dealt
with automatically by the MC test technique described in the following section.

A difficulty we meet here consists in combining multiple tests based on different statistics of the
form Dj(θ0), j = 1, . . . , p. We will consider here two ways of combining multiple test p-values,
the minimum criterion of Tippett (1931) and the Fisher-Pearson product criterion [Fisher (1932)
and Pearson (1933)], which can be described as follows:

1. Tippett’s minimum p-value criterion is based on

Fmin = inf
j=1, ... , p

{pj},

or
F̄min = 1 − inf

j=1, ... , p
{pj} ;
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the null hypothesis is rejected when Fmin is small or, equivalently, when F̄min is large;

2. the Fisher-Pearson product criterion is based on

F× =
p∏

j=1
pj

or

F̄× = 1 −
p∏

j=1
pj ;

the null hypothesis is rejected when F× is small or, equivalently, when F̄× is large.

Even though the distribution of the above induced test statistics may be quite difficult to establish
analytically, they do not involve nuisance parameters and can be easily simulated. Consequently,
we can apply to them the technique of MC tests [Dufour (2002)], which is described in section 4.

Confidence sets can be obtained by “inverting” the above proposed tests for hypotheses H0(θ0),
i.e., by finding the set I of values θ0 which are not rejected at level α. This yields a joint confidence
set I with level 1 − α for θ = (θ1, θ2, . . . , θp)′ :

P [θ ∈ I] ≥ 1 − α. (3.4)

By projection, we can also build simultaneous confidence intervals for the individual coefficients
θi, i = 1, . . . , p; for more details, see Dufour and Kiviet (1998), Dufour and Khalaf (2001) and
Dufour (2002).

4. Finite-sample Monte Carlo tests

Consider a statistics, say S, for testing H0(θ0) and assume its distribution is continuous. Let S0

be the test statistic computed from the observed data. In view of the fact that S has a distribution
that does not involve nuisance parameters under the null hypothesis, we can use Monte Carlo meth-
ods to simulate N i.i.d. replications S1, . . . , SN of S under H0(θ0), independently of S0. Since
S0, S1, . . . , SN are i.i.d., all rankings of these N +1 variables are equally probable. It follows that
the rank RN (S0) of S0 has a uniform distribution over the integers 1, . . . , N + 1.

Let us define the p-value function

pN (x) =
NGN (x) + 1

N + 1
(4.5)

where

GN (x) =
1
N

N∑
j=1

1[0, ∞)(Sj − x), 1A(x) =
{

1 , if x ∈ A ,
0 , if x /∈ A .

If N is chosen so that α(N + 1) is an integer (e.g., for α = 0.05, we can take N = 19, 99, 199,
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etc.), the above uniformity result entails that

P[pN (S0) ≤ α] = α (4.6)

under the null hypothesis. Thus the critical region pN (S0) ≤ α has level α. In other words, the
randomized critical region pN (S0) ≤ α control the level of the test and has the same level as the
critical region G(S0) ≤ α. For further details and references, see Dufour and Kiviet (1998), Dufour
and Khalaf (2001) and Dufour (2002).

5. Numerical illustration

In order to illustrate the above methodology, we generated data using AR(2) models with the fol-
lowing coefficients:

Model M1 M2 M3 M4

Parameter values θ1 = 0, θ2 = 1 θ1 = 0, θ2 = 0 θ1 = 1, θ2 = 0 θ1 = 1, θ2 = 1

where ut
i.i.d.∼ N[0, σ2], t = 1, . . . , T, T = 52, β = 0, (y0, y−1) = (0, 0). For level

α = 0.05 and using N = 19 replications, we applied the method described in the previous sections
to test hypotheses on θ = (θ1, θ2)′, using the Fisher-Pearson combination criterion (F̄×), and build
the corresponding confidence set for θ (with level 1 − α). The p-values for individual tests were
approximated form a preliminary simulation (independent of the rest) using 199 replications. The
joint confidence sets for (θ1, θ2) appear (in black) in tables 1 to 4. The triangles represent the
boundaries of the region inside which the process is stable (i.e., the roots of the AR polynomial are
outside the unit circle). The corresponding projection-based confidence intervals are given in the
following table:

Model M1 M2 M3 M4

θ1 [−0.14, 0.08] [−0.42, 0.07] [0.81, 1.27] [0.99, 1.01]
θ2 [0.91, 1.17] [−0.11, 0.30] [−0.22, 0.68] [0.84, 1.19]

We see from these numerical results that the confidence sets are quite precise and (as expected)
cover the true parameter values. Of course, more precise confidence sets can be obtained by using
larger numbers of Monte Carlo replications.1
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